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PREFACE. 



IN the courses of education pursued in the Uni- 
versities of these countries, the study of Physical 
Astronomy holds a most prominent place. In 
conducting this study there arc two methods pur- 
sued—either the geometrical, as in the Principia 
of Newton, or the analytical, as in publications of 
a more recent date. Though a knowledge of 
both these methods is required of students, no 
single work has, however, been published to enable 
them to acquire this knowledge with facility* 
The design of the author in venturing to offer the 
present work to the notice of the public has been 
to remedy this deficiency, to furnish an elemen- 
tary treatise which might serve to initiate students 
in the principles of Physical Astronomy, which 
might set before them, in a connected state, the 
two modes of conducting its processes that have 
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generally been used, and thus enable them to 
form a comparative estimate of their respective 
merits. A great deal, no doubt, may be found 
on this subject amongst the papers that have been 
at different times published in the transactions, 
of learned societies ; a great deal, also, may be 
found introduced, in the way of exemplification, 
amongst the many works that have from time 
to time been published oil the Calculus, on 
Mechanics, and on the more recondite parts of 
Physical Astronomy ; but to derive advantage 
from such sources, there is required an expen- 
diture of time and of labour which the generality 
of students are neither able nor willing to afford. 
There is, moreover, an irksomeness of a peculiar 
nature attendant on this labour, arising from the 
variety of method and of notation which different 
writers have thought proper to adopt To the 
publication of such a work as this, the small share 
of preparatory knowledge possessed by the stu- 
dents on the subject of Mechanical Philosophy has 
hitherto operated as a powerful preventive. It 
would be difficult, as well as tedious, to pass from 
the Mechanics of Helsham or Wood to the dis- 
cussions of Physical Astronomy. This difficulty 
has, however, been removed, at least in our Uni- 
versity, by the excellent Treatise on Mechanics 
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furnished by the present Professor of Natural 
Philosophy ; a treatise, in which the deepest re- 
search is united with that clearness of exposition, 
which constitutes the chief ornament of a work 
intended for elementary instruction. 

This work consists of two parts : — in part the 
first the author has given selections from Newton* 
as far as is comprised within the medal course in 
Dublin College ; part the second, by much the 
more extensive of the two, is a new Analytical 
Treatise on the elementary parts of Physical 
Astronomy, in which it has been attempted to 
render this subject as full and as explicit as the 
nature of it would admit. There are notes to 
both these parts } and the ninth section of Newton 
is introduced as an appendix, in expectation that 
it will ere long constitute formally a part of the 
medal course. 

The materials for the present work have been 
selected from every source within the author's 
reach ; he begs leave, however, more particularly 
to acknowledge himself indebted to the papers of 
Dr. Brinkley, the present Bishop of Cloyne. He 
has also derived considerable assistance from the 
works of Simpson, Mac Laurin, Woodhouse, and. 
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others. It is for those who feel interested in the 
subject to decide how far he has succeeded in his 
attempt, and what are the merits, original or de- 
rived, which his work may possess. It has heen, 
both previously to, and during the course of pub- 
lication, applied to the purposes of education with 
success. The consideration of this circumstance, 
with the necessity of some such work at the pre- 
sent time, will, he trusts, rescue him from the 
imputation of presumption in the attempt* 



Dublin College, 
May 1, 1828. 
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SELECTIONS FHOM NEWTON. 



Definitions. 

Djkf. h—Tkt quantity of matter is the measure of the tame* 
arising from its density and bulk conjointly. 

THUS air of a double density, in n double space, is 
quadruple in quantity ; in a triple space, sextuple in quan- 
,tity. The same thing is to be understood of snow, and 
fine dust or powders, that are condensed by compression 
or liquefaction ; and of all bodies thqt are by any causes 
whatever differently condensed. \ have no regard in this 
place to a medium, if any such there be, that freely per- 
vades the interstices between the parts of bodies. It is 
this quantity that I mean hereafter every where under the 
name of Body or Mass. And the same is known by the 
weight of each body : for it is proportional to the weight, 
*s I have found by experiments on pendulums, very ac- 
curately made, which shall be shewn hereafter. 

U<—The quantity of motion is the measure of the same 9 
eripugjrem the velocity and qu/wHty of matter eon- 

The motion of the whole is the sum of the motions of 

B 
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all the parts ; and therefore in a body double in quantity, 
with equal velocity, the motion is double; with twice the 
velocity, it is quadruple. 

III. — The vis insita, or innate force of matter, is a power 
of resisting, by which every body, as much a$ im it lies, 
endeavours to persevere in its present state, whether it 
be of rest, or of moving uniformly forward in a right 
line. 

This force is ever proportional to the body whose force 
it is ; and differs nothing from the inactivity of the mass, 
but in our manner of conceiving it. A body from the in- 
activity of matter, is not without difficulty put out of its 
state of rest or motion. Upon which account, this vis 
insita may, by a most significant name, be called vis in- 
ertia, or force of inactivity. But a body exerts this force 
only when another force, impressed upon it, endeavours 
to change its condition ; and the exercise of this force may 
be considered both as resistance and impulse : it is resist" 
ance, in so far as the body, for maintaining its present 
state, withstands the force impressed ; it is impulse, in so 
far as the body, by not easily giving way to the impressed 
force of another, endeavours to change the state of that 
"other. Resistance is usually ascribed to bodies at rest, 
and impulse to those in motion : but motion and rest, as 
commonly conceived, are only relatively distinguished; 
nor are those bodies always truly at rest, which commonly 
are taken to be so. 

IV. — An impressed force is an action exerted upon a body, 
in order to change its state, either of rest, or of moving 
unformly forward in a right line. 

« 

This force consists in the action only ; and remains no 
^k longer in the body, when the action is over. For a body 

v maintains every new state it acquires, by its vis inertia 
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*>nly. Impressed forces are of different origins ; as from 
percussion, from pressure, from centripetal force. 

V. — A centripetal force is that by which bodies are drawn 
or impelled, or any way tend towards a point as to a 
ceH0w» 

- Of this sort is gravity, by which bodies tend to the cen- 
tre of the earth ; magnetism, by which iron tends to the 
load stone ; and that force, whatever it be, by which the 
planets are perpetually drawn aside from the rectilinear 
motions, which otherwise they would pursue, and made 
to revolve in curvilinear orbits. A stone, whirled about 
in a sling, endeavours to recede from the hand that turns 
it ; and by that endeavour, distends the sling, and that 
with so much the greater force, as it is revolved with the 
greater velocity, and as soon as it is let go flies away. 
That force which opposes itself to this endeavour, and by 
which the sling perpetually draws back the stone towards 
the hand, and retains it in its orbit, because it is directed 
to the hand as the centre of the orbit, I call the centripetal 
force. And the same thing is to be understood of all 
bodies, revolving in any orbits. They all endeavour to 

"< recede from the Centres of their orbits ; and were it not 
for the opposition of a contrary force which restrains 
them to, and detains them in their orbits, which I there- 

1 fore call centripetal, would fly off in right lines, with an 
uniform motion. A projectile, if it were not for the force 
of gravity, would not deviate towards the earth, but would 
go off from it in a right line, and that with an uniform 
motion, if the resistance of the air were taken away. It is 
hyks gravity that it is drawn aside perpetually from its 
rectilinear course, and made to deviate towards the earth, 
more or less, according to the force of its gravity, and the 
velocity of its motion. The less its gravity is, for the 
quantity of its matter, or the greater the velocity with 0} 
whifeh it is projected, the less will it deviate from aree- • 



( 
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itilraear course, and the farther it will g*. If a leaden bail, 
projected from the top of a mountain by the force of gun* 
powder with a given velocity, and in a direction parallel 
to the horizon, be carried in a curve line to the distance 
of two miles before it falls to the ground ; the sapM^ if the 
resistance of the air were removed, with a dotftfe or 
decuple velocity, would fly twice or ten times as far. And 
by increasing the velocity, we may at pleasure increase 
the distance to which it would be projected, and diminish 
the curvature of the line, which it would describe, till at 
last it should fall at the distance of ten, thirty, or ninety 
degrees, or even might go quite round the whole earth ; 
or lastly, go forward into the celestial spaces, and pro* 
ceed in its motion in infinitum. And after the same man- 
ner that a projectile, by the force of gravity, may be made 
to revolve in an orbit, and go round the whole earth, the 
moon also, either by the force of gravity, if it be endued 
with gravity, or by any other force that impels it towards 
the earth, may be perpetually drawn aside towards the 
earth, out of the rectilinear course, which by its innate 
force it would pursue; and be made to revolve in the 
orbit which it now describes : nor could the moon without 
some such force be retained in its orbit. If this force 
were too small, it would not sufficiently turn the moon 
out of a rectilinear course : if it were too great, it would 
turn it too much, and draw down the moou from its orbit 
towards the earth. It is necessary that the force be of a 
just quantity, and it belongs to mathematicians to find the 
force that may serve exactly to retain a body in a given 
orbit, with a given velocity; and vice versa, to determine 
the curvilinear path into which a body projected from a 
given place, with a given velocity, may be made to deviate 
from its natural rectilinear path, by means of a given 
force. /■? 

The quantity of any centripetal force may be coo- 
sidered as of three kinds; absolute^ accelerative, and motive. 
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VL~-The absolute quantity of a centripetal force is the meet* 
sure qf the same, proportional to the efficacy of the cane 
that propagates it from the centre, through the spacer 
round about. * 

ThiuTthe magnetic force is greater in one load-ston* 
and less in another, according to their sizes and strength* 

» 
VIL— 7%i accelerative quantity qf a centripetal force is the 
. measure qf lite tame, proportional to the velocity which it: 
generates in a given time. 

Thus the force of the same load-stone is greater at 4 
less distance, and less at a greater: also, the force of gra- 
vity is greater in valleys, less on tops of exceeding high 
mountains ; and yet less (as shall be hereafter shewn) at 
greater distances from the body of the earth ; but at equaf 
distances it is the same every where; because (taking 
away, or allowing for, the resistance of the air) it equally 
accelerates all falling bodies, whether heavy or light* 
great or small. 

VIII. — The motive quantity qf a centripetal force, is the 
measure qf the same, proportional to the motion which it 
generates in a given time. 

Thus the weight is greater in a greater body, less in a 
kft» body; it k greater near to the earth, and less at re- 
KKfter distances. This sort of quantity is the centripe* 
tenejr, or propension of the whole body towards the centre, 
or, as I may say, its weight; and it is ever known by the 
quantity of a force equal and contrary to it, that is just 
foffieiefct to hinder the descent of the body. 

These quantities of forces we may, for brevity sake, call 
by the names of motive, accelerative, and absolute forces ; 
and, for distinction fake, consider them, with, respect to £. 
the bodies that tend to the centre; to the places of those * 
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bodies ; and to the centre of force towards which they 
tend : that is to say, I refer the motive force to the body, 
as an endeavour and propensity of the whole towards a 
centre, arising from the propensities of the several parts 
taken together ; the accelerative force to the place of the 
body, as a certain power or energy diffused from" the cen- 
tre to all places aronnd to move the bodies that are in 
them ; and the absolute force to the centre, as endued with 
some cause, without which those motive forces would not 
be propagated through the spaces round about ; whether 
that cause is some central body (such as is the load-stone, 
in the centre of the force of magnetism, or the earth in the 
Antre of the gravitating force) or any thing else that does 
fiot yet appear. For I here design only to give a mathe- 
matical notion of those forces, without considering their 
physical causes and seats. 

Wherefore, the accelerative force will stand in the same 
relation to the motive, as velocity does to motion. For 
the quantity of motion arises from the velocity into the 
quantity of matter ; and the motive force arises from the 
accelerative force into the same quantity of matter. For 
the sum of the actions of the accelerative force, upon the 
several particles of the body, is the motive force of the 
Whole. Hence it is, that near the surface of the earth, 
where the accelerative gravity, or force productive of 
gravity, in all bodies is the same, the motive gravity or 
the weight is as the body : but if we should ascend to 
higher regions, where the accelerative gravity is less, the 
weight would be likewise diminished, and would always be 
as the product of the body, by the accelerative gravity* 
So in those regions, where the accelerative gravity is di« 
diminished into one-half, the weight of a body two or 
three times less, will be four or six times less. 
. I likewise call attractions and impulses, in the. feme 
pense, accelerative and motive; and upe the words attrac- 
tion > impijjgft or propensity of any jo^t towards a centre, 
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promiscuously and indifferently, one for another; con- 
sidering those forces not physically, but mathematically : 
wherefore, the reader is not to imagine that, by thoet 
words, I any where take upon me to define the kind, or 
the mapper of any action, the causes or the physical rea- 
son thereof, or that I attribute forces, in a true and phy- 
sical sense, to certain centres, (which are only mathe- 
matical points); when at any time I happen to speak. of 
centres as attracting, or as endued with attractive powers* 



AXIOMS ; OR LAWS OF MOTION. 



LAW I. 



Every body perseveres in its state of rest, or of uniform nuh 
tion in a right line, unless it is compelled to change thai 
. state by forces impressed thereon. 

LAW II. 

The alteration of motion is ever proportional to the motive 
■. force impressed ; and is made in the direction of the right 
line in which that force is impressed. 

LAW III. 

To every action there is always opposed an equal reaction ; 

or the mutual actions of two bodies upon each other are 

: always equal, and directed to contrary parts. 

' > 

Cob. I.— A body by two forces conjoined wUl describe He 

diagonal of a pafgUelogram, in the same time that it would 

. xks&ibe the sides, ty those force* apart . (Fig^h) , 



**r 



3 SELECTIONS IIOM H&WTON. 

If a body m a given time, fay the force M impraMed 
apart in the place A, should with an uniform motion be 
iMfftfedfrom A to B; and by the force N impressed apart 
im the same pfatot, should be earned from A to C; oem- 
-pteti the parallelogram ABCD, end* by both forefliactmg 
-together, it will in the same time be earned in die diago- 
nal from A to D. For since the force N acts in the direc- 
tion of the line AC, parallel to BD, this force (by the se- 
cond l*w) will not at all alter the velocity generated by the 
other force M, by which the body is carried towards the line 
BD. The body, therefore) will arrive at the line BD in 
the same time, whether the force N be impressed or not ; 
and therefore at the end of that time it will be found some- 
where in the line BD. By the -same argument, at the end 
of the same time it will be found somewhere in the line 
CD. Therefore it will be found in the point D, where both 
lines meet. But it will move in a right line from A to D, 
by Law I. 

Jit — And hence is explained the composition of any one direct 
. Jbrce AD, out of any two oblique forces AB and BD ; and, 
on the contrary, the resolution of any one direct force AD 
into two obliqueforces AB and BD : which composition and 
resolution are abundantly confirmed from mechanics. 
(Fig. 2.) 

As if the unequal radii OM and ON drawn from the 
centre O of any wheel, should sustain the weights A and P 
by the cords MA and NP; and the forces of those weights 
to move the wheel were required. Through the centre O 
draw the right line KOL, meeting the cords perpendicular- 
ly in K and L ; and from the centre O, with OL the greater 
of the distances OK and OL, describe a circle, meeting' the 
cord MA in D : and drawing OD, make AC parallel and 
DC perpendicular thereto. Now, it being indifferent whe- 
ther the points K, L, B, of the cordis fixed to the plane 
of the \fh*t <*r not, -the weights wtnfiave the same effect 
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whether they are suspended from the points K and L, 6v\ 
from D and L. Let the whole force of the weight A be 
represented by the line AD, and let it be resolved into the- 
foroes AC and CD ; of which the force AC, drawing the 
radius QD directly from the centre, will have no effect to 
move the wheel : but the other force DC, drawing the' 
radius DO perpendicularly, will have the same effect as 
if it drew perpendicularly the radius OL equal to OD; 
that is, it will have the same effect as the weight P, if that! 
weight be to the weight A as the force DC is to the force 
DA;' that is, (because of the similar triangles ADC, 
D&K,) as OK to OD or OL. Therefore, the weights A 
and P, which are reciprocally as the radii OK and Of** 
that lie in the same right line, will be equipollent, and so 
remain iii equilibrio : which is the well known property of 
the balance, the lever, and the wheeL If either weight be' 
greater than in this ratio, its force to move the wheel will 
be so much the greater. 

If the weight p, equal to the weight P, be partly sus- 
pended by the cord Np, partly sustained by the oblique 
plane pG; draw pH, NH, the former perpendicular to the' 
horizon, the latter to the plane pG ; and if the force of the' 
weight p tending downwards be represented by the line 
pfiF, it may be resolved into the forces pN, HN. If there 1 
were any plane pQ perpendicular to the cord pN, cutting' 
the other plane pG in a line parallel to the horizon, and the 
weight p was supported only by those planes pQ, pG, it 
would press those planes perpendicularly with the forces 
pN, HN ; to wit, the plane pQ with the force pN, and the 
plane pG with the force HN. And therefore if the plane 
pQ were taken away, so that the weight might stretch the 
cord, because the cord, now sustaining the weight, sup- 
plies Ine place of the plane that was removed, it will be 
strained by the same force pN which pressed upon the 
plane before. Therefore the tension of this oblique cord 
pN will be to that dWfc? other perpendicular cord pN as 

c 



10 SELECTIONS FROM NEWTON. 

pN to pH. And therefore if the weight p is to the weight 
A in a ratio compounded of the reciprocal ratio of the 
least distances of the cords pN, AM, from the centre of 
the wheel, and of the direct ratio of pH to pN, the weights 
will have the same effect towards moving the wheel, and 
will therefore sustain «ach other ; as any one may find by 
experiment. 

• But the weight p pressing upon those two oblique 
planes, may be considered as a wedge between the two 
internal surfaces of a body split by it $ and hence the 
forces of the wedge and the mallet may be determined ; 
for because the force with which the weight p presses the 
plane pQ is to the force with which the same, whether by 
its own gravity, or by the blow of a mallet, is impelled in 
the direction of the line pH towards both the planes, as 
pN to pH ; and to the force with which it presses the 
other plane pG, as pN to NH. And thus the force of the 
-screw may be deduced from a like resolution of forces ; it 
being no other than a wedge impelled with the force of a 
lever. Therefore the use of this Corollary spreads far and 
wide, and by that diffusive extent the truth thereof is far- 
ther confirmed. For on what has been said depends the 
whole doctrine of mechanics variously demonstrated by 
different authors. For from hence are easily deduced the 
forces of machines, which are compounded of wheals, 
pullies, levers, cords, and weights, ascending directly or 
obliquely, and other mechanical powers ; as also the force 
of the tendons to move the bones of animals. 

III. — The quantity of motion, which is collected by taking 
the sum of the motions directed towards the same parts, 
and the difference of those that are directed to contrary 
parts, suffers no change from the action of bodies among 
themselves. 

For action and its opposite reliction are. equal, by 
Law 3, and therefore, by Law 2, tlSyproduce in (he mo* 
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tions equal changes towards opposite parts. Therefore if 
the motions are directed towards the same parts, whatever 
is added to the motion of the preceding body will be sub- 
ducted from the motion of that which follows ; so that the 
sum will be the same as before. If the bodies meet, with 
contrary motions, there will be an equal deduction from 
the motions of both ; and therefore the difference of the 
motions directed towards opposite parts will remain the 
same* 

IV.— The 'common centre of gravity of two or more bodies 
does not alter its state of motion or rest by the actions qf 
the bodies among themselves 3 and therefore the common 
centre of gravity of all bodies acting upon each other (ex- 
cluding outward actions and impediments) is either at 
rest, or moves uniformly in a right line. 

For if two points proceed with an uniform motion in 
right lines, and their distance be divided in a given ratio, 
the dividing point will be either at rest, or proceed uni- 
formly in a right line. This is demonstrated hereafter in 
Lem. 23 and its Corol., when the points are moved in the 
same plane ; and by a like, way of arguing, it may be de- 
monstrated when the points are not moved in the same 
plane. Therefore if any number of bodies move uniformly 
in right lines, the common centre of gravity of any two of 
them is either at rest, or proceeds uniformly in a right 
line ; because the line which connects the centres of those 
two bodies so moving is divided at that common centre in 
a given ratio. In like manner the common centre of 
those two and that of a third body will be either at rest or 
moving uniformly in a right line ; because at that centre 
the distance between the common centre of the two bodies, 
add the centre of this last, is divided in a given ratio. In 
like manner the common centre of these three, and of a 
fourth body, is etffcr at rest, or moves uniformly in a 
right line ; becausewle distance between the common cen- 
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ire of the three bodies, and the centre of the fourth if 
there also divided in a given ratio, and so on in infinitum. 
Therefore in a system of bodies where there is neither any 
mutual action among themselves, nor any foreign force 
impressed upon them from without, and which, conse- 
quently move uniformly in right lines, the common centre 
of gravity of them all is either at rest, or moves uniformly 
forwards in a right line. 

Moreover, in a system of two bodies mutually acting 
upon each other, since the distances between their centres 
and the common centre of gravity of both are reciprocally 
as the bodies, the relative motions of those bodies, whether 
of approaching to, or of receding from, that centre, will 
be equal among themselves. Therefore since the changes 
which happen to motions are equal and directed to con- 
trary parts, the common centre of those bodies, by their 
mutual action between themselves, is neither promoted 
nor retarded, nor suffers any change as to its state of mo- 
tion or rest But in a system of several bodies, because 
the common centre of gravity of any two acting mutually 
upon each other suffers no change in its state by that ac- 
tion ; and much less the common centre of gravity of the 
others with which that action does not intervene; but the 
distance between those two centres is divided by the com* k 
mon centre of gravity of all the bodies into parts recipro* #- 
cally proportional to the total sums of those bodies whose, : ft 
centres they are; and therefore while those two centres *+ K 
retain their state of motion or rest, the common centre of 
all does also retain its state : it is manifest that the com- 
mon centre of all never suffers any change in the state of 
its motion or rest from the actions of any two bodies be- 
tween themselves. But in such a system all the actions of 
the bodies among themselves either happen between two 
bodies, or are composed of actions interchanged between 
some two bodies; and therefore they do never produce - 
any alteration in the common centre s/t all as to its state 
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of motion or rest. Wherefore since that centre, wjien the 
bodies do not act mutually one upon another, either is at 
rest or moves uniformly forward in some right line, it will, 
notwithstanding the mutual actions of the bodies among 
themselves, always persevere in its state, either of rest, or 
of proceeding uniformly in a right line, unless it is forced 
out of this state by the action of some power impressed 
from without upon the whole system. And therefore the 
same law takes place in a system consisting of many bodies 
as in one single body, with regard to their persevering in 
their state of motion or of rest For the progressive mo- 
tion, whether of one single body, or of a whole system of 
bodies, is always to be estimated from the motion of the 
centre of gravity. 

V. — The motions of bodies included in a given space are the' 
same among themselves, whether that space is at rest, or 
moves uniformly forwards in a right line without any cir- 
cular motion. 

For the differences of the motions tending towards the 
same parts, and the sums of those that tend towards con- 
trary parts are, at first (by supposition) in both cases the 
same; and it is from those sums and differences that the 
(Collisions and impulses do arise with which the bodies 
tually impinge one upon another. Wherefore (by 
w 2) the effects of those collisions will be equal in both 
ses ; and therefore the mutual motions of the bodies 
among themselves in the one case will remain equal to the 
mutual motions of the bodies among themselves in tlje 
other. A clear proof of which we have from the experi- 
ment of a ship; where all motions happen after the same 
maimer, whether the ship is at rest, or is carried uniformly 
forwards in a right line. 

VI.^ — If bodies, any h&w mooed among themselves, are urged 
in the direction ijfcparaUel lines by equal accelerative^ 
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forces, they will all continue to move among themselves, 
after the same manner as if they had been urged by no such 
forces* 

For these forces acting equally, (with respect to the 
quantities of the bodies to be moved,) and in the direction 
of parallel lines, will (by Law 2) move all the bodies 
equally, (as to velocity,) and therefore will never produce 
any change in the positions or motions of the bodies among 
themselves. 



OF THE MOTION OF BODIES. 



BOOK I. 




SECTION I. 

Of the method of prime and ultimate ratios of quantities, bjh^ 
the help whereof we demonstrate the propositions thai 
follow* 

LEMMA I. 

Quantities, and the ratios of quantities, which in any finite 
time converge continually to equality, and before the end 
of that time approach nearer the one to the other than by 
any given difference, become ultimately equal. 

If you deny it, suppose them to be ultimately unequal, 
and let D be their ultimate difference. Therefore they 
connot approach nearer to equality. -than by that given 
difference D ; which is against the supposition. 
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LEMMA II. 

If in anyJSgure AacE (Fig. 3.) terminated by the right linet 
Aa, AE, and the curve acE, there he inscribed any number 
of parallelograms Ab, Be, Cd, fyc. comprehended under 
equal bases AB, BC, CD, #r. and the sides Bb, Cc, J)d, 
fyc, parallel to one side Aa ofihejigwe ,- and the parallelo- 
grams aKbl, bLcm, cMdm, fyc, be completed. Then if 
the breadth of those parallelograms be supposed to be di- 
minished, and their number to be augmented in infinitum; 
I say, that the ultimate ratios which the inscribed Jigure 
AKbLcMdD, the circumscribed Jigure AalbmcndoE, and 
curvilinear Jigure AabcdE, ■mill have to one another, are 
ratios of equality. 

. For the difference of the inscribed and circumscribed 
figures is the sum of the parallelograms Kl, Lm, Mn, Do, 
that is, (from the equality of all their bases,) the rectangle 
under one of their bases Kb and the sum of their altitude* 
Aa, that is, the rectangle Alila. But this rectangle, be- 
cause its breadth AB is supposed diminished in infinitum, 
becomes less than any given space. And therefore (by 
Loin. 1.) the figures inscribed and circumscribed become 
ultimately equal one to the other ; and much more will the 
intermediate curvilinear figure be ultimately equal to 
Q. E. D. 

LEMMA HI. 

The same ultimate ratios are also ratios of equality, when 
the breadths AB, BC, DC, 8(c. qf the pareUelograms are 
unequal, and are all diminished in infinitum. 

For suppose AF equal to the greatest breadth, and 
complete the parallelogram FAaf. This parallelogram 
■will be greater than the difference of the inscribed and 
circumscribed figures ; but because its breadth AF is di- 
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minished in infinitum, it will become less than any given 
rectangle. Q. E. D. 

Cor. 1. Hence the ultimate sum of those evanescent 
parallelograms will in all parts coincide with the curvi- 
linear figure. 

Cor. 2, Much more will the rectilinear figure compre- 
hended under the chords of the evanescent arcs ab, be, cd, 
&c. ultimately coincide with the curvilinear figure. 

Cor. 3. And also the circumscribed rectilinear figure 
comprehended under the tangents of the same area. 

Cor. *. And therefore these ultimate figures (as to their 
perimeters acE) are not rectilinear, but curvilinear limits 
of rectilinear figures. 

LEMMA IV. 

$fin twojigures AacE, PprT, (Fig. i.)you inscribe, as ie- 

• Jbre, two ranks of parallelograms, an equal number in each 

rank, and, when their breadths are diminished in infini- 

• turn, the ultimate ratios of the parallelograms in onejigure 
to those in the other, each to each respectively, are the same ,- 

■ I say, that those twojigures AacE, PprT, are to one ano- 
ther in that same ratio. '• 

For . as the parallelograms in the one are severally to 
the parallelograms in the other, so .(by composition) is the 
sum of all in the one to the sum of all in the other ; and 
so is the one figure to the other ; because (by Lem. 3.) the 
former figure to the former sum, and the latter figure to 
the latter sum, are both in the ratio of equality. Q. E. D. 

Con. Hence if two quantities of any kind are any how 
divided into an equal number of parts, and those parts, 
when their number is augmented, and their magnitude 
diminished in infinitum, have a given ratio one to the 
other, the first to the first, the second to the second, and 
so on in order, the whole- quantities will- be one foth? 
other in that same given ratio. For if, in the figures, of 
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this lemma, the parallelograms are taken one to the other 
in the ratio of the parts, the sum of the parte will always 
be as the tarn of the parallelograms ; and therefore sup- 
posing the number of the parallelograms and parts to be 
augmented, and their magnitudes diminished in infinitum, 
those sums will be in the ultimate ratio of the parallelo- 
gram in the one figure to the corresponding parallelogram 
in the other; that is, (by the supposition*) in the ultimate 
ratio of any part of the one quantity to the corresponding 
part of the other. 

LEMMA V. 

In similar figures, all torts of homologous sides, whether cur- 
vilinear or rectilinear, are proportional i and the areas 
are in the duplicate ratio of the homologous sides. 

LEMMA VI. 

If any arc ACB (Fig. 5.) given in position be subtended by 
its chord AB, and in any point A, in the middle of the 
continued curvature, be touched by a right line AD, pro- 
duced both ways ; then if the points A and B approach; 
one another and meet, I say, the angle BAD, contained 
between the chord and the tangent, will be diminished in 
infinitum, and ultimately will vanish. 

For if that angle does not vanish, the arc ACB will 
contain with the tangent AD an angle equal to a recti- 
linear angle ; and therefore the curvature at the point A . 
will not be continued, which is against the supposition. 

LEMMA VII. 

Tne same things being supposed, I say that the ultimate ratio 
of the arc, chord, and tangent, any one to any other, is the 
ratio qfeauality, (Fig. 6.) 
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For while the point B approaches towards the point A, 
consider always AB and AD as produced to the remote 
points b and d, and parallel to the secant BD draw bd : and 
let the arc Acb be always similar to the arc ACB. Then, 
supposing the points A and B to coincide, the angle dAb 
will vanish, by the preceding Lemma; and therefore the 
right lines Ab, Ad, (which are always finite,) and the in- 
termediate arc Acb, will coincide, and become equal 
among themselves. Wherefore the right lines AB, AD, 
and the intermediate arc ACB (which are always propor- 
tional to the former) will vanish, and ultimately acquire 
the ratio of equality. Q. E. D. 

Cor. I. Whence if through B {Fig. 7.) we draw BF 
parallel to the tangent, always cutting any right line AF 
passing through A in F, this line BF will be ultimately in 
the ratio of equality with the evanescent arc ACB ; be- 
cause, completing the parallelogram AFBD, it is always 
in a ratio of equality with AD. 

Cor. 2. And if through B and A more right lines be 
drawn, as BE, BD, AF, AG, cutting the tangent AD and 
its parallel BF ; the ultimate ratio of all the abscissas AD, 
AE, BF, BO, and of the chord and arc AB, any one to 
any other, will be the ratio of equality. 

Cor. 3. And therefore in all our reasoning about ulti- 
mate ratios, we may freely use any one of those lines 
any other. 

LEMMA VIII. 

'fftke right lines AR, BR, (Fig. 5.) rath the arc ACB, the 
chord AB, and the tangent AD, constitute three triangles 
BAB, RACB, RAD, and the points A and B approach 
and meet -■ J say, that the ultimate form of these evanescent 
triangles is that of similitude, and their ultimate ratio that 
. of equality. 

For while the point B approaches' towards the point A, 
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consider always AB, AD, AR, as produced to the remote 
points b, d, and r, and rbd as drawn parallel to RD, and 
let the arc Acb be always similar to the arc ACB. Then 
supposing the points A and B to coincide, the angle bAd 
will vanish j and therefore the three triangles rAb, rAcb, 
rAd (which are always finite) will coincide, and on that 
account become both similar and equal. And therefore 
the triangles RAB, RACB, RAD, which are always simi- 
lar and proportional to these, will ultimately become both 
similar and equal among themselves. Q. E. D. 

Con. And hence in all our reasonings about ultimate 
ratios, we may indifferently use any one of those triangles 
for any other. 

LEMMA IX. 

If a right line AE, (Fig. 7.) and a curve line ABC, both 
given by position, cut each other in a given angle A ; and 
to that right line, in another given angle, BD, CE are 
ordinately applied, meeting the curve in B, C ; and the 
points B and C together approach towards and meet in the 
point A : I say, that the areas of the triangles ABD, 
ACE, will ultimately be one to the other in the duplicate 
ratio of the sides. 

For while the points B, C approach towards the point 
A, suppose always AD to be produced to the remote 
points d and e, so as Ad, Ae may be proportional to AD, 
AE; and the ordinates db, ec, to be drawn parallel to the 
ordinates DB and EC, and meeting AB and AC pro- 
duced in b and c. Let the curve Abe be similar to the 
curve ABC, and draw the right line Ag so as to touch 
both curves in A, and cut the ordinates DB, EC, db, ec, 
in F, G, f, g. Then, supposing the length Ae to remain 
the same, let the points B and C meet in the point A ; and 
the angle cAg vanishing, the curvilinear areas Abd, Ace 
will coincide with the rectilinear areas Afd, Age; and 
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therefore (by Lem. S.) will be one to the other in the du- 
plicate ratio of the sides Ad, Ae. But the areas ABD, 
ACE are always proportional to these areas; and so the 
sides AD, AE are to these sides. And therefore the areas 
ABD, ACE are ultimately one to the other in the dupli- 
cate ratio of the sides AD, AE. Q. E. D. 

LEMMA X. 

The spaces which a body describei by any finite force urging 
it, whether that force be determined and immutable, or be 
continually augmented or continually diminished, are in 
the very beginning of the motion one to the other in the 
duplicate ratio of the times. 

Let the times be represented by the lines AD, AE, and 
the velocities generated in those times by the ordinates 
DB, EC. The spaces described with these velocities will 
be as the areas ABD, ACE, described by those ordinates, 
that is, at the very beginning of the motion (by Lem. 9.), 
in the duplicate ratio of the times AD, AE. Q. E. D. 

Cor. 1 . And hence one may easily infer, that the errors 
of bodies describing similar parts of similar figures in pro- 
portional times, are nearly in the duplicate ratio of the 
times in which they are generated ; if these errors be ge- 
nerated by any equal forces similarly applied to the bodies, 
and measured by the distances of the bodies from those 
places of the similar figures, at which, without the action 
of those forces, the bodies would have arrived in those 
proportional times. 

Cob. 2. But the errors that are generated by propor- 
tional forces, similarly applied to the bodies at similar parts 
of the similar figures, are as the forces and the squares of 
the times conjointly. 

Cor. S. The same thing is to be understood of any 
spaces whatsoever described by bodies urged with different 
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forces; all which, in the very beginning of the motion, 
are a* the forces and the squares of the times conjointly. 

Cor. 4. And therefore the forces are as the spaces de- 
scribed in the very beginning of the motion directly, and 
the squares of the times inversely. 

Cor. 5. And the squares of the times are as the spaces 
described directly, and the forces inversely. 

SCHOLIUM. 

If in comparing indetermined quantities of different 
sorts one with another, any one is said to be as any other 
directly or inversely, the meaning is, that the former is 
augmented or diminished in the same ratio with the latter, 
or with its reciprocal. And if any one is said to be as any 
other two or more directly or inversely, the meaning if, 
that the first is augmented or diminished in the ratio com- 
pounded of the ratios in which the others, or the recipro- 
cals of the others, are augmented or diminished. As if A 
is said to be as B directly, and C directly, and D inverse- 
ly, the meaning is, that A is augmented or diminished in 

the same ratio with BxCx«, that is to say, that A and 
are one to the other in a given ratio. 



LEMMA XI. 



The evanescent subtense of the angle of contact, in all curvet 
which at the point of contact have a^finite curvature, it ul- 
timately in the duplicate ratio of the subtense of the con- 
terminous arc, (Fig. 8.) 

Case 1. Let AB be that arc, AD its tangent, BD the 
subtense of the angle of contact perpendicular on the tan- 
gent, AB the subtense of the arc. Draw BG perpendicu- 
lar to the subtense AB, and AG to the tangent AD, meet* 
ing in G j then let the points D, B, and G approach to 
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the points d, b, and g, and suppose J to be the ultimate 
intersection of the lines BG, AG, when the points D, B 
have come to A. It is evident that the distance GJ may 
be less than any assignable. But (from the nature of the 
circles passing through the points A, B, G, A, b, g) 
AB*-AGxBD, and Ab' = Agxbd; and therefore the 
ratio of AB 1 to Ab* is compounded of the ratios of AG to 
Ag, and of BD to bd. But because GJ may be assumed 
of less length than any assignable, the ratio of AG to Ag 
may be such as to differ from the ratio of equality by less 
than any assignable difference ; and therefore the ratio of 
AB 1 to Ab* may be such as to differ from the ratio of BD 
to bd by less than any assignable difference. Therefore, 
by Lem. 1. the ultimate ratio of AB 1 to Ab* is the same 
with the ultimate ratio of BD to bd. Q. E. D. 

Case 1. Now let BD be inclined to AD in any given 
angle, and the ultimate ratio of BD to bd will always be 
the same as before, and therefore the same with the ratio 
of AB* to Ab*. Q. E. D. 

Case 3. And if we suppose the angle D not to be given, 
but that the right line BD converges to a given point, or 
is determined by any other condition whatever ; neverthe- 
less, the angles D, d, being determined by the same law, 
will always draw nearer to equality, and approach nearer 
to each other than by any assigned difference, and there- 
fore, by Lem. 1. will at last be equal ; and therefore the 
lines BD, bd are in the same ratio to each other ns be- 
fore. Q. E. D. 

Cor. 1 . Therefore, since the tangents AD, Ad, the ares 
AB, Ab, and their sines BC, be, become ultimately equal 
to the chords AB, Ab, their squares will ultimately be- 
come as the subtenses BD, bd. 

Cor. 2. Their squares are also ultimately as the versed 
sines of the arcs, bisecting the chords, and converging to 
a given point For those versed sines are as the subtenses 
BD, bd. 
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Cor. 3. And therefore the versed sine is in the dupli- 
cate ratio of the time in which a body will describe the 
arc with a given velocity. 

Cor. 4. The rectilinear triangles ADB, Adb are ulti- 
mately in the triplicate ratio of the sides AD, Ad, and in a 
sesquiplicate ratio of the sides DB, db ; as being in the 
ratio compounded of the sides AD to DB, and of Ad to 
db. So also the triangles ABC, Abe are ultimately in the 
triplicate ratio of the sides BC, be. What I call the ses- 
quiplicate ratio is the subduplicate of the triplicate, as 
being compounded of the simple and subduplicate ratio. 

Cor. 5. And because DB, db are ultimately parallel 
and in the duplicate ratio of the lines AD, Ad, the ulti- 
mate curvilinear areas ADB, Adb will be (by the nature 
of the parabola) two-thirds of the rectilinear triangles 
ADB, Adb ; and the segments AB, Ab will be one-third 
of the same triangles. And thence those areas and those 
segments will be in the triplicate ratio as well of the tan- 
gents AD, Ad, as of the chords and arcs AB, Ab. 

SCHOLIUM. 

But we have all along supposed the angle of contact to 
be neither infinitely greater nor infinitely less than the 

"." angles of contact made by circles and their tangents; that 
ia, that the curvature at the point A is neither infinitely 

\ small nor infinitely great, or that the interval A J is of a 
finite magnitude. For DB may be taken as AD 3 : in 
which case no circle can be drawn through the point A, 
between the tangent AD and the curve AB, and therefore 
the angle of contact will be infinitely less than those of 
circles. And by a like reasoning, if DB be made succes- 
sively as AD 4 , AD 5 , AD 5 , AD 7 , &c. we shall have a 
series of angles of contact, proceeding in infinitum, wherein 
every succeeding term is infinitely less than the preceding. 

And if DB be made successively as AD* f AD*, AD** 



*» 
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AD*, AD y , AD°, &c. we shall have another infinite series 
of angles of contact, the first of which is of the same sort 
with those of circles, the second infinitely greater, and every 
succeeding one infinitely greater than the preceding. But 
between any two of these angles another series of inter- 
mediate angles of contact may be interposed, proceeding 
both ways in infinitum, wherein every succeeding angle 
shall be infinitely greater or infinitely less than the pre- 
ceding. As if between the terras AD f and AD a there 

were interposed the series AD*, AD T , AD*" f AD* f 

AD*, AD*, AD 1 * 1 , AD**, AD^ 7 , &c. And again, be- 
tween any two angles of this series, a new series of inter- 
mediate angles may be interposed, differing from one ano- 
ther by infinite intervals. Nor is nature confined to any 
bounds. 

Those things which have been demonstrated of curve 
lines, and the superficies which they comprehend, may be 
easily applied to the curve superficies and contents of solids. 
These Lemmas are premised to avoid the tediousness of 
deducing perplexed demonstrations ad absurdum, accord- 
ing to the method of the ancient geometers. For demon-*' 
strations are more contracted by the method of indivisrau « 
bles: but because the hypothesis of indivisibles seemi\% 
somewhat harsh, and therefore that method is reckoned -f 
less geometrical, I chose rather to reduce the demonst 
strations of the following propositions to the first and 1 
sums and ratios of nascent and evanescent quantities, that ' 
is, to the limits of those sums and ratios ; and so to pre- 
mise, as short as I could, the demonstrations of those 
limits. For hereby the same thing is performed as by the 
method of indivisibles; and now those principles being 
demonstrated, we may use them with more safety. There- 
fore, if hereafter I should happen to consider quantities as 
made up of particles, or should use little curve lines for 
right ones, I would not be understood to mean indiviti- 
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blfcs, but evanescent divisible quantity ; not the sinus and 
ratios of determinate parts, but always the limits of sums 
and ratios: and that the force of such demonstrations 
always depends on the method laid dovtto in the fore£6irtg 
Lemmas* 

Perhaps it may be objected, that there is no Ultimate 
proportion of evanescent quantities; because the prdpoiv 
tioti, before the quantities have vanished, is not the ulti- 
mate, and when £hey are vanished, is none!. But by the. 
safcfee argument it may be attedged, that a body arriving at 
a certain place, and there stopping, has no ultimate velo- 
city: because the velocity, before the body comes to the 
pleiei, is not its ultimate velocity ; when it has arrived, is 
none. But the answer is easy; for by the ultimate ve- 
locity is meant that with which the body is moved, neithet 
before it arrives at its last place and the motion ceases, 
nor after, but at the very instant it arrives ; that is, that 
velocity #ith which the body arrives at its last place, and 
with which the motion ceases. And in like manner, by 
the ultimate ratio of evanescent quantities is to be under- 
stood the ratio of the quantities not before they vanish, 
nor afterwards, but with which they vanish. In like man- 
Mr the first ratio of nascent quantities is that with which 
^ they begin to be. And the4rst or last sum is that with 
^jghich they begin and cease to be, (or to be augmented or 
* » *dfminished). There is a limit which the velocity at the 
"^Itod of the motion may attain, but not exceed. This is 
the ultimate velocity. And there is the like limit in all 
quantities and proportions that Jbegin and cease to be. 
And since such limits are certain and definite, to deter- 
mine, the. same is a problem strictly geometrical. But 
whatever is geometrical we may be allowed to use in de- 
termining and demonstrating any other thing that is like- 
wise geometrical. 

It may also be objected, that if the ultimate ratios of 
evanescent quantities are given* their ukiinate magnitudes 

£ 
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will be also given : and so all quantities will consist of in- 
divisibles, which is contrary to what Euclid has demon- 
strated concerning incommensurables, in the 10th book of 
his Elements* But this objection is founded on a false 
supposition. For those ultimate ratios with which quan- 
tities vanish are not truly the ratios of ultimate quantities, 
but limits towards which the ratios of quantities decreasing 
without limit do always converge ; and to which they ap- 
proach nearer than by any given difference, but never go 
beyond, nor in effect attain to, till the quantities are di- 
minished in infinitum. This thing will appear more evi- 
dent in quantities infinitely great. If two quantities* whose . 
difference is .given, be augmented in infinitum, the ulti- 
mate-ratio of these quantities will be given, te wit, the 
ratio of equality ; but it does not from thence follow, that 
the ultimate or greatest quantities themselves, whose ratio 
thatis, will be given. Therefore if in what follows, for 
die sake of being more easily understood, I should happen 
to mention quantities as least, or evanescent, or ultimate, 
you are not to suppose that quantities of any determinate 
magnitude are meant, but such as are conceived to be al- 
ways diminished without end* 



SECTION II. 

OF THE INVENTION OF CENTRIPETAL FORCES. 

PROP. I. 

The areas, "which revolving bodies describe by radii drawn to 
an immoveable centre of force lie in the same immoveable 
planes, and are proportional to the times in which they are 
described, (Fig. 9.) 

For suppose the time to be divided into equal parts, and 
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in the first part of that time let the body by its innate 
force describe the right line AB. In the second part of 
that time, the same would, (by Law l.) 9 if not hindered, 
proceed directly to c, along the line Be equal to AB ; so 
that by the radii AS, BS, cS, drawn to the centre, the 
equal areas ABS, BSc, would be described. But when 
the body is arrived at B, suppose that a centripetal force 
acts at once with a great impulse, and, turning aside th6 
body from the right line Be, compels it afterwards to con- 
tinue its motion along the right line BC. Draw cC 
parallel to BS meeting BC in C ; and at the end of the 
second part of the time, the body (by Cor. 1 . of the laws)* 
will be found in C, in the same plan* with the triangle 
ASB. Join SC, and, because SB arid Cc are parallel, 
die triangle SBC will be equal to the triangle SBc, and 
therefore also to the triangle SAB. By the like argument, 
if the centripetal force act successively in C, D, E, &c 
and make the body, in each single particle of time, to 
describe the right lines CD, DE, EF, &c. they will aH 
lie in the same plane; and the triangle SCD will be 
equal to the triangle SBC, and SDE to SCD, and SEF 
to SDE. And therefore, in equal times, equal areas are 
described in one immoveable plane : and, by composition, 
any sums SADS, SAFS, of those areas, are one to the 
+ other as the times in which they are described. Now let 
■ the number of those triangles be augmented, and their 
breadth diminished in infinitum; and (by Cor. 4. Lem. 3.) 
their ultimate perimeter ADF will be a curve line : and 
therefore the centripetal force, by which the body is per- 
petually drawn back from the tangent of this curve, will 
act continually ; and any described areas SADS, SAFS, 
which are always proportional to the times of description 
will, in this case also, be proportional to those times. 
Q.E.D. 

Cor. 1. The velocity of a body attracted towards art 
immoveable centre, in spaces void of resistance, is recipro* 
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cally as the perpendicular let fall from that centre on the 
right line that touches the orbit. For the velocities in 
those places A, B, C, D, E, are as the bases AB, BC, 
CD, DE, EF, of equal triangles ; and these bases are re- 
ciprocally as the perpendiculars let fall upon them. 

Cor. 2. If the chords AB, BC of two arcs, successively 
described in equal times by the same body, in spaces void 
of resistance, be completed into a parallelogram ABCV, 
and the diagonal BV of this parallelogram, in the position 
which it ultimately acquires when those arcs are diminished 
in infinitum, be produced both ways, it will pass through 
the centre of force. 

Cor. 3. If the chords AB, BC, and DE, EF, of arcs 
described in equal t^mes, in spaces void of resistance, he 
completed into the parallelograms ABCV, DEFZ; the 
forces in B and E are one to the other in the ultimate ratio 
of the diagonals BV, EZ, when those arcs are diminished 
in infinitum. For the motions BC and EF of the body 
(by Con 1. of the laws) are compounded of the motions 
Be, BV, and Ff, EZ : but BV and EZ, which are equal 
to Cc and Ff, in the demonstration of this proposition, 
were generated by the impulses of the centripetal force in 
B and E, and are therefore proportional to those im* 
pulses. 

Cor. 4. The forces by which bodies, in spaces void of 
resistance, are drawn back from rectilinear motions, and 
turned into curvilinear orbits, are one to another as the 
sagitta of arcs described in equal times; which sagitttf 
tend to the centre of force, and bisect the chords when 
those arcs are diminished to infinity. For such sagitUe 
are the halves of the diagonals mentioned in Cor. 3. 

Cor. 5. And therefore those forces are to the force of 
gravity as the said sagitta to the sagittce perpendicular to 
the horizon of those parabolic arcs which projectiles de- 
scribe in the sajne time* 



* 
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Cor. 6. And the same things do all hold good (by 
Cor. 5. of the laws), when the planes in which the bodies 
are moved, together with the centres of force which are 
placed in those planes, are not at rest, but move uniformly 
forward in right lines. 

PROP. II. 

Every body that moves in any curve line described in a plane, 
and by a radius, drawn to a point either immoveable, or 
mooing forward with an uniform rectilinear motion, de- 
scribes about that point areas proportional to the times, is 
urged by a centripetal force directed to that point* 

Case I. For every body that moves in a curve line, is 
(by Law 1.) turned aside from its rectilinear course by the 
action of some force that impels it And that force by 
which the body is turned off from its rectilinear course, 
and is made to describe, in equal times, the equal least 
triangles SAB, SBC, SCD, &c about the immoveable 
point S (by Prop. 40. Book I. Elem. and Law 2.) acts in 
the place B, according to the direction of a line parallel 
to cC, that is, in the direction of the line BS; and in the 
place C, according to the direction of a line parallel to 
' dD, that is, in the direction of the line CS, &c. ; and 
^ therefore acts always in the direction of lines tending to 
the immoveable point S. Q. E. D. 

Case 2. And (by Cor. 5 of the Laws) it is indifferent 
whether the superficies in which a body describes a cur- 
vilinear figure be quiescent, or moves together with the 
body, the figure described, and its point S, uniformly for- 
wards in right lines* 

Cor. 1. In non-resisting spaces or mediums, if the areas 
be not proportional to the times, the forces are not direct*- 
ed to the point in which the radii meet; but deviate there* 
from in consequential or towards the parts to which the 
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motion is directed, if the description of the areas be acce- 
lerated ; but in antecedentia, if retarded. 

Cor. 2. And even in resisting mediums, if the descrip- 
tion of the areas be accelerated, the directions of the forces 
deviate from the point in which the radii meet, towards 
the parts to which the motion tends. 

SCHOLIUM. 

A body may be urged by a centripetal force compound* 
ed of several forces; in which case the meaning of the 
proposition is, that the force which results out of all tends 
to the point S. But if any force act perpetually in the 
direction of lines perpendicular to the described surface, 
this force will make the body to deviate from the plane of 
its motion ; but will neither augment nor diminish the 
quantity of the described surface, and is therefore to be 
neglected in the composition of forces. 

PROP. III. 

Every body that, by a radius drawn to the centre of another 
body, howsoever mooed, describes areas about that centre 
proportional to the times, is urged by a force compounded 
of a centripetal force tending to that other body, and of all 
the accelerative force by which that other body is impelled. 

Let L represent the one, and T the other body ; and 
(by Cor. 6. of the Laws) if both bodies be urged in the 
direction of parallel lines, by a new force equal and con- 
trary to that by which the second body T is urged, the 
first body L will go on to describe about the other body 
T the same areas as before : but the force by which that 
other body T was urged will be now destroyed by an 
equal and contrary force; and therefore (by Law 1.) that 
other body T, now left to itself, will either rest, or move 
uniformly forward in a right line : and the first body L 
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impelled by the difference of the forces, that is, by the 
force remaining, will go on to describe about the other 
body T areas proportional to the times. And therefore 
(by Theor. 2.) the difference of the forces is directed to 
the other body T as its centre. Q. E. D. 

Cor. 1. Hence if the one body L, by a radius drawn 
to the other body T, describe areas proportional to the 
times ; and from the whole force, by which the first body 
L is urged (whether that force is simple, or, according to 
Cor. 2. of the Laws, compounded out of several forces), 
we subduct (by the same Cor.) that whole accelerative 
force by which the other body is urged ; the whole re- 
maining force by which the first body is urged will tend 
to the other body T, as its centre. 

Cor. 2. And, if these areas be proportional to the times 
nearly, the remaining force will tend to the other body T 
nearly. 

Cor. 3. And vice versd, if the remaining force tend 
nearly to the other body T, those areas will be nearly 
proportional to the times. 

Cor. 4. If the body L, by a radius drawn to the other 
body T, describe areas which, compared with the times, 
are very unequal ; and that other body T be either at 
rest, or move uniformly forward in a right line : the action 
of the centripetal force tending to that other body T is 
either none at all, or it is mixed and compounded with 
very powerful actions of other forces : and the whole force 
compounded of them all, if they be many, is directed to 
another (immoveable or moveable) centre. The same 
thing obtains, when the other body is moved by any mo- 
tion whatsoever ; provided that centripetal force is taken, 
which remains after subducting that whole force acting 
upon that other body T. 

SCHOLIUM. 

Because the equable description of areas indicates a 
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tendency to h centre by that force wfth which the body ft 
most aff&ted, and by which it is drawn back from its rec- 
tilinear motion, and retained in its orbit ; why may we not 
bt allowed, in the following discourse, to use the equable 
description of areas as an index of a centre, about which 
«tt«itetdar motion is performed ia free spaces? 

$ 

PROP. IV. 

The centripetal forces of bodies, 'which by equable motions 
describe different eircles 9 tend to the centres of ike same 
circles j and are one to the other as the squares of the ares 
described in equal times applied to the radii of the or- 
cles* 

These forces tend to the centres of the circles, (by 
Prop. 2. and Cor. 2. Prop. 1.) and are one to another as 
the versed sines of the least arcs described in equal times, 
(by Cor. 4. Prop. 1.) ; that is, as the squares of the same 
arcs applied to the diameters of the circles, (by Lem. 7.) : 
and therefore since those arcs are as arcs described in any 
equal times, and the diameters are as the radii, the forces 
will be as the squares of any arcs described in the same 
time applied to the radii of the circles. Q. E. D. 

Cor. 1. Therefore, since those arcs are as the velocities 
of the bodies, the centripetal forces are in a ratio com- 
pounded of the duplicate ratio of the velocities directly, 
and of the simple ratio of the radii inversely. 

Cor. 2. And since the periodic times are in a ratio com- 
pounded of the ratio of the radii directly, and the ratio of 
the velocities inversely, the centripetal forces are in a 
ratio compounded of the ratio of the radii directly, and the 
duplicate ratio of the periodic times inversely. 

Cor. 3. Whence if the periodic times be equal, and the 
velocities therefore as the radii* the centripetal forces will 
be also as the radii ; and the contrary. 

Cor. 4* If the periodic times and the velocities be both 



;/ 
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in the subduplicate ratio of the radii, the centripetal forces' 
will be equal among themselves ; and the contrary, t . . 

Con. 5. If the periodic times be as the radii* arid there* 
fore the velocities equal, the centripetal forces will be re- 
ciprocally as the radii v and the contrary* ' 

Cob. 6* If the periodic times be in the sesqoiplicattf 
ratio of the radii, and therefore the velocities reciprocally: 
in the subduplicate ratio of the radii, the -centripetal forces 
Will be in the duplicate ratio of the radii inversely; and 
the contrary* .■■*-..:..'. 

Cor. 7. And universally* if the periodic time be as any 
power R B of the radius R,. and therefore the velocity re- 
ciprocally as the powei* H*" 1 of the radius, the centripetal 
force will be reciprocally as the power R 2 *- 1 of the radius ; 
and the contrary. 

Co*. 8. The same things- all hold concerning the times, 
the velocities, said forces by which bodies describe the simi- 
lar parts of any similar figures that -have their centres in * 
similar position in those figure*; as appears by applying" 
the demonstration of the preceding >cases to those. And 
the application is easy, by- only substituting the equable 
description of areas in the place of equable motion, and 
using the distances of the bodies- from the centres instead 
of the radii. ...•., ^\:i : » . .....:.•« ; ..: 

Cob. 9. From the same demonstration k likewise foW 
lows, thai the arc which a body^ uiriformly revolving in a 
circle by means of; a given centripetal^ force, describes in 
any tjme, is a mean proportional: between the diameter of 
the circle, and the space which the same body falling by 
the same given force would descend through in the same 
given time. 

SCHOLIUM, 

The case of the 6th Corollary obtains in the celestial 
bodies, (as Sir Christopher Wren, Dr. Hooke, and Dr. 
HaUey have severally observed) \ and therefore in what 

F 
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follows, I intend to treat more tit large of those things 
which relate to centripetal force decreasing in a duplicate 
ratio of the distances from the centres. 

Moreover, by means of the preceding proposition and 
its corollaries, we may discover the proportion of a cen- 
tripetal force to any other known force, such as that of 
gravity. For if a body by means of its gravity revolve in » 
a circle concentric to the earth, this gravity is the cen- 
tripetal force of that body. But, from the descent of 
heavy bodies, the time of one entire revolution, as well as 
the arc described in any given time, is given (by Cor. 9. of 
this Prop.) And by such propositions, Mr. Huygens, in • 
his excellent book De Horologio Oscillatorio, has com* 
pared the force of gravity with the centrifugal forces of 
revolving bodies. 

The preceding proposition may be likewise demonstrat- 
ed after this manner. In any circle suppose a polygon to a 
be inscribed of any number of sides. And if a body, moved 
with a given velocity along the sides of the polygon, be 
reflected from the circle at the several angular points, the 
force, with which at every reflection it strikes the circle, : 
will be as its velocity : and therefore the sum of the forces,' 
in a given time, will be as that velocity and the number of 
reflections conjointly ; that is, (if the species of the polygon 
be given), as the length described in that given time, and 
increased or diminished in the ratio of the same length to 
the radius of the circle ; that is, as the square of that 
length applied to the radius; and therefore, (if the poly- 
gon, by having its sides diminished in infinitum^ coincide 
with the circle), as the square of the arc described in a 
given time applied to the radius. This is the centrifugal 
force, with which the body impels the circle ; and to which 
the contrary force, wherewith the circle continually repels 
the body towards the centres w equal. 
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PROP. V. 

There being given f in any places, the velocity with which a 
body describes a given Jlgure, by means oj forces directed 
to some common centre: tojindthat centre, (Fig. 10.) 

Let the three right lines PT, TQV, VR touch the 
figure described in as many points P, Q, R, and meet in 
T and V. On the tangents erect the perpendiculars 
PA, QB, RC, reciprocally proportional to the velocities 
of the body in the points P, Q, R, from which the per* 
pendiculars were raised ; that is, so that PA may be to 
QB as the velocity in Q to the velocity in P, and QB to 
RC as the velocity in R to the velocity in Q. Through 
the ends A, B, C, of the perpendiculars draw AD, DBE f 
EC, at right angles, meeting in D and E $ and the right 
lines TD, VE produced, will meet in S, the centre re- 
quired. 

For the perpendiculars let fall from the centre S on the 
tangents PT, QT, are reciprocally as the velocities of. the 
bodies in the points P and Q, (by Cor. 1. Prop. 1.), and 
therefore, by construction, as the perpendiculars AP, BQ 
directly ; that is, as the perpendiculars let fall from the 
point D on the tangents. Whenee it is easy to infer that 
the points S, D, T, are in one right line. And by the 
like argument the points S, E, V are also in one right 
line ; and therefore the centre S is in the point where the 
right lines TD, VE meet. Q. E. D. 

PROP. VI. 

* 4 * 

In a space void of resistance, if a body revolve in any Orbit 
about an immoveable centre, and in the least time describe 
any arc just then nascent ,• and the sagiita of thet^arc 

• ' be supposed to be drawn bisecting the chord, and produced 
passing through the centre oj r J^^tAthiSi^ei^^ela(J^^ 
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in the middle of the arc will be as the sagitla directly and 
the square of the time inversely. 

For the. sagitta in a given time is as the force (by 
Cor. 4. Prop. 1.) ; and augmenting the time in any ratio* 
because the arc will be augmented in the same ratio, the 
sagitta will be augmented in the duplicate of that ratio, 
{by Cor. 2 and 3, Lem. 11,), and therefore is as the force 
*bd the square of the tif&e.; Subduct on both sides the 
duplicate, ratio of the time, and the force will be as the 
sagitta directly, and the square of the time inversely. 
4J.E, D. 

r. And the same jthing may also be easily demonstrated 
by Cor. 4v Lem. 10. 

r Cor. 1. If a bpdy P revolving about the centre S, 
(Kg. 110 describe a curve line APQ, which a right line 
ZPR touches in any point P; and from any other point 
Q; of the curve, QR be drawn parallel to the distance SP„ 
meeting the tangent in R; and QT be drawn perpen- 
dicular to the distance $P; the centripetal force will be 

reciprocally as' the soli d ^^ — , if the solid be taken 

of that magnitude which it ultimately acquires when the 
points P and Q coincide. For QR is equal to the sagitta 
pf double the arc QP, whose middle is P: and double 
the trfeaglfcSQEj;or:SP X QT is proportional to the tinje 
. jfl Wiicfa >tb4t dpijblci &rp is described; and therefore may 

Cor. 2. By a like reasoning, the centripetal force is r&» 

SY* x QP* 

ciprocally as the solid . QR — ; if SY be a perpen- 
dicular from the centre of force on PR the tangent of the 
orbit. For the rectangles SYxQP, and SPxQT are 
fequal. 

• Clfe. 3. If the orbit be either a circle, or if it touch or 
tat a circle concentrically, that is, contain with a circle 
At least angle ^f contactor section, havfagttoe satke cur- 
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vature apd the same radius of curvature at the point Pj 
and ifPV.be a chord of this circle, drawn from the body 
through the centre of force ; the centripetal force will be 

reciprocally as. the solid SY* X PV. For PV is -g^ 

Coiu 4. The same things being supposed, the centripe* 
tal force is as the square of the velocity directly, and that 
chord inversely. For the>veIocity is reciprocally as the 
perpendicular SY, by Cor. 1* Prop. 1. 

Cob, 5. Hence if any curvilinear figure APQ.be given, 
and therein a point S be also given, to which a centripe- 
tal force is perpetually directed, that law of centripetal 
force may be found, by wjiich the body P shall berate 
tinually drawn back from a rectilinear course, and, being 
detained in the perimeter of that figure, shall describe the 
same by a perpetual revolution. That is, we are to find, 

SFxQT* 
by computation, either the solid - — Tjjjr — , or the fcolid 

SY* X PV, reciprocally proportional to this fores. Ex- 
amples of this we shall give in the following problems; 

PROP. VtL 

If a body revolve in the circumference of a circle, it is pro- 
posed to find the law of centripetal "force directed to any 
given point, (Jtig. 1%) 

* 

Let VQPAbethe circumference of the circle; Sthe 
given point to which as to a centre the* force tends ; P the 
body moving in the circumference ; Q the next place into 
which it is to ruove; and PRZ the tangent of the cipcle 
at the preceding placa Through the point &4raw the 
chord PV, and the diameter V A of the circle: join AP* 
afid draw QT perpendicular to SP, *which produced, may 
itieet the tangent PR in Z; and lastly* through the point 
Q, draw Ltt parallel to SP,toeeUng. the circle in L,apd 
the tangent PZ hVR. And, because of the simHar-'triH 
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angles ZQR, ZTP, VPA, we shall have RP% that is, 

ORL x PV* 

QRL to QT 8 as AV* to PV*. And therefore ^V* 

SP* 
is equal to QT*. Multiply those equals by qo , and the 

points P and Q coinciding, for RL write PV ; then we 

SP* X PV 3 SP* X QT* 

shall have — jyj — s — q jj — • And therefore (by 

Cor. 1 and 5, Prop. 6.) the centripetal force is recipro- 

gpe w pv s 
cally as — xy« — > ^ at **» (because AV* is given,) reci- 
procally as the square of the distance .or altitude SP, and 
the cube of the chord PV conjointly. Q. E. L 

» . * * • 

The same otherwise. 

On the tangent PR produced let fall the perpendicular 

SY; and (because of the similar triangles SYP, VPA) 

we shall have AV to PV as SP to SY, and therefore 

SPxPV ov , SP*xPV 8 OTrt TOT A 3 
A y = SY, and jy-j— s SY* X PV. And 

therefore (by Cor. 3 and 5, Prop. 6.) the centripetal force 

SP*x PV 3 
is reciprocally as ■ A y t — ; that is, (because AV is given,) 

reciprocally as SP 8 X PV'. Q. E. I. 

Cob. 1* Hence if the given point S, to which the cen- 
tripetal force always tends, be placed in the circumference 
of the circle, as at V, the centripetal force will be recipro- 
cally as the quadrato-cube (or fifth power) of the altitude 
SP. 
. Cob. 2. The force by which the body P in the circle 
APTV (Fig. IS.) revolves about the centre of force S is 
to the Force by which the same body P may revolve in the 
same circle, and in the same periodic time, about; any 
other centre of force R, as RP* x SP to the cube of the 
right line SG, which, from, the &ut centre of force S is 
drawn parallel to. the distance; PR of; the body fr<wn the 
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second centre of force R, meeting the tangent PG of the 
orbit in G. For by the construction of this proposition, 
the former force is to the latter as RP X PT 3 to SP X PV* I 

SP X PV 3 
that is, as SP X RP to — pp — ; or (because of the si- 
milar triangles PSG, TPV) to SG\ 

Cor. 8. The force by which the body P in any orbit 
revolves about the centre of force S, is to the force by 
which the same body may revolve in the same orbit, and 
the same periodic time, about any other centre of force R, 
as the solid SP X RP, contained under the distance of the 
body from the first centre of force S, and the square of its 
distance from the second centre of force R» to the cube of 
the right line SG, drawn from the first centre of force S, 
and the square of its distance from the second centre of 
force R, to the cube of the right line SG, drawn from the 
first centre of force S, parallel to the distance RP of the 
body from the second centre of force R, meeting the tan- 
gent PG of the orbit in G. For the force in this orbit at 
any point P is the same as in a circle of the same curva- 
ture. 

PROP. VIII. 

* • 

* ■ 

If a body move in the sethi-circumference PQA ; it is pro- 
posed tojlnd the law of the centripetal force tending to a 
point S, so remote, that all the lines PS, RS drawn 
thereto 9 may be taken for parallels, (Fig* 14.) 

J- 

From C, the centre of the semi-circle, let the semi* 
diameter CA be drawn, cutting the parallels at right, 
angles in M and N, and join CP. Because of the similar . 
triangles CPM, PZT, and RZQ, we shall have CP to 
PM 2 as PR 2 to QT 2 ; and, from the nature of the circle, 

PR 2 is equal to the rectangle QR X RN+QN, or, the 
points; P, Q coinciding, to the rectangle QRX2PM. 
Therefore CP is to PM 2 at QRX2PM to QT*; and 
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QT* 2 PM 3 . QT'xSP* . &PM 3 xSF 

QR ^ /W^ 9 ,™* QR . ~ CP . ' ^ nd 

therefore (by Cor. 1 and 5, Prop* 6.) the centripetal force 

^ . __ 2PM 3 *SP*. v , , , . 
is reciprocally as ""~~~7jp2 l that is, (neglecting thd 

2SP 2 
given ratio "jnpT )> reciprocally as PM S . Q.. E. I. 

And the tome thing is likewise easily. inferred front the 
preqeding proposition. 

SCHOLIUM. 

And by a like reasoning, a body shall be found to move 
in an ellipse, or even in an hyperbola, or parabola, by a 
centripetal force which is reciprocally as the cube of the 
ordinate directed to an infinitely remote centre offeree. 

PROP. IX. 

If a body revolve in a spiral PQ& cutting all the radii SP, 
SQ,i#c. in a given angles it is proposed tojlndthe law 
of the centripetal force tending to the centre of that spiral, 
(Fig. 15.) 

Suppose the indefinitely small angle PSQ to be given ; 
batiaufte, then, all the angles are given, the figure SPRQT 

QT 

will be given in species. Therefore the ratio qb is also 

QT*. 
given, and -qjt is as QT, that is, (because the figure is 

given in species), as SP. But if the angle PfifQ is any 
way xttiaiiged, th&iight line QR, subtending the angle of 
contact QPR (by Lem. 11.) will be Changed in the dupli- 

< • • '■ cyt* 

cate ratio of PR or QT. Therefore the ratio 



QR 

mains the same as before, that is, as SP, And ivm — 
few $&l laad therefore <Q>yGor. 1 and 5, Prop. 6.) tb. 
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centripetal force is reciprocally as the cube of the distance 
SP. Q.E.L 

The same otherwise. 

The perpendicular SY let fall upon the tangent, and 
the chord PV of the circle concentrically cutting the 
spiral, are in given ratios to the height SP $ and therefore 
SP is as SY 2 X PV, that ia (by Cor, 3 and 5, Prop. 6.)> 
reciprocally as the centripetal force. 

LEMMA XII. 

JU parallelograms circumscribed about any conjugate diame* 
. te r * 9f a given ellipse or hyperbola are equal among them* 
selves. 

This is demonstrated by the writers on conic sections. 

PROP. X. 

If a body revolve in an ellipse, it is proposed to find the law 
1 of the centripetal farce tending to the centre of the ellipse* 
(Figiie.) 

Suppose C A, CB to be semi-axes of the ellipse ; GP^ 
DK* conjugate diameters;. PF, QT perpendiculars to 
those diameters; Qv an ordinate to the diameter GP; 
and if the parallelogram QvPR be completed, then (by 
the. properties of the qonic sections) the rectangle PvQ 
will be to Qv* as PC 2 to CD 2 ; and (because of the similar 
triangles QvT, PCF) Qv 8 to QT* as PC* to PF* j and, 
by composition, the ratio of PtG to QT 2 is compounded 
of the ratio of PG* to CD 2 , and of th$ ratio of PC* to PF*, 

that is, vG to ^ as FQ* t6 ^£^* > P p t Qft for 

Fv, and (by hem. \2.) BC X CJl fpr,CI> X PF ; also (the 
p*irtt*Pjw«lQc«neidpg,) SPCfe^yJ&i and multiply- 
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ing the extremes and means together, we shall have 

QT«xPO , 2BOxCA* _ - ,," 

— qjt equal to ?>q • Therefore, (by Cor. 5* 

' r . „ 2BOxCA* 
Prop. 6.) the centripetal force is reciprocally as pg ; 

that is, (because 2 BO xC A* is given), reciprocally as 

pg $ that is, directly as the distance PC. Q. E. I. 

< .... 

The same otherwise. 

In the right line PG on the other side of the point T, 
take the point u so that Tu may be equal to Tv ; then 
take nV, such as shall be to vG as DC* to PC*. And be- 
cause Qv* is to PvG as DO to PO, (by the conic sec- 
tions,) we shall have Qv*=PvXuV. Add the rectangle 
uPv to both sides, and the square of the chord of the are 
PQ will be equal to the rectangle VPv ; and therefore a 
circle which touches the conic section in P, and passes 
through the point Q, will pass also through the point V. 
Now let the points P and Q meet, and the ratio of uV to 
yG, which is the same with the ratio of PO to PC 2 , will 
become the ratio of PV to PG, or PV to 2 PC; and 

2 DC* 

therefore PV will be equal to ~~pn~ * And therefore the 

force by which the body P revolves in the ellipse will be 

2DO 

reciprocally as p£ X PP, (by Con 3. Prop. 6.) ; that 

Is (because 2 DO X PP is given), directly as PC* 
Q. E. I. 

* Cor. 1. And therefore the force is as the distance of the 
body from the centre of the ellipse ; and vice versa, if the 
force is as the distance, the body will move in an ellipse 
whose centre coincides with the centre of force, or per- 
haps in a circle into which the ellipse may degenerate. 
' Cob. 2. And the periodic times of the revolutions made 
in all ellipses whatsoever about the same centre will be 
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equal. Eor those times in similar ellipses will be equal, 
(by Cor. S and 8, Prop. 4.) $ but in ellipses that have their 
greater axis common, they are one to another as the whole 
areas of the ellipses directly, and the parts of the areas 
described in the same time inversely ; that is, as the lesser 
axes directly, and the velocities of the bodies in their 
principal vertices inversely ; that is, as those lesser axes 
directly, and the ordinates to the same point of the com- 
mon axis inversely; and therefore (because of the equality 
of the direct and inverse ratios) in the ratio of equality. 

SCHOLIUM. 

If the ellipse, by having its centre removed to an infinite 
distance, degenerate into a parabola, the body will move 
in this parabola ; and the fof ce, now tending to a centre 
infinitely remote, will become equable. Which is Galileo's 
theorem. And if the parabolic section of the cone (by 
changing the inclination of the cutting plane to the cone) 
degenerates into an hyperbola, the body will move in the 
perimeter of this hyperbola, having its centripetal force 
changed into a centrifugal force. And in like manner as 
in the circle, or in the ellipse, if the forces be directed to 
the centre of the figure placed in the abscissa, those fore*, 
by increasing or diminishing the ordinates in any given 
ratio, or even by changing the angle of the inclination of 
the ordinates to the abscissa, are always augmented* or 
diminished in the ratio of the distances from the tentre; 
provided the periodic times remain equal : so also in all 
figures whatsoever, if the ordinates be augmented or di- 
minished in any given ratio, or , their inclination be any 
way changed, the periodic time remaining the same, the 
forces direct**! to any centre placed in the abscissa are in 
the several ordiuates augmented or diminished in the ratio 
of the distance* ftom the centre. 



34 SELECTIONS FROM NEWTON. SECT. II. 

follows, I intend to treat more tit large of those things 
which relate to centripetal force decreasing in a duplicate 
ratio of the distances from the centres. 

Moreover, by means of the preceding proposition and 
its corollaries, we may discover the proportion of a cen- 
tripetal force to. any other known force, such as that of 
gravity. For if a body by means of its gravity revolve in < 
a circle concentric to the earth, this gravity is the cen- 
tripetal force of that body. But, from the descent of 
heavy bodies, the time of one entire revolution, as well as 
the arc described in any given time, is given (by Cor. 9. of 
this Prop.) And by such propositions, Mr. Huygens, in 
his excellent book De Horologio Oscillatorio, has com- 
pared the force of gravity with the centrifugal forces of 
revolving bodies. 

The preceding proposition may be likewise demonstrat- 
ed after this manner. In any circle suppose a polygon to 
be inscribed of any number of sides. And if a body, moved 
with a given velocity along the sides of the polygon, be 
reflected from the circle at the several angular points, the 
force, with which at every reflection it strikes the circle, : 
will be as its velocity : and therefore the sum of the forces, 
in a given time, will be as that velocity and the number of 
reflections conjointly; that is, (if the species of the polygon 
be given), as the length described in that given time, and 
increased or diminished in the ratio of the same length to 
the radius of the circle ; that is, as the square of that 
length applied to the radius; and therefore, (if the poly- 
gon, by having its sides diminished in infinitum^ coincide 
with the circle), as the square of the arc described in a 
given time applied to the radius. This is the centrifugal 
force, with which the body impels the circle ; and to which 
the contrary force, wherewith the circle continually repels 
the body towards the centre, is equal. 
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PROP. V. 

There being given, in any places, the velocity with which a 
body describes a given figure, by means of forces directed, 
to some common centre: tojindthat centre, (Fig. 10.) 

Let the three right lines PT, TQV, VR touch the 
figure described in as many points P, Q, R, and meet in 
T and V. On the tangents erect the perpendiculars 
PA, QB, RC, reciprocally proportional to the velocities 
of the body in the points P, Q, R, from which the per- 
pendiculars were raised ; that is, so that PA may be to 
QB as the velocity in Q to the velocity in P, and QB to 
RC as the velocity in R to the velocity in Q. Through 
the ends A, B, C, of the perpendiculars draw AD, DBE, 
EC, at right angles, meeting in D and £ $ and the right 
lines TD, VE produced, will meet in S, the centre re- 
quired. 

For the perpendiculars let fall from the centre S on the 
tangents PT, QT, are reciprocally as the velocities of the 
bodies in the points P and Q, (by Cor. 1. Prop. 1.), and 
therefore, by construction, as the perpendiculars AP, BQ 
directly ; that is, as the perpendiculars let fall from the 
point D on the tangents. Whence it is easy to infer that 
the points S, D, T, are in one right line. And by the 
like argument the points S, E, V are also in one right 
line ; and therefore the centre S is in the point where the 
right lines TD, VE meet. Q. E. D. 

PROP. VI. 

In a space void of resistance, if a body revotoe in any Orbit 

about an immoveable centre, and in the least time descrih* 

any arc just then nascent ; and the sagUta of thaftarc 

; be supposed to be drawn bisecting the chord, and produced 

pamng through the centre <^ fierce tth^centr^^ljb^ 
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in the middle of the arc will be as the sagitta directly and 
the square of the time inversely. 

For the. sagitta in a given time is as the force (by 
Cor. 4. Prop. 1.) ; and augmenting the time in any ratio, 
because the arc will be augmented in the same ratio, the 
sagitta will be augmented in the duplicate of that ratio, 
{by Cor. 2 and 3, Lem. 11,), and therefore is as the force 
*hd the square pftfrfe time. Subduct on both sides the 
duplicate, ratio of the time, and the force will be as the 
sagitta directly, and the square of this time inversely* 
jQr-EiD. ■■:..•./ ...... 

< . And the same i jthing may also, be easily demonstrated 
by Cor. 4* Lem. 1 Q; 

f Cor. 1. If a body P revolving about the centre S, 
(Kg. lie) describe a curve line APQ, which a right line 
ZPR touches in any .point P; and from any other point 
Q of the curve, QR be drawn parallel to the distance SP* 
meeting the tangent in R; and QT be drawn perpen- 
dicular to the distance §P; the ^nlripetal force will be 

SP 2 X QT 2 

reciprocally as' the solid qt» — , if the solid be taken 

of that magnitude which it ultimately acquires when the 
points P and Q coincide. For QR is equal to the sagitta 
pf double < the rare: QP, whose middle is P : and double 
the triangle SQPj of; SP x QT is proportional to the time 
m whkh >tU4t doubly &tp is described ; and therefore may 
b$ used for the exponent of the time. . • • 

Cor. 2. By a like reasoning, the centripetal force is re- 

SY* x QP* 

ciprocally as the solid . QR — ; if SY be a perpen- 
dicular from the centre of force on PR the tangent of the 
orbit. For the rectangles SYxQP, and SPxQTare 
fcqual. 

CtflR. 3. If the orbit be either a circle, or if it touch or 

* * « • 

tut a circle concentrically) that is, contain with a circle 
the least angle *>f contact *r action, having tb* same cur- 
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vature apt! the same radius of outvature at the, point Pj 
and ifPV.be a chord of this circle, drawn from the body 
through the centre of force ; the centripetal force will be 

recq>rocally as the solid SY 8 X PV. For PV is S£. 

Cor. 4. The same. things being supposed, the centripe* 
tal force is as the square of the velocity. directly, and that 
chord inversely. For the > velocity is reciprocally as the 
perpendicular SY, by Cor. L Prop. 1. 

Cob. 5. Hence if any curvilinear figure APQ.be given, 
and therein a point S be also given, to which a centripe- 
tal force is perpetually directed, that law of centripetal 
force may be found, by wjiich the body P shall be<con* 
tinually drawn back from a rectilinear course, and, being 
detained in the perimeter of that figure, shall describe the 
same by a perpetual revolution* That is, we are to find, 

SP* X QT 8 

by computation, either the solid — pjp — , or the solid 

SY* X PV, reciprocally proportional to this force. Ex- 
amples of this we shall give in the following problems, 

PROP. VIL 

If a body revolve in the circumference of a circle, it is pro- 
posed tojind the law of centripetal'' force- directed to any 

given point, (I?ig« 1%) 

• 
Let VQPA be the circumference of the circle; S the 

given point to Which as to a centre thd force tends ; P the 

body moving in the circumference $ Q the next place into 

which it is to move ; and PRZ the tangent of the circle 

at the preceding placa Through the point S<Jraw the 

chord PV, and the diameter V A of the circle:; join APi 

aiid draw QT perpendicular to SP, "which produced, may 

ttieet the tangent PR in Z; and lastly* through thejpoint 

Q, draw LR parallel to SP, meeting. the circle in L, apd 

the tangent PZ ifr R. And, because of the similar* 'tri* 
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angles ZQR, ZTP, VPA, we shall have HP*, that is* 

QRL to QT 2 as AV 2 to PV 2 . And therefore QR ^*» PV< 

SP 2 
is equal to QT 2 . Multiply those equals by ^g , and the 

points P and Q coinciding, for RL write PV $ then we 

SP» X PV» SFx QT* A , . . p ■ 
shall have — -jyj — = q^ • And therefore (by 

Cor. 1 and 5, Prop. 6») the centripetal force is reeipro- 

SP* X PV* 

cally a* — Tyi — » ^at k> (because AV 2 is given,) reci- 
procally as the square of the distance .or altitude SP, and 
the cube of the chord PV conjointly. Q. E. I. 

* I • 

The same otherwise. 

On the tangent PR produced let fall the perpendicular 

SY ; and (because of the similar triangles S YP, VPA) 

we shall have AV to PV as SP to SY, and therefore 

SPxPV OTr , SFxPV* am mr k J 
^y = SY, and jy-j— = SY 2 X PV. And 

therefore (by Cor. 3 and 5, Prop. 6.) the centripetal force 

SP 2 X PV 8 

is reciprocally as ■ iy t — ; that is, (because AV is given,) 

reciprocally as SP X PV*. Q. E. I. 

Cob. 1. Hence if the given point S, to which the cen- 
tripetal force always tends, be placed in the circumference 
of the circle, as at V, the centripetal force will be recipro- 
cally as the quadra to-cube (or fifth power) of the altitude 
SP. 

Cor. 2. The force by which the body P in the circle 
APTV (Fig. IS.) revolves about the centre of force S is 
to the force by which the same body P may revolve in the 
same circle, and in the same periodic time, about, any 
other centre of force R, as RP X SP to the cube of the 
right line SG, which from. the. first centre of force S is 
drawn parallel to. the distance PR of the body from die 
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second centre of force R, meeting the tangent PG of the 
orbit in G. For by the construction of this proposition, 
the former force is to the latter as RP 2 X PT 8 to SP X P V* J 

SP 3 X PV 1 
that is, as SP X RP 2 to — pp — ; or (because of the si- 
milar triangles PSG, TPV) to SG\ 

Cor. 3. The force by which the body P in any orbit 
revolves about the centre of force S, is to the force by 
which the same body may revolve in the same orbit, and 
the same periodic time, about any other centre of force R, 
as the solid SP X RP 2 , contained under the distance of the 
body from the first centre of force S, and the square of its 
distance from the second centre of force R» to the cube of 
the right line SG, drawn from the first centre of force S, 
and the square of its distance from the second centre of 
force R, to the cube of the right line SG, drawn from the 
first centre of force S, parallel to the distance RP of the 
body from the second centre of force R, meeting the tan- 
gent PG of the orbit in G. For the force in this orbit at 
any point P is the same as in a circle of the same curva- 
ture. 

PROP. VIII. 

If a body move in the sethi-circumference PQA ; U is pro- 
posed tojlnd the law of the centripetal force tending to a 
point S, so remote, that all the lines PS, RS drawn 

thereto, may be taken for parallels, (Fig* 14.) 

• • - . j V 

From C, the centre of the semi-circle, let the semi«- 
diameter CA be drawn, cutting the parallels at right, 
angles in M and N, and join CP. Because of the similar , 
triangles CPM, PZT, and RZQ, we shall have CP to 
PM 2 as PR 2 to QT 2 ; and, from the nature of the circle, 

PR 2 is equal to the rectangle QRxRN+QN, or, the 
points P, Q coinciding, to the rectangle QRX2PM. 
Therefore CP 2 is to PM 2 at QRX2PM to QT*; and 
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F and Q coincide. But the lineola QR in a given time is 

as the generating centripetal force; that is (by suppo- 

QT* . 
sition), reciprocally as SP*. And therefore ^n is as 

QT* X SP* ; that is, the latus rectum L is in the duplicate 
ratio of the area QTxSP. Q. E. D. 

Cor. Hence the whole area of the ellipse, and the 
rectangle under the axes, which is proportional to it, is in 
the ratio compounded of the subduplicate ratio of the latus 
rectum, and the ratio of the periodic time. For the whole 
area is as the area QT X SP, described in a given time, 
multiplied by the periodic time. 

PROP. XV. 

The same tilings being -supposed, I say, thai the periodic 
times in ellipses are in the sesquiplicate ratio of their 
greater axes* 

For thg.lesser axis is a mean proportional between the 
greater axis and the latus rectum; and, therefore, the 
rectangle wider the axes is in the ratio compounded of th$ 
subduplicate ratio of the latus rectum and the sesquipli* 
cate ratio of the greater axis. But this rectangle (by 
Cor. 3. Prop. 14.) is in a ratio compounded of the subdu- 
plicate ratio of the latus rectum, and the ratio of the 
periodic time. Subduct from both sides the subduplicate 
ratio of the latus rectum, and there will remain the ses- 
quiplicate ratio of the greater axis, equal to the ratio of 
the periodic time. Q.ED. 

Cor. Therefore the periodic times in ellipses are the 
same as in circles whose diameters are equal to the greater 
axes of the ellipses. 



>«•* 



PROP. XVI. 

r 

■ * • i 

■.' ■ • . . . '. ■ 

The same things being supposed, and right k Hues being drawn 

to the bodies that shall touch the orbits, and perpendiculars 
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being let fall on those tangents from the common focus ; I 
say, that the velocities of the bodies are in a ratio com- 
pounded of the ratio of the perpendiculars inversely and 
the subduplicate ratio of the principal later a recta directly 
(Fig. 22.) 

Fronr the focus S draw SY perpendicular to the tangent 
PR, and the velocity of the body P will be reciprocally 

SY a 
in the subduplicate ratio of the quantity — «-- • For that 

Telocity is as the infinitely small arc PQ described in a 
given moment of time, that is (by Lem. 7.) as the tangent 
PR; that is, (because of the proportionals PR to QT, 

SP x OT 

and SP to SY), as gy — * or as SY reciprocally, and 

SP X QT directly ; but SP X QT is as the area described 
in the given time, that is (by Prop. 14.) in the subdupli- 
cate ratio of the latus rectum. Q. E. D. 

Con. 1. The principal latera recta are in a ratio com^ 
pounded of the duplicate ratio of the perpendiculars and 
the duplicate ratio of the velocities. 

Cor. 2. The velocities of bodies, in their greatest and 
least distances from the common focus, are in the ratio 
compounded of the ratio of the distances inversely, and 
the subduplicate ratio of the principal latera recta directly. 1 
For those perpendiculars are now the distances. 

Cor. 3. And therefore the velocity in a confc section, 
•at its greatest or least distance from the focus, is to the 
velocity in a circle, at the same distance from the centre, 
in the subduplicate ratio of the principal latus rectum to 
the double of that distance. 

Cor. 4. The velocities of the bodies revolving in ellipses, 
at their mean distances from the common focus, are the 
same a$ .those of bodies revolving in circles, at the same 
distances ; that is (by Con 6. Prop. 4.) reciprocally in the i 
subduplicate ratio of the distances. For the perpendicu- 
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Jars are now the lesser serai-axes, and these are as mean 
proportionals between the distances and the later* recta. 
Let this ratio inversely be compounded with the subdu- 
plicate ratio pf the latera recta directly, and we shall have 
the subduplicate ratio of the distance inversely. 

Cor. 5. In the same figure, or even in different figures, 
yhose principal latera recta are equaj, )he velocity of a 
body is reciprocally as the perpendicular }$t fa|l from jhe 
focus on the tapgent. 

Cor. 6. In a parabola, the velocity is reciprocally in 
die sqbdupjicate ratio of tfie di$tanc$ of the body from the 
fpcus of th$ figure ;. it if vftyrt] variable in the ellipse, qi^l 
lefs in. th$ hyperbola, tl)an qcp qrfling to this ratig. For 
(by Cor. 2. Lem. 14.) the perpendicular let fall from the 
focus on the tangent of a parabola is in the subduplicate 
ratia of the distance Jp f he hyperbola the perpendicular 
is less variable; in tjie eljipsp more. 

Cor. 7. In a parabola, the velocity of a body at any 
distance from the focus is to tb<? velocity pf a body revolv- 
ing in a circle, at the sarne distance frpm the centre, in 
the subduplicate ratio of the number 2 to 1 ; in the ellipse 
H is less, and in t^e hyperbola greater, than according to 
this *atio, for (by Cor. % of this Prop.) the yelocity at 
t)ie vertex of a parabola is in. this ratio, and (by Cor. 6. of 
this Iftpp. and Propf. 4.) the sapiq proportion hold* in all 
distances. And fceqce, also, in a parabola, the velocity is 
eyeiy where equal to the yelo<%,of a body reyolvfag in a 
circle at half th^ distances in the ellipse it is less, and in 
the* hyperbola greater. 

Co$> 8« The. velocity of a body revolving in, a#y conic 
section is to the velocity of a body revolving in a circle, 
qt the distance pf half the principal latus rectum of the 
section, as thai; distance to the perpendicular let fall from : 
the fifcus on the tangent of the section. This appears. 
fi£pniCor,5. 

Cp* 9* Wherefoie since (by Cor. q, Prop. 4.) the ve- : 
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lpcity of a body revolving in this circlq is to the velocity 
of another booy revolving in any other circle reciprocally 
in the subduplicate ratio of the distances ; ttyerefoj-ey ex 
tequo 9 the velocity of a body revolving in a conic section 
will be to the velocity of a body revolving in a circle at the 
samfe distance as a mean proportional between that c6m- 
mon distance, and half the principal latus rectum of the 
section, to the perpendicular let fall from the common 
focus upon the tangent of the section. 

PROP. XVU. 

Supposing the centripetal force to be reciprocally proportional 
to the squares jof the distances of places from the centre, qnd 
that the absolute quantity of that force is known ; it is re- 
quired to determine the line which a body mil describe thot 
is let go from a given place with 4 given velocity in the 
direction of a given right line. 

Let the centripetal force tending to the point S (Fig. 23.) 
be such, as will make the body p revolve in any given or- 
bit pq ; and suppose the velocity of this body in the place 
p is known. Then from the place P suppose the body P 
to be let go with a given velocity in the direction of the 
line PR; but by virtue of a centripetal force to be im- 
mediately turned aside from that right line into the conic 
section PQ. This the right line PR will therefore touch 
in P. Suppose likewise that the right line pr touches the 
orbit pq in p ; and if from S you suppose perpendiculars 
let fall on those tangents, the principal latus rectum of the 
conic section (by Cor. 1. Prop. 16.) will be to the prin- 
cipal latus rectum of that orbit in a ratio compounded of 
the duplicate ratio of the perpendiculars, and the dupli- 
cate ratio of the velocities ; and is therefore given. Let 
this latus rectum be L : the focus S of the conic section 
is also given. Let the angle RPH be the complement of 
the angle RPS to two right ; and the line PH, in which 
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the other focus H is placed, is given by position. Let 
fill SK perpendicular on PH, and erect the conjugate 
semi-axis BC; this done, we shall have SP*— 2KPH+ 

PH* = SH* = 4 CH* = 4 BH*— 4 BC* = SP+PH* — 

LxSP+PH=SP* + 2SPH + PH* — L x SP + PH. 

Add pn both sides 2 KPH— SP*~ PH* + L x SP+ PH, 

and. we shall have Lx SP+PH = 2 SPH+2 KPH, or 
SP+PH to PH, as 2SP+2KP to L. Whence PH is 
given both in length and position. That is, if the velocity 
of the body in P is such that the latus rectum L is less 
than 2 SP+2 KP, PH will lie on the same side of the 
tangent PR with the line SP ; and therefore the figure 
will be an ellipse, which from the given foci S, H, and the 
principal axis JSP+ PH, is given also. But if the velocity 
of the body be so great, that the latus rectum L becomes 
equal to 2 PS+2 KP, the length PH will be infinite ; 
and therefore, the figure will be a parabola, which has its 
axis SH parallel to the line PK, and is thence given. 
But if the body go from its place P with a yet greater 
velocity, the length PH is to be taken on the other side 
the tangent ; and so the tangent passing between the foci, 
the figure will be an hyperbola having its principal axis 
equal to the difference of the lines SP and PH, and 
thence is given. For if the body, in these cases, revolve 
in 4. conic section so found, it is demonstrated in Prop. 1 1, 
12, and 13, that, the centripetal force will be reciprocally 
as the square of the distance of the body from the centre 
of force S; and therefore we have rightly determined the 
line PQ, which a body let go from a given place P with a 
given velocity, and in the direction of the right line PR 
given by position, would describe with such a force. 

Q. E. F. 

i - ■ ■ ■ 

Cor. 1. Hence in every conic section, from the prin- 
cipal vertex D, the latus rectum L, and the focus S given, 
the other focus H is given, by taking DH to DS as the . 
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latus rectum to the difference between the latus rectum 
and 4 PS. For the proportion, iSP+PH to PH as 
2 PS+2 KP to L, becomes, in the case of this corollary, 
DS+DHtoDHas*DS to L, and by division D3 to 
DHas4DS — LtoL. 

Cor. 2. Whence if the velocity of a body in the prin- 
cipal vertex D be given, the orbit may be readily found; 
to wit, by taking its latus rectum to twice the distance 
DS, in the duplicate ratio of this given velocity to the 
velocity of a body revolving in a circle at the distance DS 
(by Cor. S. Prop. 16.) and then taking DH to DS as the 
latus rectum to the difference between the latus rectum 
and*DS. 

Cor. 3. Hence also if a body move in any conic section, 
ani be forced out of its orbit by any impulse, you may 
discover the orbit in which it will afterwards pursue its 
course. For by compounding the proper motion of the 
body with that motion, which the impulse alone would 
generate, you will have the motion with which the body 
will go off from a given place of impulse in the direction 
of a right line given in position. 

Cor. 4. And if that body be continually disturbed by 
the action of some foreign force, we may nearly know its 
course, by collecting the changes which that force. intro- 
duces in some points, and estimating the continual change* 
it will undergo in the intermediate places, from the 
analogy that appears in the progress of the series, ; 

SCHOLIUM. ;, 

' * ' ■ } '< "*•.'"■ 

If a body P, (Fig. 24.),. by means of a centripetal fow 
tending to any given point R, move in" the perimeter, of 
any given conic section, whose centre is C? and the law ojT 
the centripetal force is required: draw fcG parallel to the f 
radius RP, and meeting the tangent PG pf the orbit .in 



■ : • ' : ! » ' -..si, ;,■■.. 
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Or; &Mti&f*tce i t€<#iitt!d (by Cor. l.atid Sc&ol. Prop. ifr. 

ap4 Con 3.; Prop* 7.) will be as ~wpi' . •■ . 

1 Alii sofer ^bricerhittg thef motion of bodies* in curve 
lines. But it may also come to pas* that a moving body 
sfcfftlli ft&fid jot desccfndf hi a right line; dnd I shall now 
girdfl to eapteiil what belongs tb such' kind oftriotidnfc. 



SECTION VII. 

CONCURRING THE JlEOTILlNEAlt ASCENT AMD DKSCBNl 1 OF. 

BODIES'. 

PROP. XXXII. 

Supposing that the centripetal force be reciprocally propor- 
tional to the square of the distctnce qf the places Jrom the 
centre; it is required to define the spaces which a body, 
Jailing directly t describes in given, times. 

Case 1. If tlie i>6dy do tibt fell perpendicularly, it will 
(by-Corl 1. Prop. 13.) describe sortre conic section whose 
fbcus is placed in the centre of fbrtfe. Suppose that 1 conic 
section to be AftPB, (Pig. ^5.), and its focurS. And,- 
first, if the figure be an ellipse, upon the greater axis 
thereof AB describe the semi-circle ADB, and let the 
right line DPC pass through the falling body, making 
right angles with' the axis'; aha drawing T)B' 9 P&, the : atfea 
-isi} willkp proportional to the ,arefc A SI 1 , and therefore' 
also to th$ time. . The axis AlB still remaining the satrfe, 
let the breadth of the ellipse be perpeiu^ly diipintshe^, 1 ' 
and the area ASD will always reiitainproporlidn'at to the* 
time. Suppose that breadth to be diminished in infnitum: 
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and the orbit APB in that case coinciding with the axis 
AB, and the focus S with the extreme point of the axis 

B, the body will descend in the right line AC, and the 
area ABD will become proportional to the time. Where- 
fore the space AC will be given which the body describes 
in a given time by its perpendicular fall from the place 
A, if the area ABD be taken proportional to the time, 
and from the point D the right line DC be let fall per- 
pendicular on the right line AB. Q. E. I. 

Case 2. If the figure RPB be an hyperbola (Fig. 26.)> 
on the same principal diameter AB describe the rect- 
angular hyperbola BED; and because the areas CSP, 
CBfP, SPfB, are severally to the several areas CSD, 
CBED, SDEB, in the given ratio of the heights CP, CD, 
and the area SPfB is proportional to the time in which 
the body P will move through the arc PfB, the area 
SDEB will be also proportional to that time. Let the, 
latus rectum of the hyperbola RPB be diminished in 
infinitum^ the latus transversum remaining the same ; and 
the arc PB will come to coincide with the right . line CB, 
and the focus S with the vertex B, and the right line SD 
with the right line BD. And therefore the area BDEB 
will be proportional to the time in which the body 

C, by its perpendicular descent, describes the line CB. 
Q,E.I. 

Case 3. And by the like argument, if the figure RPB 
be a parabola, (Fig. 27.), and to the same principal vertex 
B another parabola BED be described, that may always 
remain given while; the former parabola in whose perimeter 
the body P moves, by having its latus rectum diminished 
and reduced to nothing, comes to coincide with, the; line 
CB, the parabolic segment BDEB will be proportional to 
the time in which that body P or C will descend to the 
centre S or B. Q. E. I. 



.i 
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PROP. XXXIII. 

The things above found being supposed, I say, that the velo- 
city of a falling body in anyplace C is to the velocity of a 
body, describing a circle about the centre B at the distance 
BC, in the subduplicate ratio of AC, the distance of the 
body from the more remote vertex A of the circle or rect- 
angular hyperbola, to £ AB, the principal semi-diameter 
of the figure, (Fig. 28.) 

Let AB, the common diameter of both figures RPB, 
DEB, be bisected in O ; and draw the right lime PT that 
iriay touch the figure RPB in P, and likewise cut that 
common diameter AB (produced if necessary) in T; and 
let SY be perpendicular to this line, and BQ to this 
diameter, and suppose the latus rectum of the figure RPB 
to be L. From Cor. 9. Prop. 16* it is manifest that the 
velocity of a body, moving in the line RPB about the 
centre S % in any place P, is to the velocity of a body de- 
scribing a circle about the s&me centre, at the distance 
SP, in the subduplicate ratio of the rectangle | L X SP to 
SY*. For by the properties of the conic sections ACB is 

2CP* x AO 
tOiCP* as 2AO to L, and therefore / — TTjnvi — r * ft e^jual 

to L. Therefore those velocities are to each other in the 

V, i. . ' CP*xAOxSP ■ ' „ 

subduplicate ratio of ACB — ?"" to ^ * • Moreover* 

by the properties of the conic sections, CO is to BO as- 
BO to TO, and (by composition or division) as CB to 
BT. "Whence (by division or composition) BO — or + CO 
will be to BO as CT to BT, that is, AC will be to AO as 

m> ♦ ha a \ u r CP'XAOXSP . 

CP; to BQ; and therefore THE — ~ 1S e( * ta 

BQ* x AC x SP 

— AOxBC — " ^ ow su PP ose CP, the breadth of the 

figure RPB, to be diminished in infinitum, so that the 
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point P may come to coincide with the point C* and the 

point S with the point B, and the line SP with the line 

BC, and the line SY with the line BQ ; and the velocity 

of the body now descending perpendicularly in the line 

CB will be to the velocity of a body describing a circle 

about the centre B, at the distance BC, in the subdupli- 

* sz ,BQ»x ACx3P -.„=" • ■ ' 
cate ratio of — AOxBC toSY% tha^*1 (neglecting 

the ratios of equality of SP to BC, and BQ* to SY*), ia 
the subduplicate ratio of AC to AO, t>r £ AB. Q. E. JDi 

Cor. 1. When the points B and S come to coincide, 
TC will become to TS as AC to AO. 

Coil 2. A body revolving in any circle at a given di*-» 
utnfce from the centre, by its - motion converted upwards*- 
will ascend to double its distance from the centre: ' 

• * * 

PROP. XXXIV. 

• ■ . 1 " ■ • 

: ' • - - ■ . J . 

If the fgurc BED be a parabola, I say, that. the velocity t qf 
a falling body in any place C is equal to. the velocity by 
which a body may uniformly describe a circle about the] 
■ centre B at half the interval BC, (Fig. 29*) 



tor (by Cor^ 7. Prop. 16.) the velocity of a body de-^ 
scribing a parabola RPB about fbe centre S, in any place 
P, is equal to the velocity of a bpdy. uniformly describing 
a circle about the same centre S at half the interval SP. 
^et, the breadth. C If, of the. parabola be diminished (q 
infinitum^ so thqt the parabolic arc PfB may come tcj 
coincide with the bright line : .CB, the centre S with, the 
vertex 6, and tne uiterwi SP vith the interval BC, ^ 
the proposition will be manifest. Q. E. IX 

;;,..;, : ; PROP^XXV. .• 

The same things supposed, T say, that the area qfihejlgure 
DES, described by the indefinite radius SD, is equal to 
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the area which a body frith a radius equal to half the lotus 
rectum of the ^figure DES, by uniformly revolving about the 
Centre S, may describe in the same time, (Fig. 30.) 

• ■ • 

For suppose a body C in the smallest moment of time, 
to describe in falling the infinitely little line Cc, while, 
another body K, uniformly revolving about the centre S 
in the circle OKk, describes the arc Klu Erect die per-' 
pendiculars CD, cd, meeting the .figure DES in D, dL, 
Join SD, Sd, SK, Sk, and draw Dd meeting the axis. AS 
ill T, and thereon let tail the perpendicular SY. 

Case 1. If the figure DES be a circle, or a rectangular 
hyperbola, bisect its tranvene diameter AS in O f and SO 
will be half the latus rectum* And because TC is to TD, 
as Cc to Dd, and TD to TS as CD to SY; ex cequo TG 
will be to TS as CD X Cc to SY X Dd. But (by Cor. 1. 
Prop. S3.) TC is to TS as AC to AO; to wit, if in the 
coalescence of the points D, d, the ultimate ratios of the 
lines be taken. Wherefore AC is to AO or S¥L as CD X 
Cc to SY X Dd. Farther, the velocity of the descending 
body in C is to the velocity of a body describing a circle 
about the centre S, at the interval SC, in the subduplicate 
ratio of AC to AO or SK (by Prop. S3.) ; and this velo- 
city is to the velocity of a body describing the circle OKk 
in the subduplicate ratio of SK to SC (by Cor. 6. Prop. 4.) ; 
and, ex aquo 9 the first velocity to the last, that is, the little 
line Cc to the arc Kk, in the subduplicate ratio of AC to 
feC, that is, in the ratio of AC to CD. Wherefore CD X 
Cc is equal to ACx Kk, and consequently AC to SK as 
AC x Kk to SY x Dd; and thence SK x Kk equal to SY X 
Dd, and $ SK x Kk eqUal to £ 8? x Dd, that is, the area 
KSk equal to the area JSDd. Therefore in every moment 
of time two equal particles, KSk and SDd, of areas are 
generated, which, if their liagnitude be diminished, and 
their number increased in infinitum, obtain the ratio of 
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•quality, and consequently (by Cor. Lem. 4.) the whole 
*r$*s together generated are always equal. Q. E. D. . 

Case* Butif thefigurt DES (Fig. 31,)beaparaboJ^ 
we shall find, aa above, CDxCcto SYxDd asTC fe 
TS, that is, at 2 to I ; and that therefore £ CD x Cfe la 
equal to £SYxD& But the velocity of the fidliiig body 
in C is equal to. the velocity with which a circle may be 
ywfonoly described at the interval j SC (by Prop. 54). 
And JtbU velocity to the velocity with which a circle may 
be described with the radius SK, that is, the little line Cc 
to the arc Kk, is (by Cor. 5. Prop. 4.) in the aubdoplicate 
ratio of SK to } SC; that is, in the ratio of SK to f CD. 
Wherefore f SK X Kk k equal to £ CD xCc, and there- 
fore equal to } SYxDd; that is, the area KSk is equal 
to the area SDd, as above. Q. E. D. 

PROP. XXXVI. 

■ 

To determine the times of the descent of a body falling from 

a given place A, (Fig. 32.) 

Upon the diameter AS, the distance of the body from 
the centre at the beginning, describe the semi-circle ADS, 
as likewise the semi-circle OKH equal thereto, about the 
centre S. From any place; C of the body erect the ordi- 
nate CD. Join SD, and make . the sector OSK equal to 
the area ASD. It is evident (by Prop. 35.) that the body 
in falling will describe the space AC in the same time in 
which another body, uniformly revolving about the centre 
S, may dffKt.ibe the arc OK. Q. E. F. 



, PROP. XX£VIJ. 



■/ 



To define the times of the ascent or descent of a . tody 
projected upwards or \hmmvwrds from a given place, 

(Rg.ss.) ' ,rT *\ 

Suppose the body to^go oft* from the given place O, in 
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the direction of the lint GSf> 'Mith any veldeity. In 
duplicate ratio of this velocity to the Uniform velocity in 4 
/circle, *pth which the body may revolve about the centre 
£ fit ! the giVen interval SG, take GA to f AS. If that 
ratio be the same as of the number 2 to 1, the point A is 
infinitely remote; in which casfe a parabola is to be d& 
bribed with any latus rectum to the vertex S, and axis 
SG ; as Appears by Prop. 34. But if that ratio be less or 
greater than the ratio of 2 to 1, in the former case a circle, 
in the: latter a rectangular hyperbola, is to be described 
on the diameter SA; as appears by Prop* 33. Then 
.about the centre S, with an interval equal to half the latus 
rectUrai, describe* the circle HkK ; arid at the place G of 
the asceiidiiig or descending bodyv fcnd at any 1 other place 
C, erect the perpendiculars GI, CD, meeting the conic 
section or circle in I and D. Then joining SI, SD, let 
the sectors HSK, HSk be made equal to the segments 
SEIS, SEDS, and (by Prop. 35.) the body G will de- 
scribe the space GC in the same time in which the body 
K may describe the arc Kk. Q. E. J\ 

PROP. XXxVlII. 

;..>.■ t • ' ..-...- • I 

>6kppo&itig thai the centripetal force is! proportional to the aU 
■ » ■ ■ titude or distance qf places from the centre^ I say, that the 
1 ' titnes dnd velocities of falling bodie$ x and the spades which 
■■"'» they describe, are respectively prbpoftidnql to the arci % and 

the right and versed sines iftherarci; (Fig. S4l) '' "' 

■ ■ • ■ * i * • •• * ■ • -i f 

■ . i . • i . i ■ t . .•■•: ■ * -' * i ■ . * . . . ■ ■ . 

j . . • ' ■ ' ' , 

Suppose the body to 'fall from any point A in the right 
line AS; and about the centre of force S, with the inter- 
val AS, describe th* 'quadrant of A circle AE; and let 
CD be the right sine of any arc AD ; and the body A will 
in the time AD in falling describe the space AC, and in 
r the place C will acquire tnrtelocity CD. 

This is demonstrated the same way from Prop. 10. as 
r 3Prpp. S& was demonstrated from Prop. 11. 
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Cob. 1. Hence the times are equal in whfch one body 
falling from the place A arrives at the centre S, and ano- 
ther body revolving describes the quadrantal arc ADE. . 

Cor. 2. Wherefore all the times are equal in which 
bodies falling from whatsoever places arrive at the centre* 
For all the periodic times of revolving bodies are equal, 
(by Cor. 8, Prop. 4.) 

PROP. XXXIX. 

Supposing a centripetal f dree of any kind, and granting tie 
quadratures of curvilinear Jigures ; it is required to Jind 
the velocity qfa body, ascending or descending in a right 
line, in the several places through which it passes ; as also 
the time in which it mil arrive at any place : and vice 
versa. 

Suppose the body E (Fig. 35.) to fall from any place 
A in the right line ADEC; and from its place E imagine 
a perpendicular EG always erected proportional to the 
centripetal force in that place tending to the centre C ; 
and let BFO be a curve line, the locus of the point G. 
And in the beginning of the motion suppose EG to 
coincide with the perpendicular AB ; and the velocity of 
the body in any place E will be as a right line whose 
power is the curvilinear area £ ABGE. Q. E. I. 

In EG talce EM reciprocally proportional to a right 
line whose power is the area J ABGE, and let VLM be a 
curve line wherein the point M is always placed) and to 
which the Tight line AB produced is an asymptote ; and 
the time in which the body falling describes the line AE, 
will be as the curvilinear area ABTVME. ' Q. E. I. 

For in the right line AE let there be taken the very 
small line DE of a given length, and let DLF be the 
place of the line EMG, wheh the body was in D ; and if 
the centripetal force be Such, that a right line, whose 
power is the area £ ABGE, is as the velocity of the de- 
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scending body, the area itself will be as the square of that 
velocity ; that is, if for the velocities in D and £ we write 
V and V+I, the area ABFD will be as VV, and the area 
ABGE as VV+2VI+II; and by division, the area 

t)FGE as 2 VI +11, and therefore ^ will be as 

2VI+II 

— ctt — ; that is, if we take the first ratios of those quan- 



tities when just nascent, the length DF is as the quantity 

*V1 IxV 

^ - , and therefore also as half that quantity "7yj?~ * But 

the time in which the body in falling describes the very 

small line DE, is as that line directly, and the velocity V 

inversely ; and the force will be as the increment I of the 

velocity directly and the time inversely ; and therefore if 

we take the first ratios when those quantities are just nas- 

lxV 
cent, as tjA , that is, as the length DF. Therefore a 

» ■ . . 

force proportional to DF or EG will cause the body to 
descend with a velocity that is as the right line whose 
power is the area £ ABGE. Q* E. D, 

Moreover, since the time in which a very small line DE 
of a given length may be described is as the velocity in- 
versely, and therefore also inversely as a right line whose 
square is equal to the area ABFD ; and since the line 
DL, and by consequence the nascent area DLME, will 
be as the same right line inversely, the time will be as the 
area DLME, and the sum of all the times will be as the 
sum of all the areas ; that is (by Cor. Lem. 4.) the whole 
time in which the line AE is described will be as the whole 
areaATVME. Q. E. D. 

Coa, 1. Let P be the place from whence a body ought 
to foil, so as that, when urged by any known uniform cen- 
tripetal force, (such as gravity is vulgarly supposed to be), 
it may acquire in the place D a velocity equal to the 
velocity which another body, falling by any force what? 
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ever, hath acquired in that place D. In the perpendicu- 
lar DF let there be taken DR, which may be to DF as 
that uniform force to the other force in the place D. 
Complete the rectangle PDRQ, and cut off the area 
ABFD equal to that rectangle. Then A will be the place 
from whence the other body fell. For completing the 
rectangle DRSE, since the area ABFD is to the area 
DFGE as VV to 2 VI, and therefore as £ V to I, that is, 
as half the whole velocity to the increment of the velocity 
of the body falling by the unequable force ; and in like 

• 

manner the area PQRD to the area DRSE as half the 
whole velocity to the increment of the velocity of the body 
falling by the uniform force ; and since those increments 
(by reason of the equality of the nascent times) are as the 
generating forces, that is, as the ordinates DF, DR, and 
consequently as the nascent areas DFGE, DRSE ; there- 
fore, ex <eqtio 9 the whole areas ABFD, PQRD will be to 
one another as the halves of the whole velocities; and 
therefore, because the velocities are equal, they become 
equal also. 

Cor. 2 t Whence if any body be projected either up- 
wards or downwards with a given velocity from any place 
D, and there be given the law of centripetal force acting 
on it* its velocity will be found in any other place, as e, 
by erecting the ordinate eg, and taking that velocity to 
the velocity in the place D as a right line whose square is 
equal to the rectangle PQRD, either increased by the 
curvilinear area DFge, if the place e is below the place D, 
or diminished by the same area DFge, if it be higher, is 
to the right line whose square is equal to the rectangle 
PQRD alone, 

Cor. 3. The time is also known by erecting the ordi- 
dinate em reciprocally proportional to the square root of 
PQRD + or — DFge, ancPntaking the time in which the 
body has described the line De to the time in which ano- 
ther body has fallen with an uniform force from P, and in 

K 
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falling arrived at D in the proportion of the curvilinear 
area DLme to the rectangle 2 PD X DL. For the time 
in which a body falling with an uniform force hath de* 
scribed the line PD, is to the time in which the same 
body has described the line PE in the subduplicate ratio 
of PD to PE; that is (the very small line DE being just 
nascent), in the ratio of PD to PD+£DE, or 2PD to 
2PD+DE, and, by division, to the time in which the 

• 

body hath described the small line DE, as 2 PD to DE, 
and therefore as the rectangle 2PDxDL to the area 
DLME ; and the time in which both the bodies described 
the very small line DE is to the time in which the body 
moving unequably hath described the line De as the area 
DLME to the area DLme ; and, ex aequo, the first men* 
tioned of these times is to the last as the rectangle 2 PD X 
DL to the area DLme* 



SECTION VIIL 

PROP. XL. 

If a body, acted upon by any centripetal force, be any how 
moved, and another body ascend or descend in a right line, 
and their velocities be equal in any one case of equal atti- 
tudes, their velocities will be also equal at all equal alti- 
tudes. 

Let a body descend from A (Fig. 36.) through D and 
E, to the centre C ; and let another body move from V 
in the curve line VI Kk. Fr$p the centre C, with any 
distances, describe the concentric circles DI, EK, meeting 
the right line AC in D and E, and the curve VIK in I 
and K. Draw IC meeting KE in N, and on IK let fall 
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the perpendicular NT ; and let the interval DE or IN be* 
tween the circumferences of the circles be very small ; and 
imagine the bodies in D and I to have equal velocities. 
Then because the distances CD and CI are equal, the 
centripetal forces in D and I will be also equal. Let 
those forces be expressed by the equal lincolce DE and IN; 
and let the force IN (by Cor. 2. of the Laws of Motion) 
be resolved into two others, NT and IT. Then the force 
NT acting in the direction of the line NT perpendicular 
to the path ITK of the body will not at all affect or change 
the velocity of the body in that path, but only draw it 
aside from a rectilinear course, and make it deflect per- 
petually from the tangent of the orbit, and proceed in the 
curvilinear path ITKk. That whole force, therefore, will 
be spent in producing this effect ; but the other force IT, 
acting in the direction of the course of the body, will be 
all employed in accelerating it, and in the least given time 
will produce an acceleration proportional to itself. There- 
fore the accelerations of the bodies in D and I, produced 
in equal times, are as the lines DE, IT (if we take the first 
ratios of the nascent lines DE, IN, IK, IT, NT) \ and in 
unequal times as those lines and the times conjunctly. 
But the times in which DE and IK are described, are, by 
reason of the equal velocities (in D and I) as the spaces 
described DE and IK, and therefore the accelerations in 
the course of the bodies through the lines DE and JK 
are as DE and IT, and DE and IK conjunctly; that is, 
as the square of DE to the rectangle IT into IK. But 
the rectangle IT X IK is equal to the square of IN, that 
is, equal to the square of DE; and therefore the accele- 
rations generated in the passage of the bodies from D and 
I to E and K are equal. Therefore the velocities of the 
bodies in E and K are also eoual : and by the same rea- 
soning they will always be foun<|^jgal in any subsequent 
equal distances. Q. E. D, 

By the same reasoning, bodies pf equal velocities and ,- 
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equal distances from the centre will be equally retarded in 
their ascent to equal distances. Q. E. D. 

Cor. 1. Therefore if a body either oscillate by hanging 
to a string, or by any polished and perfectly smooth im- 
pediment be forced to move in a curve line ; and another 
body ascend or descend in a right line, and their velo- 
cities be equal at any one equal altitude, their velocities 
will be also equal at all other equal altitudes. For, by 
the string of the pendulous body, or by the impediment of 
a vessel perfectly smooth, the same thing will be effected 
as by the transverse force NT. The body is neither acce- 
lerated nor retarded by it, but only is obliged to quit its 
rectilinear course. 

Cor. 2. Suppose the quantity P to be the greatest dis- 
tance from the centre to which a body can ascend, whe- 
ther it be oscillating,, or revolving in a trajectory, and so 
the same projected upwards from any point of a trajectory 
with the velocity it has in that point, Let the quantity A 
b£ the distance of the body from the centre in any other 
point of the orbit; and let the centripetal force be always 
as the power A""" 1 of the quantity A, the index of which 
power n— 1 is any number n diminished by unity. Then 

the velocity in every altitude A will be as ^ P n -*-A n , and 
therefore will be given. For by Prop. 89. the velocity of 
a body ascending and descending in a right line is in that 
very ratio. 



SECTION XL 

OF THE MOTIONS OF BODIES TENDING TO EACH OTHER WITH 

CENTRIPETAL FORCES. 




I have hitherto beeilTHating of the attractions of bodies 
towards an immoveable centre; though very probably 
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there is no such thing existing in nature. For attractions 
are made towards bodies, and . the actions of the bodies 
attracted and attracting are always reciprocal and equal, 
by Law 3 ; so that if there are two bodies, neither the at- 
tracted nor the attracting body is really at rest, but both 
(by Cor. 4. of the Laws of Motion) being as it were 
mutually attracted, revolve about a common centre of 
gravity. And if there be more bodies, which are either 
attracted by one single one which is attracted by them 
again, or which, all of them, attract each other mutually ; 
these bodies will be so moved among themselves, as that 
their common centre of gravity will either be at rest, or 
move uniformly forward in a right line. I shall therefore 
at present go on to treat of the motion of two bodies 
mutually attracting each other ; considering the centripetal 
forces as attractions ; though perhaps in a physical strict- 
ness they may more truly be called impulses. But these 
propositions are to be considered as purely mathematical ; 
and therefore laying aside all physical considerations, I 
make use of a familiar way of speaking, to make myself 
the more easily understood by a mathematical reader. 

PROP. LVII. 

Two bodies attracting each other describe similar Jigures 
about their common centre of gravity^ and about each 
other. 

For the distances of the bodies from their common 
centre of gravity are reciprocally as the bodies ; and there- 
fore in a given ratio to each other ; and thence, by com- 
position of ratios, in a given ratio to the whole distance 
between the bodies. Now these distances revolve about 
their common extremity with an equable angular motion, 
because lying in the same riirittdine they never change 
their inclination to each oth^BSnBut right lines that are 
in a given ratio to each other, and revolve about extre- 
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mities with an equal angular motion, describe upon planes, 
which either rest or move with any motion not angular, 
figures entirely similar around those extremities. There* 
fore the figures described by the revolution of these dis- 
tances are similar. Q. E. D. 

PROP. LVIII. 

If two bodies attract each other with forces of any kind, and 
in the mean time revolve about their common centre of 
gravity ; I say, that, by the same forces, there may be de- 
scribed round either body unmoved a figure similar and 
equal to the figures which the bodies so moving describe 
round each other. 

Let the bodies S and P (Fig. 37.) revolve about their 
common centre of gravity C, proceeding from S to T, and 
from P to Q. From the given point s let there be con- 
tinually drawn sp > sq, equal and parallel to SP, TQ ; and 
the curve pqv, which the point p describes in its revolu- 
tion round the immoveable point s, will be similar and 
equal to the curves which the bodies S and P describe 
about each other; and therefore, by Prop. 57., similar to 
the curves ST and PQV which the same bodies describe 
about their common centre of gravity C ; and that because 
the proportions of the lines SC, CP, and SP or sp, to each 
other, are given. 

Case 1. The common centre of gravity C (by Cor. 4. 
of the Laws) is either at rest, or moves uniformly in a 
right line. Let us first suppose it at rest, and in s and p 
let there be placed two bodies, one immoveable in s, the 1 
other moveable in p, similar and equal to the bodies S and 
P. Then let the right lines PR and pr touch the curves 1 
PQ and pq in P and p, and produce CQ and sq to R 
and r. And because t^Mvres CPRQ, sprq are similar* 
RQ will be to rqas CPSflSp, and therefore in a given' 
ratio. * Hence if the force with which the body P is at- 
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tracted towards the body S, and consequently towards, the 
intermediate point C, were to - the force with which the 
body p is attracted towards the centre s, in the same given 
ratio, these forces would in equal times attract the bodies 
from the tangents PR, pr to the arcs PQ, pq, through the 
intervals proportional to them RQ, rq ; and therefore this 
last force (tending to s) would make the body p revolve in 
the curve pqv, which would become similar to the curve 
PQV, in which the first force obliges the body P to re- 
volve; and their revolutions would be completed in the 
same times. But because those forces are not to each 
other in the ratio of CP to sp, but (by reason of the simi- 
larity and equality of the bodies S and s, P and p, and the 
equality of the distances SP, sp) equal, the bodies in equal 
times will be equally drawn from the tangents ; and there- 
fore that the body p may be attracted through the greater 
interval rq, there is required a greater time, which will be 
in the subduplicate ratio of the intervals ; because, by 
Lemma 10. the spaces described at the very beginning of 
the motion are in a duplicate ratio of the times. Suppose, 
then, the velocity of the body p to be to the velocity of 
the body P in a subduplicate ratio of the distance sp to 
the distance CP, so that the arcs pq, PQ, which are in a 
simple proportion to each other, may be described in 
times that are in a subduplicate ratio of the distances ; and 
the bodies P, p, always attracted by equal forces, will de- 
scribe round the quiescent centres C and s similar figures 
PQV, pqv, the latter of which pqv is similar and equal to 
the figure which the body P describes round the moveable 
body S. Q. E. D, •, 

Case 2. Suppose how that the common centre of 
gravity, together with the space in which the bodies are 
moved among themselves, proceeds uniformly in a right 
line; and (by Cor. 6. of the Law^all the motions in this 
space will be performed in the^Hk manner as before; 
and therefore the bodies will describe about each other 
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the same figures as before, which will be therefore similar 
and equal to the figure pqv. Q. E. D. 

Cor. 1. Hence two bodies attracting each other with 
forces proportional to their distance, describe (by Prop. 
10.) both round their common centre of gravity, and 
round each other, concentrical ellipses; and, vice vend, if 
such figures be described, the forces are proportional to 
the distances. 

Cor. 2. And two bodies, whose forces are reciprocally 
proportional to the square of their distance, describe (by 
Prop. 11, 12, IS), both round their common centre of 
gravity, and round each other, conic sections having their 
focus in the centre about which the figures are described. 
And, vice vers&> if such figures be described, the centripe- 
tal forces are reciprocally proportional to the squares of 
the distance. 

Cor. 3. Any two bodies revolving round their common 
centre of gravity describe areas proportional to the times, 
by radii drawn both to that centre and to each other. 

PROP. L1X. 

The periodic time of two bodies S and P revolving round 
their common centre of gravity C, is to the periodic time of 
one of the bodies P revolving round the other S remaining 
unmoved\ and describing ajigure similar and equal to those 
which the bodies describe about each other 9 in a subduplicate 
ratio of the other body S to the sum of the bodies S+ P. 

For, by the demonstration of the last proposition, the 
times in which any similar arcs PQ and pq are described 
are in a subduplicate ratio of the distances CP and SP, or 
sp, that is, in a subduplicate ratio of the body S to 'the 
sum of the bodies S+P. And by composition of ratios, 
the sums of the times i& wjbich all the similar arcs PQ and 
pq are described, that !£ the whole times in which the 
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whole similar figures are described, are in the same sub- 
duplicate ratio* Q* E. D. 

PROP. LX. 

If two bodies 8 and P, attracting each other with forces re- 
ciprocally proportional to the squares of their distance, re* 
volve about their common centre of gravity.; I say, that the 
principal axis qf the ellipse which either of the bodies, as 
P, describes by this motion about the other S, will be to the 
principal axis of the ellipse, which the same body P may 
describe in the same periodic time about the other body S 
quiescent, as the sum of the two bodies S+P to thefirst of 
two mean proportionals between that sum and the other 
body S. 

For if the ellipses described were equal to each other, 
their periodic times by the last theorem would be in a 
subduplicate ratio of the body S to the sum of the bodies . 
S+P* Let the periodic time in the latter ellipse be di- 
minished in that ratio, and the periodic times will become 
equal; but, by Prop. 15. the principal axis of the ellipse , 
will be diminished in a ratio sesquiplicate of the former . 
ratio ; that is, in a ratio to which the ratio of S to S+P 
is triplicate; and therefore that axis will be to the prin- 
cipal axis of the other ellipse as the first of two mean pro- 
portionals between S+P and S to S+P. And inversely : 
the principal axis of the ellipse described about the move- 
able body wil) be to the principal axis of that described.: 
round the immoveable as S+ P to the first of two mean , 
proportionals between S+P and S. Q. E. D. 

PROP. ixi. 

If two bodies attracting each other with any kind qf forces, 
and not otherwise agitated or obstructed, be moved in any 
manner whatsoever, those motions will be the same as if 

L 
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they did not at all attract each other 9 but were both attract" 
ed with the same forces by a third body placed in their 
common centre qf gravity ; and the law of the attracting 
forces mil be the same in respect qf the distance of the 
bodies from the common centre, as in respect of the distance 
between the two bodies. 

For those forces with which the bodies attract each 
other, by tending to the bodies, tend also to the -com- 
mon centre of gravity lying directly between them ; and 
therefore are the same as if they proceeded from an inter- 
mediate body. Q. E. D. 

And because there is given the ratio of the- distance of 
either body from that common centre to the distance be- 
tween the two bodies, there is given, of course, the ratio 
of any power of one distance to the same power of the 
other distance; and also the ratio of any quantity derived 
in atiy manner from one of the distances compounded any 
how with given quantities, to another quantity derived in 
like manner from the other distance, and as many given 
quantities having that given ratio of the distances to the 
first. Therefore if the force with which one body is at- 
tracted by another be directly or inversely as the distance 
of the bodies from each other, or as any power of that 
distance; or, lastly, as any quantity derived after any 
manner from that distance compounded with given quan- 
tities ; then will the same force with which the same body 
is attracted to the common centre of gravity be in like 
manner directly or inversely as the distance of the attract- 
ed body from the common centre, or as any power of that 
distance; or, lastly, as a quantity derived in like sort from 
that distance compounded with analogous given quantities. 
That is, the law of attracting force will be the same with 
respect to both distances. Q. E. D. 
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PROP. LXII. 

To determine the motions of two bodies which attract each 
other with forces reciprocally proportional to the squares of 
the distance between them, and are let fall from given 
places. 

The bodies, by the last theorem, will be moved, in the 
same manner as if they were attracted by a third placed 
in their common centre of gravity ; and by hypothesis,, 
that centre will be quiescent at the beginning of the 
motion, and therefore (by Cor. 4. of the Laws of Motion) 
will be always quiescent. The motions of the bodies are 
therefore to be determined (by Prob. 25.) in the same 
manner as if they were impelled by forces tending to that 
centre ; and then we shall have the motions of the bodies 
attracting each other. Q. £• I. 

£ROP. LXIII.. 

-To determine the motions of two Bodies attracting each othet* 
with forces reciprocally proportional to the squares of their 
distance, and going off from given places in given directions 
with given velocities*. 

The motions of the bodies at the beginning being given, 
Acre is given also the uniform motion- of the common 
centre of gravity, and the motion' of the space which moves 
•along with this centre uniformly in a right line, and also 
the fvery first motions of the bodies in respect of this 
•pace. Then (by Cor. 5. of the Laws, and the last 
Theorem) the subsequent motions will be performed in the 

* same manner in that space, as if that space together with 
: the common centre of gravity were at rest, and as if the 

• bodies did not attract each other, but were attracted by a 
.third body placed in that centre. The motion therefore 
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in this moveable space of each body going off from a given 
place, in a given direction, with a given velocity, and 
acted upon by a centripetal force tending to that centre, 
is to be determined by Prop. 17. and 37., and at the same 
time will be obtained the motion of the other round the 
same centre. With this motion compound the uniform 
progressive motion of the entire system of the space and 
the bodies revolving in it, and there will be obtained the 
absolute motion of the bodies in immoveable space. 
Q. E.I. 



SECTION xn. 

OF THE ATTRACTIVE FORCES OF SPHERICAL BODIES. 

PROP. LXX. 

If to every 'point of a spherical surface there tend equal cen- 
tripetal forces decreasing in the duplicate ratio of the dis- 
tances from those points ; I say, that a corpuscle placed 
•within that superficies will not be attracted by those forces 
any way. 

Let HIKL (Fig. 38.) be that spherical superficies, and 
P a corpuscle placed within. Through P let there be 
drawn to this superficies the two lines HK, IL, intercept- 
ing very small arcs HI, KL ; and because (by Cor. S. 
Lem. 7.) the triangles HPI, LPK are similar, those arcs 
will be proportional to the distances HP, LP ; and any 
particles at HI and KL of the spherical superficies, ter- 
minated by right lines passing through P, will be in the 
duplicate ratio of those distances. Therefore the forces 
Of these particles exerted upon the body P are equal. 



SECT. XXI. Of ATTRACTIONS. 77 

For the forces are as the particles directly, said the squaffet 
of the distances inversely. And these two ratios compose 
the ratio of equality. The attractions, therefore, beihg 
made equally towards contrary parts, destroy each othft* 
And by a like reasoning all the attractions through th4 
whole spherical superficies are destroyed by contrary at- 
tractions. Therefore the body P will not be any way im- 
pelled by those attractions. Q. E. D. 

PROP. LXXI. 

The same things supposed as above, I say, that a corpuscle 
placed without the spherical superficies is attracted towards 
the centre of the sphere with a force reciprocally proper* 
tional to the square of its distance from that centre. 

Let AH KB, ahkb (Fig. 39.) be two equal spherical 
superficies described about the centres S, s, ; their diame- 
ters AB, ab ; and let P and p be two corpuscles situate 
without the spheres in those diameters produced. Let 
there be drawn from the corpuscles the lines PHK, I*IL, 
phk, pi), cutting off from the great circles AHB, ahb, the 
equal arcs HK, hk, IL, il ; and to those lines let fall the 
perpendiculars SD, sd, SE, se, IR, ir; of which let SD, 
sd, cut PL, pi, in F and f. Let fall also to the diameters 
the perpendiculars 1Q, iq. Let now the angles DPE, 
dpe vanish ; and because DS and ds, ES and es are equal, 
the lines PE, PF, and pe, pf, and the lineolce DF, df may 
be taken for equal ; because theif last ratio, when the 
angles DPE, dpe vanish together, is the ratio of equality. 
These things then supposed, it will be, as PI to PF so is 
RI to DF, and as pf to pi so is df or DF to ri; and, ex 
aquo, as PlXpfto PFxpi so is RI to ri, that is (by 
Cor. 3. Lem. 7*) so is the arc 1H to the arc ih. Again, 
PI is to PS as IQ to SE, and ps to pi as se or SE to iq ; 
and, ex aequo, PI X ps to PS X pi as IQ to iq. And com- 
pounding the ratios PI 1 X pf X ps is to pi* X PF X PS, as 
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IH X IQ to ih X iq ; that is, as the circular superficies 
which is described by the arc IH, as the semi-circle AKB 
revolves about the diameter AB, is to the circular super- 
ficies described by the arc ih as the semi-circle akb re- 
volves about the diameter ab. . And the forces with which 
these superficies attract the corpuscles P and p in the di» 
rection of lines tending to those superficies are by hypo* 
thesis as the superficies themselves directly, and the square* 
of the distances of the superficies from those corpuscles, 
inversely; that is, as pfxps to PFxPS. And these 
forces again are to the oblique parts of them which (by 
the resolution of forces as in Cor. 2. of the Laws) tend to 
the centres in the directions of the lines PS, ps, as PI to 
PQ, and pi to pq ; that is (because of the Tike triangles 
PIQ and PSF, piq and psf ), as PS to PF and ps to pf. 
Thence, ex cequo, the attraction of the corpuscle P towards 
S is to the attraction of the corpuscle p towards s m 

PFxpfXps. pfxPFxPS , m „^ 
prg is to — , that is, as ps* to PS*. 

And, by a like reasoning, the forces with which the su* 
perficies described by the revolution of the arcs KL, kL 
attract those corpuscles, will be as ps* to PS*. And in, 
the same ratio will be the forces of all the circular super-* 
ficies into which each of the spherical superficies may be 
divided by taking sd always equal to SD, and se equal to 
SE. And therefore, by composition, the forces of the* 
entire spherical superficies exerted upon those corpuscles 
will be in the same ratio. Q. £• D. 

PROP. LXXII. 

If to the several points of a sphere there tend equal centripetal 

forces decreasing in a duplicate ratio of the distances from 

those points s and there be given both the density of the 

sphere and the ratio of the diameter of the sphere to the 

distance of the corpuscle from its centre; I say, that the 



I 
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. corpuscle frqra the centre of tfce sphere (by Prop* 71.) 
' And, by composition, the sum of those attractions, that is, 
th* attraction of rije corpuscle towards the entire sphere, 
wjtf be w the same ratio. . Q* E. D. 
g Cotu 1. Hence the attractions of homogeneous spheres 
s at eqtfal distances from the centres will be as the spheres 
v themselves. For (by Prop. 72.) if the distances be pro* 
I pertftQ&S|t to the diameters of the spheres, the forces will be 
J as- tbe diameters* . fcet the greater distance be dimin« 
! ished in that ratio ; and the distances now being equal, the 
, atffttfAkm wttl be increased in the duplicate of that ratio ; 
a*d: therefore vUl be. to the other attraction in the tripli- 
cate of that ratio of the sphered 

: Gfflh % At -any* distances whatever the attractions are 
as*tbe spheres applied to the squares of the distances. 

Gor* 3* If* corpuscle placed without an homogeneous 
spj^ere ja attracted by a force reciprocally proportional to 
the square of its distance from the centre, and the sphere- 
copsist of attractive particles, the force of every particle 
wtjil^cgeesQ in a duplicate ratio of the distance from each 
partite- 

. . PROP. L£XV- 

Iftif iftk 1 stoehtl points of a giveh'iphere tHtre tend equatdM* 
tripled fbrces decreasing in a duplicate ratio qfthedis- 
tancesfrom the points ; I say, that another similar sphere 
will be attracted by it with a for fie reciprocally proportional 
to the square of the distance of the centres. 

$or tfye attraction of every particle is reciprocally as the 
square of its distance from the centre of the attracting 
sphere, (by Prop. 74.), and is therefore the same as if that 
whole attracting force issued from one single corpuscle 
placed in the centre of this sphere. But this attraction is 
a* great as on the other hand the attraction of the same 
corpuscle would be, if that were itself attracted by the 

M 
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tances from the paints £ I say, that a corpuscle placed 
within the sphere is attracted by a force proportional to its 
distance from the centre. 

Ift ftta sphere ABCD (Fig. 4a) described about the 
centre S, let there be placed the corpuscle P ; and about 
the same centre S, with the interval SP, conceive de- 
scribed an interior sphere PEQF. It is plain (by Prop. 70.) 
that the concentric spherical superficies, of which the dif- 
ference AEBF of the spheres is composed, have no effect 
at all upon the body P, their attractions being destroyed 
by contrary attractions. There remains, therefore, only 
the attraction of the interior sphere PEQF. And (by 
Prop. 72.) this is as- the distance PS. Q. E. D. 

SCHOLIUM. 

By the superficies of which I here imagine, the solid* 
composed* I do not mean superficies purely mathematical* 
but orbs so extremely thin, that their thiokness is as 
nothing; that is, the evanescent orbs pf which the sphere 
will at last consist, when the number of the orbs is in-* 
creased, and their thickness diminished without end. In 
like manner, by the points of which lines, surfaces, and 
solids are said to be composed, are to be understood equal 
particles, whose magnitude is perfectly inconsiderable. 

PROP. LXXIV. 

• .... 

The same things supposed, I say, that a corpuscle, situate, 

without the sphere is attracted with a force reciprocally, 

proportional to the square of its distance from the centre., 

For suppose the sphere to be divided into innumerable 
concentric spherical superficies, and the attractions of the 
corpuscles arising from the several superficies will be reci- 
procally proportional to the square of the distance of the 
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corpuscle frgn* the centre of the sphere (by- Prop, 71.) 
And, by composition, the sum of those attractions, that is* 
th* attraction of rtje corpuscle towards the entire sphere, 
wjA be. in the tame ratio. Q* E. D. 

Cofe V. Hence the attractions of homogeneous spheres 
at eqtfal distances from the centres will be as the spheres 
themadveSft For (by Prop. 72.) if the distances be pro* 
portietu^tp the diameters of the sphere*, the forces will be 
as the diameters* . fcet the greater distance be dimin- 
ished in that ratio ; and the distances now being equal, the 
aUfttilion W& be increased in the duplicate of that ratio ; 
and: therefore viU be; to the other attraction in the tripli- 
cate- of that ratio of the spheres. 

Qv&*: % M Any distances whatever the attractions are 
as^tbe spheres applied to the- squares of the distances. 

Go* 3> If* corpuscle placed without an homogeneous 
sphere j» attracted by a force reciprocally proportional to 
the square of its distance from the centre, and the sphere- 
consist pf att^c^ive particles, the force of every particle 
wjll.gpcgeesQ in a duplicate ratio of the distance from each 
txurticie* 

PRO?. tXXV. 

Iftif tfii* sevefttl pbihts of a givek 1 sphere there tend equated 
trip'etal forces decreasing in a duplicate ratio of the dis- 
tances from the points ; I say, that another similar sphere ' 
will be attracted by it with a for fie reciprocally proportional 
to the square of the distance of the centres. 

J*or t^'e attraction of every particle is reciprocally as the 
square of its distance from the centre of the attracting 
sphere, (by I*rpp. 74^), and is therefore the same as if that 
whole attracting force issued from one single corpuscle 
placed in the centre of this sphere. But this attraction is 
as great as on the other hand the attraction of the same 
corpuscle would be, if that were itself attracted by the 

M 
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several particles of the attracted sphere with the same 
force with which they are attracted by it But that at- 
traction of the corpuscle would be (by Prop. 74.) recipro- 
cally proportional to the square of its distance from the 
centre of the sphere ; therefore the attraction of the sphere, 
equal thereto, is also in the same ratio. Q. E. D. 

Cor. 1. The attractions of spheres towards other homo- 
geneous spheres are as the attracting spheres applied to 
the squares of the distances of their centres from the cen- 
tres of those which they attract. 

' Cor. 2. The case is the same when the attracted sphere 
does also attract. For the several points of the one attract 
the several points of the other with the same force with 
which they themselves are attracted by the others again ; 
and therefore since in all attractions (by Law S.) the at- 
tracted and attracting point are both equally acted on, the 
force will be doubled by their mutual attractions, the pro- 
portions remaining. 

Cor. 3. Those several truths demonstrated above, con- 
cerning the motion of bodies about the focus of die conic 

« 

sections, will take place when an attracting sphere is placed 
in the focus, and the bodies move without the sphere. 

Cor. 4. Those things which were demonstrated before 
of the motion of bodies about the centre of the conic sec- 
tions take place when the motions are performed within 
the sphere. 

PROP. LXXVI. 

If sphere* be however dissimilar fas to density of matter and 
attractive force) in the same ratio onward from the centre 
to the circumference i but every where similar, at every 
given distance from the centre, on all sides round about; 
and the attractive force of every point decreases in the du- 
plicate ratio of the distance of the body attracted ; I say 9 
that the whole force with which one of these spheres attracts 
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the other will be reciprocally proportional to the square of 
the distance of the centres. 

Imagine several concentric similar spheres, AB, CD, 
EF, &c. (Fig. 41.) the innermost of which added to the 
outermost may compose a matter more dense towards the 
centre, or subducted from them may leave the same more 
lax and rare. Then, by Prop. 75. these spheres will at- 
tract other similar concentric spheres GH, IK, LM, Sec. 
each the other, with forces reciprocally proportional to the. 
square of the distance SP. And, by composition or di- 
vision, the sum of all those forces,, or the excess of any of 
them above the others ; that is, the entire force with which 
the whole sphere AB (composed of any concentric spheres 
or of their differences) will attract the whole sphere GH 
(composed of any concentric spheres or their differences) 
in the same ratio. Let the number of the concentric 
spheres be increased in infinitum, so that the density of the 
matter together with the attractive force may, in the pro- 
gress from the circumference to the centre, increase or de- 
crease according to any given law;, and by, the addition, 
of matter not attractive, let the deficient density be sup- 
plied, that so the spheres may acquire any form desired ; 
and the force with which one of these attracts the other 
will be still, by the former reasoning, in the same ratio of 
the square of the distance inversely. Q. E. D. 

Cor. 1. Hence if many spheres of this kind, similar in 
all respects, attract each other mutually, the accelerative 
attractions of each to each, at any equal distances of the 
centres, will be as the attracting spheres. 

Cor. 2. And at any unequal distances, as the attracting 
spheres applied to the squares of the distances between 
the centres. 

Cor. S. The motive attractions, or the weights of the 
spheres towards one another, will be at equal distances of t 
the centres as the attracting and attracted spheres con- 
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junctly ; that is, as the products arising from multiplying 
the spheres into each other. 

Cob. 4. And at unequal distances, as those products di- 
rectly, and the squares of the distances between the Cen- 
tres inversely. 

Cor. 5. These proportidns take place also when the at* 
traction arises from the attractive virtue of both spheres 
mutually exerted upon each other. For the attraction is 
only doubled by the conjunction of the forces, the propor- 
tions remaining as before. 

Cor. 6. If spheres of this kind revolve about Others at 
rest, each about each ; and the distances between th6 cen- 
tres of the quiescent and revolving bodies be proportional 
to the diameters of the quiescent bodies; the periodic 
times will be equal. 

Cor. 7. And, again, if the periodic times be equal, the 
distances will be proportional to the diatneters. 

Cor. 8. All those truths above demonstrated, relating 
to the motions of bodies about the foci of conic sections, 
will take place, when an attracting sphere, of arty form and 
condition like that above described, is placed in the 
focus. 

Cor. 9. And also when the revolving bodies are also 
attracting spheres of any condition like that above de- 
scribed. 

PROP. LXXVIf. 

If to the several points of spheres there tend centripetal forces 
proportional to the distances of the points from theattraet* 
ed bodies; I say y that the compounded force with which 
two spheres attract each other mutually is as the distance 
between the centres of the spheres. 

Case 1. Let AEBF (Fig. 42.) be a sphere; S its cen- 
tre; P a corpuscle attracted ; PASB the axi? of the sphere 
passing through the centre of the corpuscle ; EF, ef two 
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planes Cutting the sphere, and perpendicular to the axis, ' 
and equidistant, one on one side, the other on the other* 
from the centre of the sphere; G and g the intersections 
of the planes and the axis ; and H any point in the plane ' 
EF. The Centripetal force Of the point H upon the cor- 
puscle P, exerted in the direction of the line PH, Is as 
the distance PH; and (by Cor. 2. of the Laws) the same 
exerted in the direction of the line PG, or towards the 
centre S, is as the length PG. Therefore the force of all 
the points in the plane EF (that is, of that whole plane) 
by which the corpuscle P is attracted towards the centre 
S is as the distance PG multiplied by the number of those 
points, that is, as the solid contained under that plane EF 
and the distance PG. And in like manner the force of 
the plane ef, by which the corpuscle P is attracted towards* 
the centre S, is as that plane drawn into its distance Pg 9 
or as the equal plane EF drawn into that -distance Pg j J 
and the sum of the forces of both planes as the plane EF 
drawn into die sum of the distances PG+Pg, that is, as 
that plane drawn into twice the distance PS of the centre 
and the corpuscle ; that is, as twice the pltfne EF drawn 
into the distance PS, or as the sum of the equal planes ' 
EF+ef drawn into the same distance. And, by a like 
reasoning, the forces of all the planes in the whole sphere, 
eqtti-distaht Oh each side from the centre of the sphere, 
are as the sum of these planes drawn into the distance PS, 
that is, as the whole sphere and the distance PS conjunctly. 
Q. E. D. 

Case 2. Let now the corpttscle P attract the sphere 
AEBF. And, by the frame reasoning, ft will appear that 
the force with Which the sphere is attracted is as the dis- 
tance PS. Q. R D. 

CisJB 3. Imagine Knottier sphere composed of innu- 
merable corpuscles P ; and because the force with which 
every corpuscle is attracted is as the distance of the cor* 
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puscle from the. centre of the first sphere, and as the same 
sphere conjunctly, and is therefore the same as if it all 
proceeded from a single corpuscle situate in the centre of 
the sphere, the entire force with which all the corpuscles 
in the second sphere are attracted, that is, with, which that 
whole sphere \s attracted, will be the same as if that sphere 
were attracted by a force issuing from a single corpuscle 
in the centre of the first sphere ; apd is therefore propor- 
tional to the distance between the centres of the spheres*. 
Q. E. D. 

Case 4. Let the spheres , attract each other mutually, 
and the force will be doubled, but the proportion will re- 
main. Q. E. D. 

Case 5. Let the corpuscje p be placed within the 
sphere AEBF (Fig. 43.); and. because the force of the 
plane ef upon the corpuscle is as the solid contained under 
that plane and the distance pg; and the contrary force ; of 
the plane EF as the solid contained under that plane and 
the distance pG; the force compounded of both will be 
as the difference of the solids, that is, as the sum of the 
equal planes drawn into half the difference of the dis- 
tances ; that is, as that sum drawn into pS, the distance 
of the corpuscle from the centre of the sphere. And j. by 
a like reasoning, the attraction of all the planes EF, ef, 
throughout the whole sphere, that is, the attraction of the 
whole sphere, is conjointly as the sum<pf all the planes, or 
as the whole sphere, and as pS, the distance of the cor- 
puscle from the centre of the sphere. Q. E. D. 

Case 6. And if there be composed a new sphere out of 
innumerable corpuscles such as p, situate within the first 
sphere AEBF, it may be proved, as before, that the attrac- 
tion, whether single of one sphere towards the other, or 
mutual of both towards each other, will be as the distance 
pS of the centres. Q. E. D. 
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PROP. LXXVIII. 

If spheres in the progress from the centre to the circumference 
be however dissimilar and unequable, but similar on every 
side round about at all given distances from the centres 
and the attractive force of every point be as the distance qf 
the attracted body ; I say, that the entire force with which 
two spheres of this kind attract each other mutually is pro- 
portional to the distance between the centres of the spheres. 

This is demonstrated from the foregoing proposition, 
in the same manner as the 76th proposition was demon- 
strated from the 75th. 

Cor. Those things that were above demonstrated in 
Prop. 10 and 64. of the motion of bodies round the cen- 
tres of conic sections, take place when all the attractions 
are made by the force of spherical bodies of the condition 
above described, and the attracted bodies are spheres of 
the same kind. 
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SECTION I. 

Definitions and Principles. 

(I.) The nature of that singular modification in virtue 
of which a body is transferred from one place to another 
is and will ever be unknown : it has been designated by 
the name of Jorc$j we can only deterflrifte its. effects and 
the laws of its action. 

(2.) There are three things to be determined of a force 
statically considered, viz. its point of application, its inten- 
sity, and its direction. ' The first is determined by referring 
the body to three rectangular axes of coordinates arbitra- 
rily adopted ; the second by adopting some unit of force, 
and considering every other as bearing to it some numeri- 
cal ratio ; and the third by determining the angles made, 
by the direction of the force with the three assumed ^xes. ! 

(3i) When forces are dynamically considered,, it njore- 
over becomes necessary to determine two additional cir-, 
cumstances:— 1st, whether forces are the only causes th^t 
can produce or prevent motion in a body ; 2d, whether the 
velocity winch results from the action of a force, bears any 
assignable relation to the force producing it, and what this 
relation is. 

N 
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(4.) As to the first of these circumstances, it is only ne- 
cessary to shew that a body cannot possibly produce or 
prevent motion in itself, for there are no other causes sup- 
posed to produce or prevent motion except the force ap- 
plied and the moving body. That a body cannot produce 
motion in itself is a circumstance which has been always 
allowed true, but it is not so immediately obvious that a 
body may not stop of itself, particularly as the gradual 
cessation of every motion produced by human exertion 
tends strongly to confirm this opinion. The cessation of 
terrestrial motions can, however, be always traced to the 
operation of some external hindrances, and is by no means 
to be ascribed to any tendency the moving body has to 
rest rather than to motion. Experiment proves that the 
more we diminish the resistance of air, friction, &c the 
longer terrestrial motions continue ; and thence we con- 
clude by analogy, that if these resistances could be alto- 
gether removed, the motion would continue undiminished 
for ever. This analogy is abundantly confirmed by the 
motions of the bodies of the planetary system, since they 
have persevered in their motions about their respective 
primaries without any sensible retardation, though unsup- 
ported in this motion by any material agency. 

(5.) When we consider forces as producing equilibrium, 
it is only necessary to compare them by their relative 
powers of counteraction. In Dynamics, however, it be- 
comes necessary to compare forces with their effects, or, in 
other words, to determine what relation the force im- 
pressed on any material point and the consequent velocity 
bear to each other. As force is only known by the space 
it makes a body pass over in a determinate time, it is na- 
tural to take this space as its measure, but this supposes 
that several forces acting in the same direction will cause 
a body to pass over a space equal to the sum of the spaces 
which each of them separately would cause it to pass over, 
or, which is the same thing, that the force is proportional 
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to the velocity. This is a circumstance which we cannot 
possibly know a priori from our ignorance of the nature 
of motive force. We must then on this subject have re- 
course to experiment) for every thing not mathematically 
deducible from the few data tnat we have on the nature of 
things, is with us only a result of observation. 

(6.) If we conceive a globe at rest upon a perfectly 
smooth horizontal plane, to be struck by a right angled 
cylinder moving in the direction of its axis supposed hori- 
zontal ; the apparent relative motion of the globe will al- 
ways be found coincident with the direction of the force 
impressed. The most accurate experiments have not in- 
dicated any the slightest deviation from this direction. 
That this circumstance infers the proportionality of the 
force to the velocity, shall appear by the following analysis. 

Let V be the velocity due to the motion of the earth, 
and which is common to all the bodies at its surface; 
let F be the force in consequence. The velocity being 
then some function of the force, which we shall denote by 
the character ^, we shall have in general V=r^. (F). De- 
composing this force into three rectangular components 
a, A, c; and representing by x, y % % the components of the 
velocity along their directions respectively, we shall have 

Let us now suppose the moving body solicited by a force, 
F', exclusive of that common to the whole earth, and let 
its components along the axes be of, t/ 9 (/; the whole 
forces along the axes will then be (a + a') 9 (b+t/), (c+c*); 
and the components of the total velocities along these 
same axes will be <p. (a+a% <f>. (b+l/) 9 <f>. (c+c / ). Desig- 
nating by at the increment of the velocity x due to the 
force F', we have \ 

. _/ / . n , * d.d>.(a) a' d*A.(a) a' % _ 
but x=(p.(a) 9 therefore 
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junctly ; that is, as the products arising from multiplying 
the spheres into each other. 

Cob. 4. And at unequal distances, as those products di- 
rectly, and the squares of the distances between the Cen- 
tres inversely. 

Cor. 5. These proportidns take place also when the at- 
traction arises from the attractive virtue of both spheres 
mutually exerted upon each other. For the attraction is 
only doubled by the conjunction of the forces, the propor- 
tions remaining as before. 

Cor. 6. If spheres of this kind revolve about Others at 
rest, each about each ; and the distances between th6 cen- 
tres of the quiescent and revolving bodies be proportional 
to the diameters of the quiescent bodies; the periodic 
times will be equal. 

Cor. 7. And, again, if the periodic times be equal, the 
distances will be proportional to the diatneters. 

Cor. 8. All those truths above demonstrated, relating 
to the motions of bodies about the foci of conic sections, 
will take place, when ati attracting sphere, of arty form and 
condition like that above described, is placed in the 
focus. 

Cor. 9. And also when the revolving bodies are also 
attracting spheres of any condition like that above de- 
scribed. 

PROP. LXXVIf. 

If to the several points of spheres there tend centripetal forces 
proportional to the distances of the points from the attract* 
ed bodies; I say, that the compounded force with which 
two spheres attract each other mutually is as the distance 
between the centres of the spheres. 

Case 1. Let AEBF (Fig. 42.) be a sphere; S its cen- 
tre; P a corpuscle attracted ; PASB the axi? of the sphere 
passing through the centre of the corpuscle ; EF, ef two 
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planes cutting the sphere, and perpendicular to the axis, 
and equidistant, one on one side, the other on die other* 
from the centre of the sphere ; G and g the intersectiotii 
of the {flail es and the axis; and H any point in the plane 
EF. The centripetal force Of the point H upon the cor- 
pitefte P, exerted in the direction of the line PH, Is a* 
the distance PH; and (by Cor. 2. of the Law*) the same 
exerted in the direction of the line PG, or towards the 
centre S, is as the length PG. Therefore the force of all 
the points in the plane EF (that is, of that whole plane) 
by which the corpuscle P is attracted towards the centre 
S is as the distance PG multiplied by the number of those 
points, that is, as the solid contained under that plane EF 
and the distance PG. And iti like manner the force of 
the plane ef, by which the Corpuscle P is attracted towards* 
the centre S, is as that plane drawn into its distance Pg 9 
or as the equal' plane EF drawn into thai -distance Pg $ 
and the sum of the forces of both planes all the plane EF 
drawn into the sum of the distances PG+Pg, that is, as 
that plane drawn into twice the distance PS of the centre 
and the corpuscle ; that is, as twice the pltfne EF drawn 
into the distance PS, or as the sum of the equal planes 
EF+ef drawn into the same distance. And, by a like 
reasoning, the forces of all the planes itt the whole sphere, 
eqtti-distaht Oh each side from the centre of the sphere, 
are as the sum of those planes drawn into the distance PS, 
that is, ft* the whole sphere and the distance PS conjunctly. 
Q. E. D. 

Case 2. Let &Ow the corpuscle P attract the sphere 
AEBF. And, by the frame reasoning, ft will appear that 
the force with Which the sphere is attracted is as the dis- 
tance PS. Q.ED, 

Cajjz 3. linagifte Mother sphere composed of innu- 
merable corpuscles P ; and because the force with which 
every corpuscle is attracted is as the distance of the cor* 
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puscle from the centre of the first sphere, and as the same 
sphere conjunctly, and is therefore the same as if it all 
proceeded from a single corpuscle situate in the centre of 
the sphere, the entire force with which all the corpuscles 
in the second sphere are attracted, that is, with, which that 
whole sphere js attracted, will be the same as if that sphere 
were attracted by a force issuing from a single corpuscle 
in the centre of the first sphere ; and is therefore propor- 
tional to the distance between the centres of the spheres*; 
Q. E. D. 

Case 4. Let the spheres , attract each other mutually, 
and the force will be doubled, but the proportion will re- 
main. Q. E. D. 

Case 5. Let the corpuscle p be placed within, the 
sphere AEBF (Fig. 43.); and because the force, of the 
plane ef upon the corpuscle is as the solid contained under 
that plane and the distance pg; and the contrary force : of 
the plane EF as the solid contained under that plane and 
the distance pG ; the force compounded of both will be 
as the difference of the solids, that is, as the sum of the 
equal planes drawn into half the difference of the dis- 
tances ; that is, as that sum drawn into pS, the distance 
of the corpuscle from the centre of the sphere. And j by 
a like reasoning, the attraction of all the planes EF, ef, 
throughout the whole sphere, that is, the attraction of the 
whole sphere, is conjointly as the sum <pf all the planes, or 
as the whole sphere, and as pS, the distance of the cor- 
puscle from the centre of the sphere. Q. E. D. 

Case 6. And if there be composed a new sphere out of 
innumerable corpuscles such as p, situate within the first 
sphere AEBF, it may be proved, as before, that the attrac- 
tion, whether single of one sphere towards the other, or 
mutual of both towards each other, will be as the distance 
pS of the centres. Q. E. D. 
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PROP. LXXVIII. 

If spheres in the progress from the centre to the circumference 
be however dissimilar and unequable, but similar on every 
side round about at all given distances from the centre; 
and the attractive force of every point be as the distance qf 
the attracted body ; I say, that the entire force with which 
two spheres of this kind attract each other mutually is pro- 
portional to the distance between the centres of the spheres. 

This is demonstrated from the foregoing proposition, 
in the same manner as the 76th proposition was demon- 
strated from the 75th. 

Cor. Those things that were above demonstrated in 
Prop. 10 and 64. of the motion of bodies round the cen- 
tres of conic sections, take place when all the attractions 
are made by the force of spherical bodies of the condition 
above described, and the attracted bodies are spheres of 
the same kind. 
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SECTION I. 

Definitions and Principles. 

(I.) The nature of that singular modification in virtue 
of which a body is transferred from one place to another 
is and will ever be unknown : it has been designated by 
the name of Jqrctj we can only deterfliifte its. effects and 
the laws of its action. 

(2.) There are three things to be determined of a force 
statically considered, viz. its point of application, its inten- 
sity) and its direction. The first is determined by referring 
the. body to three rectangular axes of coordinates arbitra- 
rily adopted ; the second by adopting some unit of force, 
and considering every other as bearing to it some numeri- 
cal ratio ; and the third by determining the angles made 
by the direction of the force with the three assumed qxes. 

(3i) When forces are dynamically considered, it njore- 
over becomes necessary to determine two additional cir- 
cumstances: — 1st, whether forces are the only causes that 
can produce or prevent motion in a body ; 2d, whether the 
velocity which results from the action of a force bears any 
assignable relation to the force producing it, and what this 
relation is. 

N 
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(4.) As to the first of these circumstances, it is only ne- 
cessary to shew that a body cannot possibly produce or 
prevent motion in itself, for there are no other causes sup- 
posed to produce or prevent motion except the force ap- 
plied and the moving body. That a body cannot produce 
motion in itself is a circumstance which has been always 
allowed true, but it is not so immediately obvious that a 
body may not stop of itself, particularly as the gradual 
cessation of every motion produced by human exertion 
tends strongly to confirm this opinion. The cessation of 
terrestrial motions can, however, be always traced to the 
operation of some external hindrances, aqd is by no means 
to be ascribed to any tendency the moving body has to 
rest rather than to motion. Experiment proves that the 
more we diminish the resistance of air, friction, &c the 
longer terrestrial motions continue; and thence we con- 
clude by analogy, that if these resistances could be alto- 
gether removed, the motion would continue undiminished 
for ever. This analogy is abundantly confirmed by the 
motions of the bodies of the planetary system, since they 
have persevered in their motions about their respective 
primaries without any sensible retardation, though unsup- 
ported in this motion by any material agency* 

(5.) When we consider forces as producing equilibrium, 
it is only necessary to compare them by their relative 
powers of counteraction. In Dynamics, however, it be- 
comes necessary to compare forces with their effects, or, in 
other words, to determine what relation the force im- 
pressed on any material point and the consequent velocity 
bear to each other. As force is only known by the space 
it makes a body pass over in a determinate time, it is na- 
tural to take this space as its measure, but this supposes 
that several forces acting in the same direction will cause 
a body to pass over a space equal to the sum of the spaces 
which each of them separately would cause it to pass over, 
or, which is the same thing, that the force is proportional 
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to the velocity. This is a circumstance which we cannot 
possibly know a priori from our ignorance of the nature 
of motive force. We must then on this subject have re- 
course to experiment, for every thing not mathematically 
deducible from the few data tnat we have on the nature of 
things, is with us only a result of observation. 

(6.) If we conceive a globe at rest upon a perfectly 
smooth horizontal plane, to be struck by a right angled 
cylinder moving in the direction of its axis supposed hori- 
zontal ; the apparent relative motion of the globe will al- 
ways be found coincident with the direction of the force 
impressed. The most accurate experiments have not in- 
dicated any the slightest deviation from this direction. 
That this circumstance infers the proportionality of the 
force to the velocity, shall appear by the following analysis. 

Let V be the velocity due to the motion of the earth, 
and which is common to all the bodies at its surface; 
let F be the force in consequence. The velocity being 
then some function of the force, which we shall denote by 
the character $ f we shall have in general V=0. (F). De- 
composing this force into three rectangular components 
Of b 9 c; and representing by #, y 9 z the components of the 
velocity along their directions respectively, we shall have 
* =0 (a), y=0 (J), z=0 (c). 

Let us now suppose the moving body solicited by a force, 
F', exclusive of that common to the whole earth, and let 
its components along the axes be a', V> cf \ the whole 
forces along the axes will then be (a+af) 9 {b+V\ (c+c r ); 
and th$ components of the total velocities along these 
same axes will be 0. (a+a*) 9 fr (b+l/) 9 0. (c+c*). Desig- 
nating by a? the increment of the velocity x due to the 
force F', we have -.' 

. / , ,x , * d.<t>.(a) a' d*d>.(a) a ,% A 
but.r=$.(a), therefore 
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rf. fr (a) a/ rf». ft. (a) a'* 
'*'- da * 1 + da* # 1.2 +&c - 

'-' Experiment proves that af is independent of a, which 

teqiiires that the second member of this equation should 

be independent of a. Hence, the co-efficients of the 

powers of a' should be independant of a, or be constant 

d. A, (a) _ 

We have then — J rr — = k 9 k being a constant. , : Ftom 

this we deduce — ^t-t — =0, &c. and hence j/szta'; and 

similarly tf^zkV, and z'zzkc'; and, in general, we can 
from this conclude, that if a force, f 9 impart a velocity, v> 
to a moving body, *a>e shall always have vz=kf 9 k being a 
constant quantity. 

This very elegant demonstration is taken from the 
Annates des Mathem. torn. xv. It is a simplification by 
M. Querret, of St Malo, of a demonstration by M. Fau- 
quier, given in the same work, torn. xiv. 
■ ;(7.) These two laws, that of inertia and the proportion- 
ality of the force to the velocity, are results of observation, 
and are the foundation on which the whole of Dynamics" 
is built. The science of Statics is more abstract in this 
respect, as it is founded on no hypothesis whatsoever. 

(8.) From the proportionality of the force to the velocity 
it follows, that the relative motions of the bodies of a sys- 
tefoi are the same whatever be their common motion, for 
the common motion decomposed along three axes does 
nothing more than increase equally the partial velocities of 
each body parallel to the same axes ; but the relative ve- 
locities merely depend upon the difference of these partial 
velocities, which difference is not altered by the common 
motion. It is, therefore, impossible to judge of the abso- 
lute motion of a system, of which we compose a part, by 
appearances observed, and this is the circumstance which 
characterizes the law of the proportionality of the force to 
the velocity. 
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(9i) Forces estimated by their effects may be divided 
into two classes : — 1 st, those which produce constant ve- 
locities ; 2d, those which produce variable velocities : the 
former forces are single impulses, and impart their whole 
velocities in an instant ; the latter are forces tire action of 
which is continued, the. velocity in this case depends Upon 
the time during which the force acts, «^d isj ftfedtfefcre, 
nothing at the commencement of the motion. 
' ' (10.) The full theory of the motion of a point acted on 
by a single impulse is contained in the equation s=vt+b, 
where s 9 », t are the space, time, aild ^locity ^!&nd Z» the 
v*hi&#f $ at the commencement ;afithe:[motioqj "if any 
other point move along thepamjeiline, wehaveyari/^+y^ 

and if the points come together,, we shall have /^= -7 .■. 

,(1.1,) With respect to forces that prod unvaried vekM 
pities* tfi$ aiftplott are those which always continue tM 
qwm* ^f.thfs deacwptii^ 

^ma^i^pointm vacw\&% thfe earth's surface. The ve- 
iwty ^eei^W^ from such a force is evidently: uirifonrity 
va^j^d, sincQ the: several successive impulsesiare equal and 
all iff the swig direction. Let t be the wholb time of the 
motiofn, which, we shalL can^i ve; divided jn^^h; indefinite 
mimber^ instants;, let ^be the velocity. at^tHevend of the 
first instanV'theu 2g, S£»$fe< wULbe.tfie*&dcitEieft at flife- 
ends of t^su^edtoginstriats. i If wiconqeive the velo- 
cityM tb$ e|n$- of eaeh instant to havte ^c&d^uring that 
ijKta^t^the ,w£ole *f>ace described shaB ibe; tie series 
g + 2g + $g • • • • tgl the sum of >this3iewe8J^ivtM tris 

S'e^Qj+fgVo * v Tbe space with the velocities at , the pom- 
mencepient of each in^t^t>i would be 0+^+2 g «••. ? . a • 

(^l^.g; the sum of which giyfesiis S"==(— g+£t). g' If 
we consider the velocity at t^e beginning and end of each ^ 
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instant the same, we have S^S'^S ; and hence, adding 

the values of S'and S", we find S=g. g- # . 

Let v be the final velocity, then from the nature of the 
motion we have vszg. U Substituting for / from this in 

the value off, we obtain 0= ^2gs. 
The three equations, 

vssg.t; '-^l v=v*gs. (1) 

contain the whole theory of uniformly varied motion. 
This comprises the felling of bodies in vacuo, and the de- 
scent of bodies down inclined planes. 

(12.) With respect to varied rectilinear motion in gene- 
ral, when the successively imparted velocities are not ne- 
cessarily equal, we must have recourse to the theory of 
limits to determine the equations which subsist between 
the spaces, times, velocities, and forces. Let the whole 
time be divided into a number, w, of equal intervals ; let 
be the length of one of these intervals ; and let the velo- 
cities imparted in the successive instants be v 9 1/, xP , &c. ; 
then the whole space passed over in the time t f (=n0), is 
00 + (0+0O0 + (*+*' + rf)0+bc = vnO+t/.(n— 1)0+ 
t/ ; .(n— 2)0 + &c. ; and the velocity of the moving point 
at the end of the time is v+i/+v" .... xf~\ 
_ The space passed over with this final velocity in the 
same time s=»0. (tf+tZ+B" .... tf*"" 1 ), which is greater 
than the former space if 0, «/, 0" be all positive, or if the 
motion be accelerated. 

Let #(*)=* at the end of any time/, then$.(t+t f ) — <j>(t) 
is equal to the space passed over in the time tf\ let v be 
the velocity at the end of the time *, and (v+u) at the end 
of the time (t+t), then $.(t+t)—$(t) < (v+u). tf, and 
>t;/ / ; hence, 0. (t + f) — $(t) is always comprised be- 
tween these limits, and therefore, ultimately, we have 
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*^ ./ ' — =t>$ or, using the ordinary notation for 

limiting ratios, we have 

ds 

Tt - * W 

If the force be a retarding one, tf> (^+^)— ^(0 < vt and 
> (9—11) ^ therefore, &c, as before. 
, Jf a force,/, communicate to a moving point the velo- 
city, & in the unit of time, then the velocity imparted in 
the time dt is gdt, in which time suppose the force tj> to 
impart die velocity dv, then ^ : fll dv : gdt> hence, 

f dv 
+ — T*' 1£f ** ^ uri ^ °f ^ orce which produces g, 



the unit of velocity in the unit of time, then 

dv 

This value of $ would be an abstract number expressing 
its ratio to the unit of force. 

Substituting for dv from the equation *> =j7> we find 

d*s 

Another differential equation may be formed from the 

ds dv 

equations vs -77, and <f> ~*T t % by eliminating 4*. Hence 

we have 

A»*=20.rf5. (5) 

The four equations thus established are sufficient to de- 
termine all the circumstances of the motion of a body in a 
right line. We shall now proceed to establish the prin- 
ciples of curvilinear motion. 

, (13.) If a material point in free space be acted on by 
two forces of the species mentioned in Art (10. )> it will 



i 
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move uniformly oyer the diagonal of a parallelpgrittrhaw 
ihfe the cbrripoheiit forces for its tides. If in the course 
of its motion a third force be concefoefr^pplfeft not'iftfr^ 
ciding with the direction of the- bodies motion, its direc- 
tion and velocity will be &\V6ted. The motion will, how- 
ever, be still rectilinear, and the velocity uniform. Con- 
dene n^r forces thds to?be ttoCG&BMlp SpplU&l <*totf the 
material point will, iniebntaqueSMfe* dife&ibfe * porygdn 
which cki be tha$^I9ily Cotisriueted. < Oancfeitf#fl*i fbries 
Id fodceed «a$fc>other> at fti&firiitely sniAB f frftertfaU* -tfctf 
mDt^on> will beoomje; comionaliy varied, and ^ pbtygbfc 
*ball became a curve. Thud w6 ttfe fctop'tfte ittuJsifiiW 
might be made from rectilinear to curvilinear rpbtioA, __ 

(14.) The simplest method of determining th^ motion 
of a material poiatf iii iptote H ttt assign Attach ittoto/it the 
position of its projections on, three fixed axes. We may 
represent these projections 9* thrte moving points along 
the fixed axes, and the question is then reduced to deter- 
mine tfeC&wtt'bf iffiesd thred- rectilinear motibns. 

Let R be the force acting on the tidVitig point at any 
instant, and A, B, C the components of ty p^ra^l to the 
three assumed rectangular axes. Then by the parallelo- 
piped of forces 

A=Rcos.o, B=Rcos./3, C=Rcos.y, R*= A*+B*+C*. 

Let tlie velocity due to ft be v, and those to A, B, C ; 
%^4re«pe^veiy rihe»b^ Art. (6;>, we tare 



: « . ; 



fl=».cos.a, 6=».cos./3, c=».cos.y, x?=a 2 +S*±i*; 

The space described in the interval of time 0, in the di- 
refti<W pf AQ wotkm^ is^wflyand thb spaces; ftlang the fcies 
ajre t>0oo$.o* *>#<ta*/3, vOcoa.^ respebriwfy P dry#», 
6?* 60. . I^ftinowforce, AVact,ahd it wilfproditeev^ 
locities, a', y, c 7 , which shall cause in the iwfetftttl; <P, stttt-' J 
citing! Ar ipaefea torfie described at^rj^th^aices (d4<f)V 9 
(ftffc#) 0V (<?+**) 0fe and so on continually. H&tefc* ( at 
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(fife end of afiy- irambe? of intervals the values of x, y, % 
may be expressed as follows : 

*=y+a0+(<H-a') V .... («r+a'+a" . . . aW)0M. 

^=y+ &0+(*+&O ^ .... (J+^+i" . . . #»>)0<">. 

*sss'+c«+(c+c / )fl / .... (c+c'+c" . . . cW)6K->. 

« 

By means of these values we can assign the position of the 
moying point in space at any time. 

(15.) These value* of x 9 y t * depend solely upon the 
velocities produced by the forces respectively parallel to 
them, and, therefore, the motion along each axis is inde- 
pendant of the components parallel to the others. Hence 
. we may conclude, that if we decompose into three forces pa- 
rallel to three rectangular axes, the forces which produce any 
curvilinear motion^ and if we consider as moving points the. 
projections on the axes, the motion along each axis shall Be 
due to the forces parallel to this axis, and shall be the same as 
if ike other fortes were nothing. 

Thus, the solution of any problem relative to curvilinear 
motion is reduced to the consideration of three rectilinear 
motions, or but two when we can be certain by the nature 
of the question that the moving point ought to continue 
in the same plane. 

(16.) The preceding Theorem is essentially founded on 
the proportionality of the force to the velocity, as other- 
wise it would not be true. Decomposing the whole force 
acting on the moving point into three, X, Y* Z parallel 
respectively to the axes of x, y, and z, we have by equation. 
(4), and by what has been proved in Art. (14?.), the three 
following equations : 

(17.) We shall apply these to the case in which the 
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forces parallel to the axes are respectively nothing; we 
have in this case 

d*x dty cP* 

dp- ' dt* - °' dt* = °' 

Integrating these equations, we find 

x=:at+a f , yzsbt+l/, *=sc^+c'. 

The constants a, b, c in these integrals are the compo- 
nents of the velocity parallel to the axes; and a\ b' 9 d are 
the coordinates of the point of departure. Taking the 
origin at the point of departure, and eliminating t 9 we 
find 

a b 

*=c' Z > * = *•*• 

Hence the moving point describes a right line, with a ve- 
locity equal to ^a*+6*+c*. 
This application comprises the problem solved in Art* 

(10.) 

(18.) If the accelerating forces which act upon the mov- 
ing point in its curvilinear motion, should suddenly cease 
to act, the moving point would go off in the direction of 
the tangent with an uniform velocity. The point will evi- 
dently, from its inertia^ move uniformly with the velocity 
which it had at the moment the forces became suspended. 
Let v be this velocity ; its components parallel to the axes 

i •t* i & x dy dx 

are also uniform ; these components are -r. , -77 , and ~n # 

Hence 

dx dy dz 

v. cos.a=-j£ , v. cos. P=-J7 , v. cos. y = -77 ; 

but 

ds 

therefore, 
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dx dy dz 

co *- a = Ts> cos -p = di» cos -y = st 

But the cosines of the angles made by the tangent with 

. dx dy dz 

the axes are -r- , j- 9 and -7- * Hence the direction of 

the motion coincides with the tangent 



SECTION II. 

ON THE RECTILINEAR MOTION OF A MATERIAL POINT IN 

FREE SPACE. 

(19.) The simplest application that can be given of the 
equations which have been proved in the preceding chap- 
ter, is to determine the motion of a material point along a 
right line* We shall suppose the point acted on by a 
single fixed centre of force, situated in the line along 
which it is supposed to move. 

PROP. I. 

(20.) To determine a general expression for the velocity in 
moving along a right line by the action of a single centre. 

Let r be the distance of the movingjpoint from the fixed 
centre at any instant of the motion ; let the absolute force 
of the centre, or force at the unit of distance, be p ; and 
first let the force be inversely as the n* power of the 
distance, and be attractive. Then at the distance r, the 

force/= -p; • Hence by equation (5), Sect 1., we have 
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* 

2udr 
d.v* =2jFds=z— Tfr" 

Integrating this expression, we find 

At the commencement of the motion, or when 0=0, let 
r=A; then 

Whence, subtracting, we obtain 

If we suppose the body to have fallen from infinity, 

t^ = — —.• —i* Hence the velocity from an infinite 

distance, A, to a finite distance, r, is finite, when the force 
varies inversely as any power of the distance higher tft«' 
the first 

(21.) Let the force vary directly as the n* power of the 
distance ; and by proceeding in a similar manner, or by- 
simply changing the sign of n in formula (1), we have 

* = ££-> U* M -»* +1 }. (2) 

In this case, if the body fall from a finite distance, A, to 
the centre of force, we have a finite value, viz. 

i^-^Va*^. 
n+ 1 

In the former case, the velocity from a finite distance to 
the centre is infinite ; and in the latter the velocity from 
infinity to a finite distance is infinite. 
($2.) Theue is one case in which both the formulae, (1) 
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and (2,V give indeterminate v#lu*s. This is "when the 
force is inversely as the distance. For this case we must 
return to the primitive differential equation, whence we 

have 

dr 
a\v*zz— 2 p.— ' 

Hence 

*>*:= — 2/u.log. r + CX 

Let rsi when tf=0, and we have 

A 
tf*=2/K.log. — • 

This result proves that the velocity from an infinite to a 
finite distance is infinite, and also the velocity from a finite 
distance to the centre, when the force is inversely as the 
distance. 

(23.) Our next object is to determine the time of the 
motion from any one distance to any other in the case of 
single centre, and a material point moving in a right line. 
This determination is not generally possible in finite terms, 
aft shall be shewn further on. We shall proceed then to 
find the values of t in particular cases. 

PROP. II. 

(24.) To determine the time of moving from any one -di$~ 
tance to any other along -a right line, the force being in" 
versely as the square of the distance. 



a ^2u.(A— r) 
Let/= ^ • By formula (1 ) in thiacase* «s ^= — » 

ds 
but by equation (2^ Sect I* dtzz—* Substituting for *) # 

/ A —-ra*r 
and:u»qg{ — dr) fords, we obtain dizzW ^•-^== = =s=sr* 

. To int^rateAk, assume VArW*s:£d,fiin.0, then 
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r=r£A.(l+cos.0), and rfrss— } A. sin. 0.40.. 
Hence 




rf*=V — . {£A.<20+£A.4os.0.d0}- 
Integrating, 

*=v A, [£A.0+$A.sin.0}+C. 

Let I be supposed to commence when r= A, then when 
* = 0, sin. = O» and cos. = 1; and, therefore, = 0. 
Hence the constant C=0. Therefore, the complete in- 
tegral is 

A* c 

(25.) When r=0, sin. 0=0, and cos. 0= — 1 ; hence 

irA^ 
0=ir, and /= 2 * The time from any distance, T*, 

to any other, r", may be found by taking the time through 
the spaces (A— r0 and (A— »r"), and taking their dif- 
ference. 

(26.) The reader may observe that in the preceding so- 
lution the velocity has been presumed to be less than that 
from infinity. If the velocity be that from infinity, we 
have 

dt~ — 77= — > 
and, therefore, 

This formula gives the time from any one distance, r', to 
any other, r. 

(27.) Let the velocity be greater than that from infinity; 
and let then v* be written in the form 2 ji. ^+ V Hence 
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—rdr 



dtsz 




2p Var + f* 

Assume ^ar+r* = £a. tan. j then r = Jo. (sec ft— 1 ), 
and dr = £a. dO. tan. 0. sec. 6. Combining these values 
we have 

dt = ^— • {sec.0d0— see.'0d0}. 



Integrating, 



i r ,~ © 



This integral taken between any assigned limits will give 
the value of the time. 

(28.) The integrals expressed by equations (3), (4), and 
(5), we shall exhibit by a construction as follows : 

For equation (3) : — Let the line AB, (Fig. 25.), Part 1., 

be equal to A, and BC equal to r; then the time of falling 

through any space AC : time through AB : : sector ABD : 

semicircular area. For let BD=z, and the angle ABD=a> ; 

then we have s* = Ar, and z=Acos. w; hence we can 

., ,.,~ , , . z*du> A. rdr z*du> 

without difficulty obtain — tt- := — a/ ==; but — -tt- 

z 4^Ar— r * 

is the increment of the sector ADB, which is therefore 

proportional to dt, and, therefore, since the sector and 

time commence together, they continue proportional. 

For equation (4?) : — Computing similarly the increment 
of the parabolic segment BED, (Fig. 27.), Part 1., we shall 
find it proportional to — dr. vV, and, therefore, to dt. 

For equation (5) :— In (Fig. 26.), Part 1., denoting BC 
by r, and BD by z, we have, since the hyperbola is equi- 
lateral, 2* =2 ar+r* 9 and also we have z. cos. w=r, from 

these equations, computing -it—) we find it proportional 

rdr 
to yr. , and, therefore, to dt. 
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These construction .the reader will observe, agree with 
the constructions of ^^ton, given in hit seventh section, 
but obtained by a different method. 

Sr 

prop. m. 

(29.) To determine the time when thefotxe is inversely as the 

cube of ike. distance. 

Let/=^; then<ft=^=' ^===j- Integrating this, 
we have 

fs-^F- ^A*— r*+C. (S) 

If/=0 when r=A^ then C=0. 

A* 
For the whole time we have t = —7=- . 

PROP. IV. 

(SO.) To determine the time when the force is directly as the 

distance. 



Let/=^r, then t>= *V ^A* — r% whence 

— dr 

Assume A, sin. 0= ^A*— r% then A. cos.0 = r 5 and 
A. sin. B.dQzz — dr. Combining these in the value of dt % 
and integrating, we have 

* = ^-cos.-^+C. (7) 

The constant C may be neglected if £=& when r suk. 

IT 



Into the centre /= 



2V 



M 
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PROP. V. 

(SI.) To determine the time when the force is inversely as the 

square root of the distance. 



Let /=-£=., then vsz2 V£; V ^L. ,*. therefore, dtes 

f^J* ^™» mm •"WZl" 

7 — ■ ;■ • Assume ^A — ^r =**, then ttt=-= 

2 zdzy and therefore, — rfr=s4 s. ( ^ A — *•). <fa. Hence 
we have t . 

2 

and 

or, replacing 2? by its value in terms of r, 

Without multiplying instances any farther, we shall 
proceed to shew generally in what cases the expression, 
for dt is an integrable function in finite terms. 

PROR VI. 

(82.) To investigate in what cases the general expression Jbr 

dt is integrable infinite terms. 

■ * v. ■ 

The general value of v being substituted in the ex- 

— rfr 
pression dt 5= ■ ■ ■ » . we find 



■ 9 * * 
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— ' 



■1 

r * .dr 



This expression comes under the class of binomial diffe- 
rentials, and is, therefore, not integrable in finite terms, 
unless in particular cases. — Vide Simpson's Fluxions^ Art. 
(221). Lacroix Calad.Diff. Art. (19S.)> Elementary Trea- 
tise. 

The general binomial, x 9 *" 1 dx. {a+bx*)i, is integrable 

tn 
(vide Lacroix Elern. Treat. Art. (192.)) when —is an 

integer number. Hence the expression for dt is integral 

n+l 1 
ble when -3— • — ^ is an integer* Let this integer be i , 

then n =r g . . in the integrable cases. 

This comprises the two following series of values of w : — 

for i negative, £, f , f , $, ■&, &c. 
for i positive, — 1, S, f , J, £, &c. 

The binomial x mmml dx. (a+bx*)i is also integrable 

. tn p . ~ . tz-J-1 

when — +- is an integer number; that is, if ^, , x _ ± 
n g ° » 2(« — 1) * 

be an integer, the value of dt is integrable ; let this in- 
teger be *', then we have 

1 + i 

WSS— : — • 
I 

This comprises the following series of values of n :— » 

for i negative, 0, £, f, f, J, |, &c. 
fi>r i positive, oo , 2, f , |, |, &c. 

The only laws offeree expressed by integral powers for 
which we can find the time, are 
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/=c, /= M r, /=*£> and/=£- 
There is an infinite number of fractional powers. 

PROP. VII. 

(95.) To find a series to express the time when the force varies 
inversely as the n* power of the distance. 

The expression for dt may be written as follows : — 

= _y^. r ¥, r .{ 1+J .Q- + ,, (i )%} 

&c. 
Multiplying and integrating, we shall have 

/n—l C„ 2 2+i , 2 r * 

(9) 



2/u \ n+1 ' ~ *'3n— rA^ 



2 r « 



2 r » | 



If this be taken from r= A to r=0, it gives 

&C. 

For the same law of force the whole time to the centre 

ocA * .' 

There is one case for which series (10) will not answer, 
viz. when the force is inversely as the distance. 
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PROP. VIII. 

(34.) To determine the whole time of falling into the centre 
when the force is inversely as the distance* 



/ A 

By Art. (22.) we have in this case v = V 2 p, log. — t 

therefore) 

dr 1_ dr 

At A — 2A.</# 
Let — = e*, then log, — = x* 9 and dr = i # 

Hence • ... 

2A 



* = vir •/*■***• 



In order to give the whole time, the value of t must be 
found from r=A to r=0, that is, from .r=0 to tf=oo. 
The problem theil belongs to the class of definite integ- 
rals, and it may be solved as follows. The quantity 

js d% 
J-j== (vide Lacr. Calc. Biff. Elem. Art. (197.) Edit. 

3d J if taken between the limits 2=0 and z= 1, has for its 

, 1.3.5. .... .(2n—l) ir " , ' 

value g ^ g 2n -Q* And the quantity 

*%&*+ l dz ... ; . 2.4.6 ... 2tt 

JVT=Z Wlthm the 8an * h ™*isequal to 3 , 5 , 7 ., 2n+r 

Hence we have 

V\—z*J ^\^? "" 2»+l # 2 # 
Make zzzr** 9 and this expression may be written 






1 



For q in this writing £^t^ it nwy b^redttted to th^ fttfm 

i ■•„.». i .. i •' 

i 

/ *. €^. dfx •'/» *. irt&*i) m dx = ; 

Now suppose ?=0, and we obtain 



MJ 


} (T* dx\ 


► * 


- 2' 


or^y 


£-* dxzzi 


Hence we 


hare 




.i 






* 

> 
> 
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We shall next consider the case of a body moving in a 
right line passing through two centres of forces. 

PROP. IX. 

(35.) To determine the rectilinear velocity of <i> material 
point attracted by two centres qf force. 

Let the centres of force be A and B, and their distance 
1 1 let their respective intensities at the distances r and 

I— r be £ and (£=^T Then 

d.v*=-2fds=2. {-0^ n - i~) • 

Integrating this, and supposing that at the commencement 
of the motion rzza and v = A, we have 
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(«) 



This formula gives us the velocity at any point of the line 
when it is known for the point of departure. 

(36.) At a certain point on the line joining the two 
centres their attractions are equal; to determinethis point, 

let its distance from the centre A be r', then /^ r / w \ =^» 
whence 

r'ss/. M 



As long as r < t J the attraction of the centre A will 
exceed that of B, and when r>r* that of B will exceed 
that of A. If a < r^ and the velocity k directed towards 

B, the velocity v may vanish before the body reaches the 
point of equal attraction C, in which case the body will 
fell back towards A. If the velocity vanish precisely at 

C, the body will remain in equilibrio at C. But if the 
velocity be sufficient to carry the body beyond C it will 
go on to B. 

The value of k 9 just sufficient to move the body to C, 
may be found by supposing v = 0, and r = T* in formula 
(a), and then solving for k. 
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SECTION m. 

GENERAL THEOREMS DEDUCIBLE FROM THE DIFFERENTIA! 
EQUATIONS IN THE CASE OF CURVILINEAR MOTION.— -HY- 
POTHESIS OF A SINGLE CENTRE.-— DEDUCTION OF FOR- 
MULA FOR THE DIFFERENT AFFECTIONS OF A MATERIAL 
POINT SUBJECTED TO THE ACTION OF SUCH A CENTRE. 

(37*) The three following differential equations of cur- 
vilinear motion have been proved in Art (16,), Sect. 1.:— 

d*#_ Y £y_ v ^l-i m 

3?-** £***-*» £*/»-* l l > 

These equations require for their complete integration the 
determination of six arbitrary constants for any particular 
values of X, Y, Z. These constants are to be determined 
by the initial conditions of the motion ; such as, for in- 
stance, the velocity, the direction of projection, and the 
position of the moving point at the commencement of the 
motion. The question would become simplified were we 
to suppose the moving point restricted to a given plane, 
as we might then omit the consideration of one of the 
axes. Even with this simplification their integration in 
most cases presents insurmountable difficulties. We shall 
evade this question for the present, and proceed to deter- 
mine some general results which hold true exclusive of 
any particular law of force. 

PROP. X. 

{38.) To determine the velocity acquired by a material point 
in movingjrom one point of space to another* 

Multiplying the first of equations (1) by 2dxi the se- 
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cond by 2rfy, and the third by 2dz 9 and adding all three 
together we obtain 

2dxd*x4-2dv. d*v+2dzd*z 

j^ =2. (Xdx+Ydy+Zdz). 

, r * * » 

Frpm this, by integrating, we. obtain 



' «.»' • 



The left hand member of this equation expresses the 
square of the velocity, since da* + dy* +dz* = ds*. The 
velocity can therefore be found in any state of the co- 
ordinates, when the right hand, member can be integrated. 
This integration cannot be effected unless in three cases, 
viz. when X, Y, Z, vanish, are constant, or are functions 
o{s 9 y f z; for should they involve any other variables, the 
function (Xdx+Ydy+Zdz) would involve more variables 
than differentials, and would, therefore, be essentially tm- 
integrable. 

In >the integrable cases we have 

. tf =0+2.(X*+Yy+Z*) > (2) 

0» =0+2/ (*,#*) 

> ' 

In this last equation f. (#, y 9 z) expresses the found in- 
tegral. 

In order to find /3» let A* be the square of the velocity 
when the co-ordinates have the values a 9 b f c 9 we have 
then 

A* = $+&f.(a,b.c). 
Hence eliminating /3, we have 

t>»— A»=2./ (x, y, z)-2/ (a, b, c). (3) 

In curves that, return: into thenpelves, the velocity is 
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always the same at the] same point ; for x, y, % become of 
their former value, whence t^— rA*=0. 

(39.) In the case of a single centre, let F be the force 
directed thereto. Then making this centre the origin of 

co-brdihates, we have X = F.-, Y = F^ f Z '== F.-» 

where r = ^ar* +y* + z*. By differentiating, we find 

& y x . 

«*r=-* dx+y dy + — d% ; therefore, 

F<jr s F.£- tf*+F.f < rfy+F- J- dz=Xdx+Ydy+Zdz. 

Hence we have 

0*=0+2 f^dr. 

Now let F be a function of r, then VlV&* can be found : 
let its value be/(r), and we find 

v*—A* =2/(r)-2/(r'). 

Hence, if bodies be revolving in different orbits about the 
same centre, and have the same velocities at any instance 
of equal altitudes, they shall have the same velocities at 
all instances of equal altitudes. — Newt* Prin. Pr. 40. 
sect. 8. 

(40.) If F=/i. r», then v*~ A* = jjj\ * (r** 1 — t*»+*J f 

and therefore *?. p*Ocr"dr. Hence if a curve be described 
whose abscissae are the values of r, and, the ordinates of 
which ocr", the areas of this curve will represent the 
squares of the velocities. The representative curve, is of 
the hyperbolic species if n be negative, and of the para- 
bolic if n be positive. 

• • • • « • * 



IH AN A3L¥TICAL WUtATIf E. mX. TIU 



PROP. XI. 



■/..* .»• • •• >»• 



*i". 



(41.) 2TS* expression 'Xik'+^fy+TUk is always integraHe 
, when the mating point is acted on by forces directed to any 
number qfjixed centres* 

Let the co-ordinates of one of these centre* be a, b 9 c ; 
and r the distance from it to the moving point Let F be 
the force directed towards this centre, then the compo- 
nents of this force parallel to the axes of x 9 y f z re- 



spectively, are F. , F.— -, F. • Since **ss: 

(x — a)*+(j/— J)* 4. (3— c)*, by differentiating we find 




<**•=—• dx+^r # dy+ — -dz; 



and multiplying by F, 

Similarly for another centre we have 

F'd/sF'.^- dx+F'. ^-- dt/+F'. ^- dz. 

Hence we have in general 

. . ..... 

Xdx+Y&f+Zdz s= Fdr+F'dr'+kc. 



w 



(4$.) If the centres be in motion this is not the case, 
for then a f b, c are variables. 

(43.) If the whole system be in motion with a common 
velocity, the function continues integrable ; for a, b, c are 
constant relative to the moving origin* 
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'I, 



(44b) The most remarkable crises ih which the fuflctioh 
-cannot be integrated, are when the acting forces are di- 
rected towards centres in motion, as has beeri already 
noticed ; or when there are amongst the forces any arising 
from friction, or the resistance of an inert fluid. 



PROP. XH. 

_>.... ... 

(45.) If it material point be acted on by a force directed to a 
tingle centre, the projections on each of three rectangular 

1 planes, of the areas it describes, are proportional to the 
times* 

If the centre of force be made the origin of co-ordi- 
nates, and F be the whole force directed thereto, it is ob- 
vious that the components of F along the three axes are 
to each other respectively as x f y 9 z. We have then 

X : Y : Z :: x : y : z. 

Multiply the first of equations (I) byy 9 and the second 
by x 9 and subtract them, there results 

Integrating this expression we obtain 

ydx—xdynhdU (4) 



Similarly, 



xdz — zdzzsh'dt 

t 

zdy — ydz = h n dt. 



Now let st (Fig. 44.) be the orbit in space, which the 
moving point passes over; let s t f be the same orthogra- 
phically projected on the plane of xy ; let ot'zzp, and the 
angle t*oxzzw 9 then x=/o.cos.a>, j/=p« sin. u>. Hence 
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differentiating we obtain the values of dx and dy, and 
thence find ydx — xdyzzpldw, but p*<2*> is dqpbls the 
sector tfW traced on the plane of a?y. Hence, the, eqpa- 
tions (4) express the proportionality of these area? to the 
times. 

(46.) Independently of the particular case just Tnen- 
tioned, there are two general cases in which the equations 
(4) hold true: — 1st, when the forces X, Y, Z vanish, and 
that the body moves in consequence of a primitive im- 
pulse % — 2d, When the system consists of any number of 
bodies in free space subjected to their mutual attraction, 
the sum of the products which arise by multiplying the 
mass of each body into the area traced out by it, is pro- 
portional to the time. This shall be proved further on. 

(47.) The peculiarity in these two latter cases is, that 
proportionality of the areas to the times holds true for 
any point in space; whereas in the case mentioned in 
Art. (45.) it only holds for the centre of force. 



PROP. XIII. 



! I 



(48.) When the system consists of a single body revolving 
about a fixed centre of force > the curve described lies alto- 
gether in a plane passing through this fixed centre. 

Multiply the first of equations (4) by *, the second by 
y, and the third by x, and add them. The result is 

hz + h'y + h"x=0. (5) 

which is the equation of a plane through the origin of 
co-ordinates. 



;f jl. • . . ' . ■"-.-' • ■• » • « 
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PROP. XIV. 

(49.) Zb transform tke three differential equations of motion 

^.tq three others in which the forces shall be; a force m the 

.plane of x\y directed to the origin of co-ordinates : a 

force in the same plane perpendicular thereto; and a force 

perpendicular to the plane qfx, y. 

.Let/> be the radius vector in the. plane of x 9 y, or the 
distance from the origin to the point of projection; and 
and let to be the angle which p makes with the axis of x. 
Let F be the force along p, and T the force perpendicular 
to it in the plane of xy. By decomposition of forces we 
have 

Xcos. w+Ysin. w = F 
Y cos.o>— X sin. w==fc:T. 

Since x = p. cos. to and 3/= p. sin. o>, we have, by differen- 
tiating, 

<2*.r:=<2*p.cqs.ci>— ~2 duj. dp* sin.<# — p. cos* oucbt)*— - p. d*t^. sin.w 

d*yzzd*p* sin.o) + 2 tfco. dp. cos.cd— p. fiin.cu . dw* + pd*a>. cos.a>. 

These equations give us 

d % x. cos. w+ePy, sin. o> =d*p — prfw* 

• » • • 

d*,y. cos. w—d*x. sin. w =2 rfw. dp-\-pd*w. 
From these by equations (1) we obtain 



d'p—pdw'ssF.dt* 

(6) 



If* denote the tangent of the angle contained by the 
line r to the moving point and its projection p, the third 
rential equation may be written •■■',. 

d*(ps) = Z.dt\ 



its AjmrnctoifUMm. «cr. 



'•'Ml* 



(50.) If the moving body, were a planet, and the plane 
of x, y the plane of the ecliptic Jthte line p would be called 
the curtate distance, and s the tangent of the latitude. 
The equation! (6 J, though inferior in compactness tod 
apparent simplicity to equations (1), are still decidedly su- 
perior in this, that when once iblVefr they dfrectly exhibit 
th* values of &*h an^^qurotkies' of immediate use in 
Astronomical enquiries. v * 

(51.) In the case of a force directed to a single centre, 
from the second of the above equations making Tss0 9 we 
obtain by integration p*d<*ssfrdt 9 which proves the equa- 
ble description of areas.— See Art. (45). 

PROP. XIV. 

(62.) In the case of an attractive or repulsive force directed 
to a single centre to investigate a general value for tie 
force. 

As the motion of the body is by Art. (48.) confined to 
a plane, we may take this plane for the plane of *, #, and 
omit the consideration of a third axis. Let F be the 
force directed to the centre selected as origin of co-ordi- 
nates: then the components of F parallel to the axes of 

x and,y respectively* are P.-, F.j; 9 Hence by equations 
(1) we have 

d*x _ x d*y _ v 



The sign is (— ) or (+% according as F is attractive or 
repulsive, for in, the former case the force tends to di- 
minish Ahe< .CG^dipatpa a, y, and in. the latter to increase 
them. Multiply these jequatioiis* the first by 2dx 9 and 
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the second by 2dy, and add them. The result obtained 
being integrated gives W 



for djp-fadi/* its value <fr*4*r?4«V>aDd eli- 
minating -rf< by the equation r*d*zshdt t we obtain 






Differentiating this we find 

• - 
This very general formula comprises the several ex- 
pressions for F that have been given by different writers. 
This shall appear by what follows. 

PftOP. XV. 

•. ■ • • . 

(is.) To investigate an expression for the force in terms of 

the perpendicular from the centre of force on the tangent, 

and the radius vector* , 

, , . . . 

Denoting by the angle contained by the tangent and 

r*rfw* 
radius vector, we have obviously sin.*fl= , - t^j * t but 

p* i dr*+r*dw* 

sin.*0= -p , therefore, -y= — ^ . z — • Hence by equa- 
tion (7) we have 

h'dp 

T 

This formula lias been very generally' used by English 
writers. Vide Simpsons Fluxions, Art.'(226.); Dealtry's 
Fluxions, Art. (152.), &c. 
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PROP. XVI. .,:.. i w ji-: .;..•■<«;. 

(54.) To investigate an expression fir ihe. force in terms of 
the velocity and chord of curvature. 

Let « denote the velocity of the moving point along ihe 
trajectory, then the elementary area s=£t>; p 9 hence ht&bipi 
substituting this value in the preceding formula, we ob- 
tain •'-! r-i-- - .."-.- 



F = -*.!i^P 



2pdr 9 



i.l.'.'.JI-.!^ i-mI 



but the chord of curvature (which we shall denote by C) 

2pdr 
is equal to —i — • Hence we have 



PROP. XVII. 

(SB.) To determine an expression for the for ce in terms of 

ihe sagitta and time. 

The velocity v being always equal to the increment of 
the space divided by the increment of the time, we have 

. (rf.arc) . 

vs ^dT 9 ;: ''■■■" > 

and therefore -.».-*'■ 

^_ 2. (d. arc)* 
* ==fc Cdf * •'' 

(d.arc)* . 
but — ^ — is the sagitta or deflection from the tangent. 

W$ have therefore 



f'i-i.'i 



»• • 2, (sagitta) ;. 

Fa± ^^5 ' ; ' (io> 



d** 



• » • 
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This is the expression with which Newton commences.— 

JviM* Sect* 8* JfV. ($♦ .'• 

(56.) The preceding expressions for F may be still fur- 

i %*pdv • 

tper modified ; for instance, since C= , % by formula 

Or writing r*sin^fl fiwr p* 9 we have 

Let ^ be the length of a perpendicular from the ad- 
joining point of the curve on r, then p'rzzhdt. Hence 
formula ( 10) may be written 

F==t=^r a - (13) 

Having thus accounted for the variety of formulae that 
have been at different times given for the law offeree, we 
shall next proceed to deduce the value of F which directly 
and naturally follows from formula (7). 



PROP, XVIII. 

(57.) To investigate an expression for the force in terms of 
the radius vector r arpd the angle w made with a given 
axis. 

h* id** I \ 
By formula (7) we have Frfrsqp—tf. j p^+~* \ 

frpm which we can immediately deduce 

„, h* idr dr* \ , . 

^^li^Tw}' (I4) 

R 



122 ANALYTICAL TREATISE. 8ECT. HI. 

(58.) The first part of this value of F expresses the 
force that a body should be acted on by to describe a cir- 
cle at the same distance, and with the same elementary 
area, or angular velocity. The force in a central circle 
having been designated since the time of Huyghens by 
the name of centrifugal force, this name has in conse- 
quence been extended to that part of every force, sufficient 
to cause the body to revolve in a circle. 

h* 
(59.) Let $ denote the centrifugal force; then +=-p» 

Combining this with formula (12), we have 

F 2r 

£-C.sin.»0 - < 15) 

(60.) The other part of the force is employed in accele- 
rating or retarding the motion of the body in the direction 
of the radius vector. The whole velocity in this direction 
is called the paracentric velocity* 

PROP. XIX. 

(61.) To investigate an expression for the paracentric veto* 

city. 

dr* 
Let F' be the force producing it, then d. Q 4 , a = FVr, 

hence 

h*dr* „, /. 

But by Art. (39.)j3'+2 CWdr expresses the square of 

the velocity produced by the action of the force F'. Hence 
we have, (denoting the paracentric velocity by the initials 

Y.v). 
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h % 

Or thus : — (P. v) % = »*. cos.*0, but v* = pr^JQ t hence 

( p - »)*=£• dr* 

r*dw* 
but tan.»fl= , ^ , aad therefore, 

A*dr* 

(62.) At the point where the paracentric velocity is 
greatest or least, the second term of formula (14) vanishes; 
therefore, at this point the centripetal and centrifugal 
forces are equal. The converse is not necessarily true. 

PROP. XX. 

(63.) To investigate a formula for the velocity in the orbit, 

in terms of the force. 

2v* 
By formula (9) we have F=dfc -^-, hence 



tz^z^iF.C. (17) 



v== 



When F is repulsive, C must be negative, or the curve 
convex to the centre offeree. 

(64.) With the force F acting uniformly, the velocity ac- 
quired in moving through the space 2 is by Art. (11.) equal 

to ^2 FS. This would be equal to the velocity in the 
curve if 2 =£ C. Hence the velocity at any point of a curve 
is that which would be acquired in moving through the fourth 
part of the chord of curvature, with the force at that point 
continued uniform. 

(65.) Let t/ be the veloeity iu a * circle whose centre is 
the centre of force, and radius the distance of any point <tf 
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the orbit ; if this circle were described by the action of 
the same centre, we would have 

Hence 

PROP. XXI. 

(66;) To irtoestigate afbrintda for the angular velocity. 

The angular velocity means the ratio of the increment 
of the angle described about the centre of force to the in- 
crement of the time. Denoting it by a, we have 

„ dw* h % i?"p* , . 

(§7.) Let a f denote the angular velocity in the equidis- 
tant circle described by the action of the same centre. 
We have then 

a'*-*/* r*~ Vr * ° ; 

PROP. XXII. 

(68.) To investigate an expression whence the time of describ- 
ing tiny portion of the orbk may be found. 

By the equation r*da>=hdt f we have 



t 






The whole periodic time might be found if we knew the 
area pf the orbit, by dividing this area by A. This sup- 
poses, however, that we know h. The value of h is found 
by knowing the absolute force or force at the unit of dis- 
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tance. Let us denote this absolute force by /i, then the 
force F at any distance is equal to /x. ^ (r) ; but by for- 
mula (H) F=A.h*<p (r), therefore h can be found. 

i 

PROP. XXIU, 

(69.) To determine from what point a body must commence 
a rectilinear motion towards the orbit, so that mriving at 
it the body may haoe the velocity in that point qf the 
orbit. 

Let the . required distance be A, and let r be the dis- 
tance of the point of the orbit, each from the centre of 

force; let F=zfc-^: then by formula (17) the square of 

the velocity in the orhit is equal to =±= ^ • But the 
square of the velocity in moving from A to r, by formula 

(1), Chap. II., is jj^w { J»— £5=3/ # Equating these 
values we find 

2 2 (n — 1). C _ 2 n— 1 pdr 

^»=r — ^1=?= 2r» — -pH 1 * 2 r» • dp ( 22 ) 

From this formula we Can determine A for any assigned 
law of force ; or as it is termed, we can find how far a 
body must fall externally to acquire the velocity in a 
curve. 

PROP. XXIV. 

(70.) To determine how Jar a body must fall from the curve 
with a rectilinear motion to acquire the velocity at the point 
of the curve whence it departed. 

Let A' be the distance required, then we have 
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Hence 



2 2 (n— 1).C 2_ n—l m pdr 

These formulas can be adapted to a direct law of force by 
changing the sign of n. 

(71.) By adding together the equations (22) and (23), it 
appears that the (n — 1 )* powers of A, r, and A' are in 
harmonic progression. And the three quantities A, r, and 
A' are themselves in harmonic progression when n=2. 

For a direct law of force, or an inverse one less than 
the first, we find by adding the same equations that the 
(w+ l) th powers of A, r, and A' are in Arithmetic progres- 
sion. Unless n=0 the quantities A, r, and A 7 are not in 
Arithmetic progression. 

(72.) The formulae (22) and (23) will not answer when 

C* A 

nasi. For this case we have ^"= /u. log. — ; whence 
for the space fallen through externally, we find 

A=r. €"*; . 

s being the base of Napier's system of logarithms. 
For the space fallen through internally, we have 

ftC r 

-^ = /i. log. £-, ; 

whence we have 

A'=r. eW"« 

In this case the three quantities A, r, and A 7 are in 
geometric progression. 
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PROP. XXV. 

(73.) To investigate a formula for the element of the velocity 

along the curve. 

The accelerating force along the curve is equal to the 
central force multiplied by the cosine of the angle of pro- 

h z dp / p* 

jection. By formula (8) F=-^- ; and cos. 0= V l — — * 

Hence the increment of the velocity, being proportional 
to the force 



d ^ h ^dr'^ X -$' dt < 2 *> 



PROP. XXVI. 

(74?.) To investigate a formula for the increment of the an- 
gular velocity. 

The increment of the angular velocity is equal to the 
accelerating force perpendicular to r, multiplied by dt 9 
and divided by r. The force along the curve is to the 
force perpendicular to r, as r to p : hence the force per- 
pendicular to r is equal to 



p*rdr r % 



Hence 



h % dp / p* , 
prr*dr r* 



(2S) 
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PROP. XXVII. 

(75.) To find the polar equation to the curve described, in 
terms of the reciprocal of the radius vector, and the angle 
it makes with a fixed axis. 

By formula (7), Art (52.), we have 

™ _^** * dr*+r*dw* 
Far==4=-7r* a. 



2 - r+d<* x 
dr in terms of u, we have 



FA* A* , idu % \ 



Performing the required differentiation, supposing du> 
constant, and arranging, the result is 

*« F ~ 

+ "= fc Ai^ :=0 - ( 26 ) 



This formula we shall employ for the determination of 
the orbit, when giyen the law of force. 

PROP. XXVIII. 

(76.) To investigate a formula for comparing the angufor 
velocity in the curve with that of the perpendicular on the 
tangent. 

The angular velocity of the perpendicular on the tan- 
gent is equal to that of the radius of curvature about the 
centre of curvature. But the angular velocity in the 
curve is to that about the centre of curvature directly as 
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the subtending arcs and inversely as the distances. Let a 
denote the angular velocity of the perpendicular on. the 

tangent, or of the radius of curvature : then - ss -jr>* — 
But T? = ~c"5 t h ere fi >re > " = 7T - Hence 

h 2r 2h 

We shall next proceed to apply the formulae hitherto 
established to the discovery of the laws of force requisite, 
that different curves may be described about fixed centres 
of force, and also to the discovery of the curves themselves, 
the laws of force and conditions of the motion being as- 
signed. 



SECTION IV. 

ON THE INVESTIGATION OF LAWS OF FORCE, VELOCITIES, 
&C. IN SEVERAL DIFFERENT CURVES, BOTH ALGEBRAICAL 
AND TRANSCENDENTAL. 

(77.) In the application of the general principles laid 
down in the preceding section to the theory of curvilinear 
motion, there are two classes of problems which present 
themselves to our notice. The first is, when given the 
curve and the position of the centre of force in its plane, 
it is required to investijjJlte the law offeree, veloicity, &c 
which a material point must have in order to move 
therein. The second, when given the law of force, velo- 

s 
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city, &c. it is required to investigate the nature and form 
of the orbit described by a material point under the in- 
fluence of such. The former is called the direct* and the 
latter the inverse methods of central forces. 

These two methods of central forces comprise each two 
species of problems which we shall treat in their order. 

I. When the centre of force, though in the plane of the 
orbit, is supposed to be infinitely remote, so that the force 
acts along a system of parallel lines. 

II. When the centre of force is at a finite distance, and 
consequently the lines drawn thereto not parallel. 

|I. 

PROP. XXIX. 

(78.) To investigate the lato of force, velocity, fyc* when the 
orbit described is any conic section, and the force directed 
to an infinitely distant centre. * 

Equation (1) of the preceding section will readily solve 

this and all such problems. Let R denote the force, and 

d*y d*x 

let it act along the axis ofy, then-rj* ==r=R, and -r^ =: 0. 

This latter gives us 

dx 

It ~ c ' 

which shews that the velocity along the axis of x is uni- 
form : and the former, by eliminating dt 9 becomes 

The general equation of the conic sections gives us 



— (B*-f D)dbV(B»— 4AC)*' + 2(BD — 2AE)*+D*_ 4AF t 

2A 



Hence 
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g A dy - D ^ 8 *" 4 AC) ' *+ BD - 2 AE 
' dx */ 

Differentiating a second time, we obtain 

«Py (B*— *AC). (D»— -4AFMBD— 2EA)* 

2 A - dx* ~ — (V - ) J 

but V~~=2Ay+Bx+D, hence 

<Py (B*— 4AC) (D»— 4AF)— (BD— 2AE)* 
dx 2 - 2 A. (2Ay+Br+D) 3 

The force along the ordinates of any conic section is there- 
fore inversely as the cube of the quantity (2Ay+Bx+T>), 
(79.) If the axis of x be a diameter, and the axis of y 
parallel to the ordinates, B and D both vanish, and the 
force is therefore inversely as the cube of the ordinate. Its 

c*p* 
actual value is R= — — 3—, where p denotes the parame- 

ter to the diameter coinciding with the axis of x. 

(80.) The velocity along the axis of x being uniform, 
the velocity along the orbit may be found by dividing by 
the sine of the angle under the tangent and ordinate, and 
multiplying by the sine of the angle under the axes of co- 
ordinates. 

The time is found for any value of x by dividing this 
value of x by c. 

(81.) If the axes of x andy be asymptotes to an hyper- 
bola, A and D both vanish, and the force varies inversely 

2y 
as x* 9 or directly as^ 3 . Its value is R= —^ 9 where m z —xy. 

(82.) If the axis ofy be a diameter of a parabola A and 
B, both vanish, and the force is therefore constant 
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PROP. XXX. 

(83.) If the force act along the ordinate* to the base of a 

cycloid to determine its law. 

The origin being taken at the middle of the base, the 
differential equation of the cycloid is 

dx y 

Differentiating this a second time, we obtain 

c*d*y 2ac* fi 

dx* ~~ y* ~~ y z 

Hence the force varies inversely as the square of the or- 
dinate. 

(84.) Since the velocity is equal to the constant velocity 
c 9 divided by the sine of the angle under the ordinate and 
tangent, we have 

(85.) The time is equal to — = — r=— . 

1 c *v 

III. 
PROP. XXXI. 

(86.) To investigate the law offeree, velocity, fyc. in the conk 
sections, the focus being the centre of force. 

The polar equation of the ellipse relative to the focus is 
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a. (1 — e*) 1 1 e. cos, oi 

r -l+*cos.al , "' r = a(l— **)+a(l_ **)* 

Hence 

dr* £*. sin.**> 



r*rf»*""o»(l— €»)* 

Differentiating, we have 

, dr* i*. sin, on cos, w.dw dr (\ 1 ) 

Sr 4 ^*"" a*. (1— **)* = r* # \r~a (1— e* ) * 

Substituting this value in formula (14), Art. (57.)> we 
have 

A* 1 

Fa= «.(l_e») # p" 



If the orbit be an hyperbola, F= 



a {f— I) r> 

In the parabola, let 4D denote the principal parameter, 
and we have 

Hence, in general, in the focal conic sections the force 
varies inversely as the square of the distance from the 
focus. 
(870 Let ft denote the absolute force or force at the 

unit of distance, and the value of F in general is F =db~-. 

Since ft =77-, we have in general h = ^£L.f*, L denot- 
ing the principal parameter. 

(88.) To compare the centripetal and centrifugal forces. — 
In the ellipse and hyperbola the chord of curvature through 

2 V* b % 

the focus is , and sin. a 0=775, therefore, from formula 

(15), Art. (58.), 
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f 0.(1 — e*)* 

In the parabola C=4?D', andsin.*0:=jy„ therefore, 

F r_ 
* = 2D' 

F and (j> are equal in all the conic sections at the extre- 
mity of the focal ordinate. In the ellipse F > ^ through 
the remote apsis, and < through the near one. 

(89.) To determine the paracentric velocity. — From for- 
mula (16), Art. (61.), 

h* e*. sin .*fa> j*e*. sin.*co 
In the ellipse, (P. ^) l =? 2a * (1 _ e * ) *= 2a#(1 _ e z ) - 

_ t . . . /T> Nx h z e*. sin.*w uc*. sin.tai 
In the hyperbola, (P. v.)> = 2a ^_ 1} , = 2a ^_ 1} • 

• , _ A^.sin.'w p. sin.*** 

In the parabola, (P. v.y =s 8D> = ^Jf" • 

Hence all the variations of the paracentric velocity are 
obvious: e.g. it vanishes at ends of the axis major, or as 
they are called the apsides, and it becomes a maximum at 
the extremities of the focal ordinate, as also appears from 
Arts. (62.) and (57.). 

(90.) To determine the velocity. — By Art. (63), putting 
for F and C their values, we have 

2 a — r 
In the ellipse, tf=/u. 



9 

ar 



2a+r 
In the hyperbola, »*=/&. — > 



ar 



In the parabola, */= — • 

Hence in the ellipse the velocity at the distance a is a 
geometric mean between the greatest and least. 
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(91.) To compare the velocity with that in the equidistant 
circle. — We have by Art (65.) 9 

pi ^ a— r 
In the ellipse, -5= * 

v* 2a+r 
In the hyperbola, -* = 9 

In the parabola, -ti = 2. 

Hence in the ellipse at the distant apse the velocity is less 
than in the equidistant circle, and therefore the revolving 
body descends towards the centre of force ; and at the 
nearer apse it ascends, the velocity being greater than in 
the equidistant circle. At mean distance the velocity is 
equal to that in the equidistant circle, but the direction of 
the motion not being perpendicular to the radius vector at 
this point, the body cannot move in a circle. 

(92.) To determine the angular velocity. — Since h = 

*f \xa (1 — 1\ we have 



"/wail — e?) 
In the ellipse, a= — *— -3 



In the hyperbola, a= -z • 

^2DTa 
In the parabola, 0= ^ • 

The squares of the angular velocities in the curve ahd 
equidistant circle, are in the same ratio as the centrifugal 
and centripetal forces. — See Art. (79.) 

(93.) The angular velocities about the two foci of the 
ellipse may be compared as follows : 
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q.(l— e*) a.{\—<?) 

~" l+*COB. 0> 5 ""l-^CP».W /, 

dr r*.f sin.o> dr* r\ e sin. <•/ ; 

rfw^.fl — &)' da/"" a. (I — f) ' 



but r + r'srStf, and therefore dr=s — rfr 7 : and also. 



0) 



r. sin* <ozzr\ sin. a/. Hence -3— 7= — , or, -r-= — , where 
A denotes the angular velocity about the empty focus. 

h h li 

Now a = -j, therefore, A =—,=77- • From this it ap- 
pears that the angular velocity about the empty focus is 
more nearly uniform than about the centre of force, a* V* 
is less subject to variation than t*.—Newt. Princ. Lib. 8. 
Prop. 17. 

(94.) Tojlnd the time of describing any portion of the 
elliptic orbit.— We have 



but 



and 



Hence 



r*du> 0.(1 — f) dr 

dt'sz—rr'^ / =ca* : • 

h ^fi0(l — ?) *- 8in -*> 



ae — (r — a) 

1 +cos. <u= -• (l—e). 

re v ' 



1— cos. w= ^ * • (1 +*). 

sin. w sr i — • (l—e*). 

.re v ' 



Using this value for sin. *> in the expression for dt 9 we 
obtain \ 

. /a rdr 

o/=V -. 77=3=" , * \' • 

In order to integrate this, assume V a ^_ («— r)*=«,. sin. «. 
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Then (<r — r) =:**. cos. u, and dr 22 a*, tin. «. rf i*. Intro- 
ducing these values in the expression for dt f we have 

a/= V - • (a— a ft cos. «) *f« ; 
therefore, integrating! we obtain 

n 

t = — j=. . (u — e. sin. «;. 

As we introduce no constant, it is the same thing as if 
we considered / and u to commence together, and that 
therefore we count the time from the nearer apside. The 
angle u thus introduced by integration is called the eccen- 
tric anomaly. 

(95.) Let n=V ~, the quantity nt is called the mean 

anomaly, being proportional to the time. The angle o> Of 
the orbit is called the true anomaly ; to discover an equa- 
tion between it and u we proceed as follows* By the 
above it appears that rzza. (1 — e cos* u) ; and by the equa* 

a.(l—e*) 
tioii of the ellipse r = t-: : — ' * Hence we have 

r 1-f-lCOS.ftJ 

(1 — ecos.u). (1+icos. o>)=l — e*; 

whence 

cos.m — e 
Cos. o>= 



COS. K 

but 

(*> __ / l — COS.OJ _ / (1-f *).(!— COS. tt)" 

Un ' 2 - 1 +cos. oi ~ (!_*).( 1+ cos. h) ~ 



/1+e u 

For a complete discussion of these equations, vide Trig, 
p. 161. 



(96.) An approximate value for o> in terms of w£ may 
be obtained. Neglecting the square and higher powers 
of e the equation of the elliptic orbit gives us 

r* =ra*. (1 — 2 e. cos. a>). 



Substituting this value in the equation cdt= ^pa.( 1 — &).dt=: 
r*du>, we shall have, neglecting **, and writing n for 



5 



ndt=(l — 2 e, cos. o>). dw. 



Integrating this, and rejecting the constant as we count t 
from the perihelion; we have 

ntzzix) — 2 e. sin. w, 

whence 

to—nt+2e» sin. w. (a) 

This equation affords us a means of approximating at 
pleasure to the value of en. If e=:0, w=±nt; using this 
value of oi in the second member of the equation, we have 
as a first approximation w=nt+2t.8in.nt. Using this 
more correct value of w in the second member of equation 
(a), we obtain a second approximation, &c. 

The corresponding value of r is a. (I— e. cos. nt\ by 
means of which, and equation (a), we can nearly deter- 
mine a planet's place in its orbit for any instant. 

(97.) To obtain the time in the hyperbola. — We proceed 

( a -^ Ti '^ a e 
as follows: 1+cos. o>=- -— — (*— l),andl— cos.o>= 

(a+*0— ue 

— (*+l); multiplying these values, and sub- 
stituting, we obtain 

/a . rdr 
tV -• 



l ^ fi *{a+r)*—a*e> 



• » 
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To integrate this, assume ^(a + r)* — a*e*=zae. tan. 0, 
then 

A _ , ae. sin. OdO 

(a + r) zzae. sec. 0, and dr ss —m — • 

v ' ' 7 cot. 

Collecting all these values into the expression for dt, we 
have 

I 
dtzz—r=.* (i.sec. — I). -- 

* 

Therefore 9 " ** 

Vp lVS3i?5 — y cos.0 }v . 
The first of these integrals is obviously *• tan. 0, and the 

(IT 0\ 
T+q)* Hence 

5 

'~V%* {'• ten - °— lo & **"• (? +f)} • 

The value of in this is analogous to that of u in the pre- # 
ceding. We add no constant, as we suppose the time to 
commence from the perihelion. 
(98.) To find an equation between atid w, we have 

a.le*—\) 
r=:a. (e. sec. 0— 1) = — - — • 

From this it is easy to deduce that <an. £ w=t v - — - • tan. £ ft 

(99.) in Me parabola.—^D denoting the perihelion dis- 
tance, ttie ecjuation to the cufve is 

— * ■ » 

r - 2D , _g_ an d A=V§^D: 

1+COS. W ,&> 

cos. - 

.2 -• 

Hence 
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» 



• 



r*dw D*-^2 . *> ] 

dt = -7— = 77= rf-S* 

COS, 



2 



f4 # lC06.*£«> T C08. 4 |w J 



Integrating this, the result is 



f=V -«D*. J tan.| + £.tan. 3 £w \ 

(100.) These values oft can be expressed in terms of r, 
as follows:— 



V i a —r ^a*e*— la— r) a \ 
'-77^ ) cos.- 1 -— -=— ~ — / • 

i-£.$*S+d!=!S£._i» #W }. 

*ssf *'-• (2 D+r). V,TZd. 

In the second of these expressions ^(r) denotes the 
value, in terms qf r, of tan. (t+j) ' The third is de- 
duced from thri equation of the curve, for it thence ap- 

pears that tan. 5 —V — w— • 

;(101.) To determine the space fallen through externally 
in the focal conic sections*— In the ellipse, by formula (22), 

i. / • j ^ 2r. (2a— r). 
we have, (since «=2, and C= • ), 

2 2 2a— r ' „ 

A ^ r or"" 1 therefore, A=2a. 
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Hence describe a circle about the focus with the radius 
2a 9 and a body falling from -its circumference towards the 
centre of force will have when it arrives at the ellipse the 
velocity; therein. « 

. Jta the parabola, C ss 4 r, and therefore, ■ A>» oo .• 

2r(2a+r) 
In the hyperbola, Css 1 ' ry f and therefore A= 

— 2 a. In this case, if we conceive the body to commence 
from an infinite distance, with the velocity it would have 
at an infinite distance if it had moved from the distance 
2 a to infinity, by a repelling fanje, *$ep, it reaches the 
curve it shall jiaye the velocity t fhecein. r . £ 

. Hence in .f jie. ellipse the velocity is : alvyays less than 
would be acquired by falling from an in^ipjte ^s^app? ;.in 
the parabola equal to that from infinity ; and in the Hyper- 
bola greater. .. = . 

(102.) To determine haw far a body shall fall internally 
to acquire the velocity in the focal conic sections. — In the 

2 2 2a— r 
ellipse, —,---!._—., therefore, 

4'= 



To determine the locus we can substitute for r its value 



, , •, and the polar equation of the locus is 

1+ecos. <t>' r n 

2a. (1— g*) 



-A'= 



(S+e*)+4*cos.o> 



This is the equation of pn ellipse having the same focus 

as the given one, the eccentricity and axis major of which 

can be determined from the value of A'. 

- -4^ 
This locus is always an ellipse, since ^^ „ , j, < 1. 

In the parabola, A' =5 r whence the locus is a parabola 
having the same focus as the given one. 
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4h.tr. 



2 or 
In the hyperbola, ^ / = 4 , fl / r * Hence the locuais an 

hyperbola haying the same focus as the given one. 

(10S.) To determine the rate of increase of the linear k&> 

locity in the focal conk sections.— Hy the formula in Art. 

«i. x . h*dp _ M _u. , p b _ . 

(73.)5 * mc *pdr -^r* and r ^P' we haTe 

b*\b 



d - V ^( l -pi) 



in the ellipse and hyperbola. To determine where it in- 
creases fastest, we substitute for V* its value r. (2 a — r), 
and differentiate the result. We thus arrive at tl*e fol- 
lowing cubic equation : 

8a* + 3b* Bb*a ' ** 

r 3_4 ar »+ - . r ___ =0# 

The roots of this are the required values of r. 

In the parabola, we have d. v=pr • f ) . To de- 

* termine when it is a maximum, we have rzz5r — 5D, by 

differentiating the value of d.v. Hence 

» • ■ - .« 

r = |D. 

(104.) To determine the rate of increase of the angular 
velocity in the focal conic sections. — In the parabola p* = 
r.D, hence 

dp_ /f 

and consequently we have, by formula (25), 
. A* 7D 1, /~~7^i _, 



• / • i 4 



JBC^flfc DIRECT CENTRAL FORCES. US 

When the angular velocity increases fastest, it appears 

8D 
from this that r = -=- • 

To investigate the same in the ellipse and hyperbola, 
we shall follow a different method from that suggested by 
formula (25). 

By form. (19), a=-jj, whence 



— 2hdr m dr _J g*e>-(r-«r 

da^—p-* but ^=V ^ V 1 _ tfl ' 

and r*dw being equal to hdt 9 we have consequently rfa 

/a*^» — r r — a)* 
proportional to V — — • When the angular 

velocity increases fastest, it appears from this that r= 



PROF. XXXII. 



y . . . « 



(105.) To investigate tie law of farce, velocity, fyc. in the 
conic sections, the centre being the centre of force* 

.... : . .......".' - . ■ » 

By the polar equation of the curve, the centre being the 
pole, we have 

a\(l-e>) ..'....-. 

1 £*C0S.*6> i .>•;..-— 

whence 

1 I e*.C08.*CU 

7» - a *(l— e») — a*(l— <?*) " 

t s * i 1 1 . / ... : I 

Differentiating this* squaring,- and dividing by r 4 , we 
have 



a* 
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ifr* -' __ g*«cos.*«* ' g»«sin.*«t» ;; > 
r*rf w *"-a*.(L— <?*)' a*(l— **) #r ^ 

* * 

Eliminating by the equation of the curve, we have : 

% * 

dr* 



r+d 



--i—L— 1\ fl i.1 * 

w*-(a»(l— **) r*/ * \r*~~a*f'^' 



and from this, by differentiating, 

dr* . dr rdr 

d ' 2r*dw* -~P ~a+. {1—e*)' 

Introducing this value in formula (14), we have 

h'.r 

F— — . 

*-a\(l— e*) 

' t 

In the hyperbola the force is repelling, or F= — 
h*.r 



a \(e*—l) 

h* 

In general, let 4 ,,. ^ s=/i y and we have in the cen- 
tral conic sections F==±=/ir; and therefore F varies di- 
rectly as the distance from the centre of force. 

This expression may easily be determined by any of the 
other formulae for the force given in the preceding sec- 
tion, Fot instance, formula (8) may be used for the pur- 

1 V* 
pose as follows. In the central conic sections z* s ~£7* = 

a , a , and therefore 

dp r 

p*dr •— a*b* J . 
from which 

A'.r h*r , 

r *~<F3* = a 4 (i— e*)* 

the same as above. 
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(106.) Tooto^rtihtunUty — 
The chord of curvature through the centre of the ellipse 
or hyperbola is the parameter of the point, and is there* 

fore equal to , and sin. a 0:s-5T73 • Hence from for- 
mula (IS), we have 

F r* 



<f> - a*b % 

(107.) To determine the paracentric velocity* — From for* 
mula(16), and the above investigation of the force, we 
have 



it. r*. e*. sin.*a>. cos**<u 
'.^= C J3 



From this and the equation [of the curve the max. and 
min. values may easily be determined. 

(108.) To determine the velocity. — Putting for F and C 
their values in form. (17), we have 

v s v. </JL 

And by form* (IS), 

t> V 
7 = 7" 

(109.) To compute the angular velocity. — By form. (19), 
we have 

ab^fi . o a*b* 

The quantities a and a', as also F and <p y are equal when 
(110.) To determine the time.— We have 





r*dw 

dt = h 


by form. (21). 
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Introducing rectangular for polar co-ordinates, we have 

y.dx — xdy 



dt= 



a*. *n. (I—**) 



The equation of the ellipse referred to its centre is 
a y + &*#* = a % b*. By this we find 

ab. dx 

Therefore, 

dx 

dt— \,~ A/ -r ~ > since a. vi — e*zzb. 

VfA. *a*—x* 

Integrating, we have 

1 • -i* 
Vp a 

We add no constant, as we consider t and x to commence 
together, or in other words, count the time from the ex- 
tremity of the axis minor. 

From this it appears that if several concentric ellipses 
have the same axis major, the locus of the points arrived 
at in a given time after leaving the extremities of the minor 
axes, is a right line parallel to the minor axis. 

For the whole revolution £=77=-, which is therefore the 

same for all ellipses about the same centre. And about 

different centres the periodic times are inversely as the 

square roots of the absolute forces. 

dx 
(111.) In the hyperbola we have dt=z — ,- ,_ = 

In this substitute x — z for ^x* — a*, and we have 

dz 
dtzz .— — • 
v p. z 
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Hence, integrating and restoring its value for z, we find 






} 



the time being supposed to commence when xssa. 

Passing from logarithms to numbers, we find x in terms 
of/. We have then 



=H^ Z + < r * V '*) 



Hence in several hyperbolas, with the same axis major, the 
locus of the points arrived at in a given time is a right 
line parallel to the axis minor. 

(112.) We have for the space fatten through externally. — In 
the ellipse A*=a*+£*, and in the hyperbola A*=a*— J*. 
This follows instantly from formula (22), by writing ( — 1) 
for n 9 arid for C its proper value ; and using the negative 
sign in the ellipse where the force is attractive, and the 
positive in the hyperbola where it is repulsive. 

The locus of the points is in both cases a circle, which 
becomes a point in the equilateral hyperbola, and ima- 
ginary if b > a. 

(113.) For the space fallen through internally. — If w4 
substitute in form. (23) for n and C their values, we rea- 
dily obtain in the ellipse A 7 *=r* — V*, and in the hyper- 
bola H'*zzr*+V % . The locus is in both cases the same 
as the locus of the intersections of the parameters with their 
respective diameters, which is a species of Lemniscata. 

(114.) To determine tfie increment of the linear velocity.— 
From form. (24) we can easily obtain 



y aW 



r*.V 



This being differentiated, and the result equated to cypher, 
the result for the max. value is 
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(115.) For the increment of the angular velocity. — By 
form. (25.) we have 

r 
This quantity is obviously greatest when p=-^; or if 

the angle under the equal conjugate diameters be equal to, 
or greater than 45°, it is greatest at their extremities. 

PROP. XXXIII. 

(•116.) To investigate the law of force in the curve whose 

. . a.(l—e>) 

equation ts rzz _ , • 

* l+lCOS.0l<tf 

By differentiating and squaring, 

dr* wi*^*.sin.*ma> 



d. 



ence 




r*da>* 


~ a\ 


.(1- 


-*»)* ' 


» 




dr* 


m 3 


.^.sin.m€i>. cos. m<ii 


rrfdr 


0- 


i 


2r+dm* 


™^ 


a\ (1- 


-*) 




- 1* 


~ <*.(!— «*) 



} 



Substituting this value in formula (14), we, have 



r lt ( 1— w» m % 1 > 

F = A M-iT-+xTi=7rvr 

This is the equation of the moveable ellipse and the law 
of force therein, as it is given in the ninth section of the 
Principia* 
The other conditions of die motion, such as the velocity 
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time, &a may be determined as in the preceding ex- 
amples. 



' s 



PROP. XXXIV. 



. | : ■ -j ■ •■ 



» . 



(117.) To investigate the law of force in the $pinal'of 

Archimedes.' ' 



• .,,.., 



The equation of this spiral is r s**>. Differentiating it 
and squaring, we have ~ • - 

dt> <t 

and therefore, 

dr* Zddr 

iL 2r+du?- r* * 
Introducing this expression in formula (14), we have 



f-*u-£s 



The two last propositions give us instances of the force 
varying as two powers of the distance. 

It would be easy to enlarge upon the subject of this sec- 
tion, but the cases that have been given may suffice to ex- 
emplify the formulae of Sect. Ill,, as applied to the direct 
problem of central forces. Our next object shall be to 
exemplify them on a more enlarged scale in their applk 
cation to the inverse method, which is incomparably thoj 
most important part of our subject, as it directly leads to 
the determination of the true motions of the bodies of our 
system, and of their places for any assigned epoch. 
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SECTION V. 

ON THE INVESTIGATION OF THE ORBITS DESCRIBED BT 
BODIES, *HEN THE LAWS OF FORCE AND THE INITIAL 
CONDITIONS OF THE MOTION ABE ASSIGNED. 

(118.) We shall next proceed to the inverse method of 
central forces, or the discovery of orbits from given laws 
of force. This section we shall divide as the preceding one 
into the cases of a force acting along a system of parallels, 
or in other words, tending to an infinitely distant centre ; 
and of a force tending to a given centre, and Varying as 
some function of the distance therefrom* 

§L 

JPROP. XXXV. 

(119.) When the force is constant, and acts along a system of 
parallel lines, to investigate the nature of the orbit de- 
scribed by a material point projected obliquely to the direc- 
tion of the force. 

Assuming as axes of co-ordinates two right lines through 
the point of departure, one coinciding with the direction 
of the force, and the other perpendicular thereto, we have 
then 



d*y 



<frx 
=0. 



df ~ *> df 

The first integrals of these equations are 



dy dx 

m =-gt+b 9 Tt =c. (a) 



Integrating a second time, we obtain 



ikct. y. invebse central forces* \6l 



■ >• 



We introduce no constants in this 'second integration, 
since, having selected the origin at the point of departure, 
% jf 9 and t vanish together. Eliminating t we obtain 

b g.a? 

(120.) This is the equation of a parabola with its axis 
coinciding with the direction of the force, which is there- 
fere the required orbit. Thus we see how the nature of 
die orbit is determined merely by the law and the absolute 
value of the acting force. To determine its form it is ne- 
cessary to assign values to the constants b and c. 

dy dx f 

Since -n and -tj are the components of the velocities 

along the axes of y and x respectively, it appears by equa- 
tions (a) that b is equal to the former component at the 
origin of the motion, an^that c is always equal to the 
latter. Let the velocity of projection be 0, and the angle 
which, its direction makes with the axis of x, then 

b = a. sin. 0, c = a, cos. 0, 

and therefore the equation of the curve becomes 

(121.) The force of gravity at the surface of the earth, 
if we abstract the air's resistance, is a force of the descrip- 
tion mentioned in this proposition, as the lines along which 
it acts converging to the earth's centre may be considered , 
parallel without any sensible error. 

(122.) The equation of a projectile at the earth's sur- 
face may also be arrived at as follows : — assuming an ho- 
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rizontal line as axis of x, and a Vertical one as axis of y, 
and the point of departure as origin ; if the force of gra- 
vity did not act, we should havej/=,r. tan. 0, but the ac- 
tion of gravity diminishes this value of y in the lime t, by 

the quantity *x- • Hence we have for the equation pf 

the orbit 

y=zx.tato. — ~- 4 (1) 

Since the horizontal component of the velocity is uniform, 
we have xxzt.a, cos. 0. whence the equation may be written. 

Or denoting by h the space through which the velocity a 
would be acquired, we have 

v=#.tan. — 77 -tk * (2) 

•* 4 A. cos«'0 v ' 

(12S.) By making ^=0 in this equation, we obtain the 
horizontal range x=2k. sin. 9|| : and therefore denoting 
the co-ordinates of the vertex by V, y, we obtain 

x f = h. sin. 2 0, and y = h. sin/0. 

Since in the parabola the tangent bisects the angle 
under the focal radius vector and diameter, it will readily 
appear by constructing the figure that the distance from 
the origin to the focus is equal to h. Hence, denoting the 
co-ordinates of the focus -by #",y, we shall have 

*" =h. sin. 2 0, y = A. cos. 2 0. 

(124.) Let be the angle at which a right line in the 
plane of the projectile is inclined to the horizon, and b the 
distance along the axis of y 9 of its intersection ; then the 
equation of this right line is 
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To determine the intersection of the path of the projectile 
with this line we need bat equate the values of y in both, 
and solve for cr. We thus obtain the values of x and y as 
follows : 



Vc»> 

The time may be found by dividing the value of x 9 thus 
obtained, by the horizontal component of the velocity. 
This gives us 

*= V " {sin. (0— 0)=±*/ sin.*(0— #)-j- cos.*0 f (4) 

(125.) 7b determine the direction of projection that the 
abscissa of the point, where the projectile meets a given line, 
may be a maximum. — Equatj^r the values of y we hate 




In tins equation it is required to determine 0, so that x 
be a maximum. For this purpose let us differentiate, con- 
sidering rfx=0, and we obtain thus 

2k 
tan. 9 

Substituting this value for ,r in equation (6), we obtain 



A h. tan. 4>dtz ^ h\ sec*6 — hb 
tan.0= T — j^ b (5 

If b = 0> -tan. = tan. <p =fc sec. tf> = tan. £ (^±90). — Trig. 
p. 14. Hence the direction which produces the greatest 

X 
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SECTION V. 

ON THE INVESTIGATION OF THE ORBITS DESCRIBED BT 
BODIES, ifrHEN THE LAWS OF FORCE AND THE INITIAL 
CONDITIONS OF THE MOTION ARE ASSIGNED. 

(118.) We shall next proceed to the inverse method of 
central forces, or the discovery of orbits from given laws 
of force. This section we shall divide as the preceding one 
into the cases of a force acting along a system of parallels, 
or in other words, tending to an infinitely distant centre ; 
and of a force tending to a given centre, and Varying as 
some function of the distance therefrom* 

1 1. 
JPROP. XXXV. 

(119.) When the force is constant, and acts along a system of 
parallel lines, to investigate the nature of the orbit de- 
scribed by a material point projected obliquely to the direc- 
tion of the force. 

Assuming as axes of co-ordinates two right lines through 
the point of departure, one coinciding with the direction 
of the force, and the other perpendicular thereto, we have 
then 

d*y _ &x 

The first integrals of these equations are 

dy dx 

Tf =-gt+b, Tt =c. (a) 

Integrating a second time, we obtain 
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f 

We introduce no constants in this 'second integration, 
since, having selected the origin at the point of departure, 
s> y, and t vanish together. Eliminating t we obtain 

b g.a? 

(120.) This is the equation of a parabola with its axis 
coinciding with the direction of the force, which is there- 
fore the required orbit Thus we see how the nature of 
the orbit is determined merely by the law and the absolute 
value of the acting force. To determine its form it is ne- 
cessary to assign values to the constants b and c. 

dy dx f 

Since -jt and -tj are the components of the velocities 

along the axes of y and x respectively, it appears by equa- 
tions {a) that b is equal to the former component at the 
origin of the motion, ang^ that c is always equal to the 
latter. Let the velocity of projection be 0, and the angle 
which, its direction makes with the axis of x f then 

bzna. sin. 0, c = 0. cos. 0, 

and therefore the equation of the curve becomes 

(121.) The force of gravity at the surface of the earth, 
if we abstract the air's resistance, is a force of the descrip- 
tion mentioned in this proposition, as the lines along which 
it acts converging to the earth's centre may be considered , 
parallel without any sensible error. 

(122.) The equation of a projectile at the earth's sur- 
face may also be arrived at as follows ; — assuming an ho- 
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rizontal line as axis of x, and a Vertical one as axis of y, 
and the point of departure as origin ; if the force of gra- 
vity did not act, we should have j/=j:. tan. 0, but the ac- 
tion of gravity diminishes this value of y in the lime t, by 

the orbit 



O IT 

the quantity *j- ' Hence we have for the equation of 



^=x.tan. — —-* (1) 

Since the horizontal component of the velocity is uniform, 
we have xzzt.a. cos* 0. whence the equation may be written 

Or denoting by A the space through which the velocity a 
would be acquired, we have 

(12S.) By making yssO in this equation, we obtain the 
horizontal range x=2k. sin. SNfc'ftnd therefore denoting 
the co-ordinates of the vertex by V, y, we obtain 

# ' = h. sin. 2 0, and y = A. sin/9. 

Since in the parabola the tangent bisects the angle 
under the focal radius wctor and diameter, it will readily 
appear by constructing the figure that the distance from 
the origin to the focus is equal to k. Hence, denoting the 
co-ordinates of the focus -by #",y, we shall have 

x"=h.%in.20, yzA.cos.20. 

(124.) Let be the angle at which a right line in the 
plane of the projectile is inclined to the horizon, and b the 
distance along the axis of y 9 of its intersection ; then the 
equation of this right line is 

* 

y*zf. tan* 
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To determine the intersection of the path of the projectile 
with this Hoe we need bat equatfrike value* of y in both, 
and solve for x. We thus obtain tbe values of x and y as 
follows: 



The time may be found by dividing the value of x 9 thus 
obtained, by the horizontal component of the velocity. 
This gives us 

*= </^. {sin. (0— 0)=±=V sin.*(0— #)— £• cos.*0 f (4) 

(125.) 7b determine the direction of projection that the 
abscissa of the point, where the projectile meets a given line, 
may be a maximum. — Equator the values of y we hate 




,. tan. *+i=*. emir- j^—ig- (4) 

In this equation it is required to determine 0, so that x 
be a maximum. For this purpose let us differentiate, con- 
sidering rfx=0, and we obtain thus 

tan.0 
Substituting this value for ,v in equation (b) 9 we obtain 

^ h. tan. (hdtz^h\ sec**6 — Kb 
tan.0= r - v ^ r (5 



If 6=0* -tan. 0=tan. tf>=±=sec. #=tan. £(^±90).— Trig. 
p. 14. Hence the direction which produces the greatest 

X 
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range* is that which bisects the angle under the line from 
the origin, and the axUof y. And if the range be hori- 
zontal, the angle of elevation must be 45°. 4 

(126.) To determine the value of the maximum range. — 
The range along the plane is equal to the abscissa of the 
point where the projectile meets the plane divided by the 
cosine of the angle of the plane's elevation. But the ab- 

scissa answering to the max. range is — — , ., there- 
fore, if R denote the max. range, we have 

R—S- • (6) 

1+sin.^ v ' 

(127.) To determine the range along a plane through the 
origin, and the time of describing it. — We have for this 
&=0 in equations (3), and #=R. cos. <f>, hence 



(7) 



p _ 4A. sin. (0 — ft), cos. 
"" cos.*ft 

And by equation (4), . ^. 

w 

/Wh 2 sin. (0— A) R.cos.6 

g cos. <f> ^2gh. cos. v ; 

Let us suppose another elevation, W 9 to produce an 
equal range, then from formula (7) we have 

sin. (0 — ft), cos. = sin. (0' — ft), cos. 0', 
or, 

sin. (2 — ft) — sin. ft =s sin. (2 0' — ft) — sin. ft. 
Hence, 

2 0— ft = x— ^O'— ft), 
and consequently, 



• We mean by the range the distance from the origin to where the projectile 
meett the given line through the origin. 
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% 

This shews us that if the velocity of projection be given, 
there are two elevations that give#qual ranges, and that 
the directions of these elevations are equally inclined to 
that direction which produces a max. range. 

(128.) A body being prqjectedfrom a point above an hori- 
zontal plane, to find where it meets it. — For this purpose it 
is only necessary to suppose ^=0 in formula (3), and to 
change the sign ofb. This gives us 



=2 h. cos. |sin. 0=±=V sin.*0+ jj 



and 



t= +f — . |sin. 0=fc=V sin.*0+ ^ \ • 

To determine the direction of projection that will maker 
a max. in this case, we make similar changes in formula 
(5), whence we obtain 




ta *-&— h+b 



Hence the angle which gives 4he greatest range in this 
case is less than 45°. 

(129.) A body is projected in a given direction with a given 
velocity from the summit of a paraboloidal hill, to find where 
it shall meet it. — Referring the parabola, which is a section 
of the hill, to the horizontal and vertical lines as axes of 
co-ordinates, its equation is x % — — py 9 where p is its para- 
meter. Equating the value of y from this with the value 
of y from equation (2), we obtain 

2ph. sin. 20 
X ~p — 4 h. cos.*©" 

If 4 h. cos. a =p they never meet, since x is infinite. In 
this case the two parabolse have equal parameters, since 
4 A. cos.*0 is the parameter of the projectile's path, as is 
obvious from Art (123.) 
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If 4 A. cos.*0 >p the carves diverge, end if the path of 
the projectile be contimed backwards it iutersects the 
hill. 

In the same way we may find where the projectile meet* 
any curve in the same plane with it, whose equation is 
given. 

(130.) A body is projected from a given print with a given 
velocity, tojind the direction that it may just touch a given 
line. — Let the equation of the given line be y =a\ tan. <p + b. 
Then since at the point where the projectile touches the 
plane we must have the co-ordinates common, we have 

x* 
x. tan. t+b = x. tan. 0- ^ cQg ^ • 

Also, since the curve and the line touch, we must have 
t~ the same for both ; hence we have 

Eliminating x between thesqHr equations we can easily 
deduce ^^ 

sin. (0-4)=*=</ b - 8iD ' » ^II-- i=% /™ili. 
r h 2h 

It appears from this that there are two directions which 
answer the required condition. 

(131.) A body is projected from a given point with a given 
velocity, required the direction that it may strike a given line 

perpendicularly.— In this case \J*\ of the curve is equal 
t0 \ — dy) °^ t ' le " ne > hence we have 

and therefore 
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2i. cos, ft. cos, (ft— ^) 
*"" sin.^ -• 

Equating the values of y, and substituting this value for x> 
we have 

2 A. cos, 0. cos. (ft-^) , _ 2.^. sin. 0. cos. (ft — ^) 
cos.^ "" sin.^ 

£.cos. a (ft— ft) 
sin.*ft 

from which may readily be deduced the following, 

n tn *\ a * * - « /a ^x ^+i.tan.A.sin.20 
cos. 2. (ft — ft) — 2. tan. ft. sin. 2. (ft — ft) = -1- 2- 

and from this (ft — ft) may be found 

(1S2.) Given the direction of projection, it is required to 

Jind the velocity that the projectile may pass through a given 

point. — Let a and /3 be the co-ordinates of the given point. 

Substituting these for x andy in equation (2), and solving 

for a*, the result obtain! 




a* = 



2cos.*ft.(o.tan.ft— j3) ' 



(133.) To Jind the direction, given the velocity of projec- 
tion, that the projectile may pass through a given point whose 
co-ordinates are a and /S.-^— Substitute o and /3 for x and 
y respectively in equation (2), and solve for tan. ft. The 
result obtained is 

. 2 hdtz ^XhF^Ah B—a* 

tan. ft= • 

a 

(134?.) To Jind the locus of the vertex when the direction 
of projection is given. — Eliminating h from the co-ordinates 
of the vertex obtained in Art. (123)3 we obtain 

^7 = £.tan.ft; 
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m 

and therefore the locus required is a right line through 
the origin. 

(185.) To find the locus of the vertex when the velocity of 
projection is given* — Squaring the value of a/, we have 

a/* = 4A*.sin.*0(l— sin. a 0), 
but 

sin.*0=4-5 
h 

therefore, 

o/*=4A/(l-^), 

and consequently 

Hence the locus required is an ellipse with the origin at 
the lower extremity of the axis minor. The axis major is 
horizontal and equal to 2h, and the axis minor is vertical 
and equal to h. 

(186.) To find the locus of the foci when the direction of 
projection is given. — By divisjoyre have 

^ = cot 20, ^ 

and therefore the locus required is a right line through the 
origin. 

(1S7.) To find the locus of the foci when the velocity of pro- 
jection is given. — Squaring the values of a?" and y" 9 and 
adding them, we obtain 

x"* +y" 2 = A% 

whence the locus is a circle. 

(138.) Given the direction of projection, to find the locus 
of the points arrived at in a given time. — By equation (1) it 
appears that the locus is a right line parallel to the direc- 
tion of projection, and intersecting the axis of y at a dis- 

tance from the origin £ • 
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(159.) Several bodies are projected in the same direction 
with different velocities 9 find the path traced out by their com- 
mon centre of gravity. — Taking the direction of projection 
and vertical as axes of co-ordinates, the equations of the 
several parabolas axey*=px 9 y*=rp'#, &c; let^ be the 
ordinate of the centre of gravity. Then by the theory of 
the centre of gravity we have 

2. my 

and therefore, 

,__ 2. m*y* + 2 2. mm'.yrf _ 2« m*p +22. mm', ^ pp/ 
*'~ (2.ro)* "" (2.0t)* *=?/•*• 

Hence the locus required is a parabola whose parameter 
is p r 

(140.) Given the velocity of projection, find the locus of the 
points arrived at in a gven time. — Since xzzat cos. & we 
have 

and consequently 

*V**— x* 



x 



tan. 0= 



x 



substituting this value for tan. in equation (1), we have 



Hence the locus is a circle with its centre on the axis ofy, 

at a distance below the origin equal to —g-, and the radius 

of which is at. 

(141.) Bodies having run down the chords of a circle 
whose radius is r, pass into a vacuum, find the locus of the 
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points arrived at in a given *»»*•«•— The Telocity in this 
case is 

*/gr. sin.©, 
therefore, 

xzz ^gr. cos. ft sin. ft *, 
and by the equation of the curve 

y=#. tan. 9 — — o— • 
By the latter equation 

ton A- -y+ m 

tan. 0= 9 

a; 

#/* 
(m denoting -rr- ) ; and therefore by the former we have 

Hence the equation of the required locus is 

This is the equation of a circle whose centre is on the axis 

ofy, at a distance from the origin equal to — Im ^J, 

and the radius of which is ^m* + lgri*. 

(142.) Several ineKned planes being drawn from the origin 
of 'co-ordinates, Jind the locus of the extremities of the maxi- 
mum ranges on them.-~The length of a maximum range on 

2h 
a plane of given elevation is, by Art (126.) a . . — -• If 

the elevation be supposed variable, and R equal to its 
length, the polar equation of the required locus is 

R = - , . — - • This is obviously the equation of a para- 
bola referred to its focus, the axis being vertical, and the 



1ECT. V. IMTXR8X CE1TTJUI* FORCES. 161 

vertex of the locus at an altitude above the origin equal 
to h. 

This locus is obviously the parabola which would gene- 
rate a paraboloid to touch all the parabola?, described by 
bodies projected from a given point with a given velo- 
city. 

(143.) Jhoo bodies are projected with given velocities and 
in given directions from the same point, find the locus of their 
centre of gravity. — Since gravity acts equally on each of 
the bodies, they have the same abscissa at the end of the 
same time, and their ordinates are to each other as the 
velocities of projection. Moreover, the angle at which 
these ordinates are respectively inclined is given, being 
equal to the difference of the angles of elevation. Hence 
the triangle formed by these ordinates, and the line join- 
ing their extremities is given in species, and consequently 
the locus of the point dividing the base in a given ratio 
is determined. This locus in the present instance is a 
parabola. 

This proposition containable full theory of projectiles 
in vacuo, when the force acts along parallel lines. These 
hypotheses are not strictly conformable to the true case of 
nature, as the directions of the force converge to the 
earth's centre, and as the motion takes place in a resisting 
medium. The error arising from the latter cause is, how- 
ever, incomparably greater than from the former, so much 
so that the deviations which take place from the results 
obtained by theory are frequently equal to half the results 
themselves. It is, therefore, indispensably frecQSsary in 
order to arrive at results at all practical to consider the 
resistance which is afforded by the atmosphere to the 
motions of projectiles. This we propose to do in a note 
on this part of the present treatise, to which the reader is 
referred^ 



162 ANALYTICAL TREATISE. SECT. V. 



PROP. XXXVI. 

* 

(144.) To investigate the orbit when the force acts along a 
system of parallel lines, and varies inversely as the cube of 
the ordinate to a given line. 

For this case the differential equations become 

d*y_ j^ d*x 

Integrating the latter, we have 

x zzct •{-</. 

Let o, Fig. (44), be the point of projection, and mn the 
line to which the ordinates are applied, then c denotes the 
component of the velocity at o parallel to mn 9 and d shall 
be equal to cypher if we assume the origin at m 9 and date 
the commencement of the motion from o. Hence we 
have 

x = ct. 

Eliminating dt from the former of equations (a) 9 we 
find 

c*d*y u 

dx* ~" y l * 

Multiplying both sides by 2dy 9 and integrating, we ob- 
tain 

dx* " sc ^ +u 

Let the line om=m, and let the component of the ve- 
locity at o 9 parallel to the axis of y 9 be b 9 and we have 
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. £L 



Eliminating C, and solving for dx 9 we find 

cmy.dy 
dx— 



^z±zfim*+(m*b*zzzfi)y* 



Integrating this, and determining the constant from the 
known value of 3/ when <r=0, we find 

cm . r cm 3 b 

XZZ—rr-z • V: 



cm 3 6 
(14-5.) Take in the figure i»»=—a73 * (unless !»*&* — /x 

=0), and change the origin to the point v. Then the 
equation of the orbit becomes 

c*m 4 u 
(w*6*=rx). x>—c*m>y* = (w » y=R|) • 



This is the equation of a central conic section, an ellipse 
if »i*6*=pf4 < 0. and an hyperbola if > 0. 

(146.) If w»*6*— <-/i=0, the orbit is a parabola, whose 
equation is 

2 ^Jtl. xszcy* — cw*. 



cwi* 



Take in the figure mv 2 — ^-, and change the origin 

^ w ff 



to v, and the equation becomes 

v*= — —•*• 

Hence v is the vertex of the parabola. 

(147.) If the force be repulsive, or fx positive, the orbit 
is necessarily an hyperbola. 
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(148.) If the force be directly as the cube of the ordi- 
nate, we shall have to integrate the equation 

c. ^3. dy 



where m, b, and c denote the same as in the preceding. 

Taking the case when bzzjjim 4 , the equation becomes, 
by integration, 

axy — c. V -. w+flcV -=0. 

This is the equation of an hyperbola with the axis of x 9 an 
asymptote. 



PROP. XXXVII. 

f 149.) To investigate the orbit when the force acts along a 
system of parallel lines, and varies inversely as the square 
qfthe ordinate. 

Prom the differential equations we can easily obtain for 
this case 

dx* y m """ ' 

where c, m, am} 5 denote the same as in the preceding 
examples. Hence we have 



j^my.dy 



* M T T • 

v 2i»fc — (2p—mb*).y 



Multiplying above and b$low by ^y, and integrating ** 
in Art. (24 ..), we find if we denote by » the quantity 



2u—mlf f 
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JmW*1-»«M 



If we conceive the origin to be at the point where the 
curve intersects the axis of x 9 we may neglect the con- 
stant ; and then we have for the equation of the curve 

* / 2 f M>y—y* =sin. \ — — ^2mn*y—y*} • 

This is the aft*t general equation of the cycloid. 

(150.) If in this case mb=2fi 9 the equation of the curve 
is 

or taking the origin where the curve cuts the axis of*, 
This is the equation of th6 semi-cubical parabola. 



PROP. XXXVIII. 

(151.) To investigate the orbit when the force varies as the 

ordinate to a given line. 

In this case, proceeding as befbrfc, we have 



c*d*y 



dx : 
Integrating this, and sdlviiig for Jx, we find 



cdy 

4k3tj*-7^ ii. r ' 

v im*+lt — py* 



Hence 
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g=-^-sin.-» /' /,, +C. 

The constant C may be neglected if we take the origin 
where the curve intersects the axis of x. This gives us 

3/= V <- • sin. — — • x. 

The general equation of the sinusoid. 

If the force be repulsive, the equation to be integrated 
is 



dxzz 



dy 



the integral of which is 



^=^-log.{v / y+^^- t y} +C 



If &*=|Lttf»*, we have 

edy 

and therefore 

which is the logarithmic curve. 



PROP. XXXIX. 

(152.) To determine generally in what cases the equation of 
the orbit can be determined injlnite terms 9 a point being 
attracted along a system of parallel lines. 



Let the force be -^, then, as in the preceding ex- 
amples. 
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dx* ~" y 1 " 
Multiplying by 2dy 9 and integrating, we have 

dx* ~n— 1 jT" 1 " 1 " 

c*dy* 
Let -r5r be represented by b* when yszm 9 then 






Hence we have 



As appears by writing ^'^1 for (^ # ;^=i— **)• 
Hence the expression to be integrated is 



»— i 



This formula is precisely of the same form as that given 
in Art (32.), p. 106, of this Treatise, and is therefore in- 
tegrate for the same values of n. 



(158.) It has been found in Art. (27.) that when the 
force is directed to a single centre, and varies as some 
function of the distance from it, we have the following 
equation to determine the orbit, 

, (d*u \ F 
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From this equation it is theoretically possible to deduce 
an equation between u and w by the integral calculus. 
Such deduction is difficult in most cases, and frequently 
impossible, as the integrations required often transcend the 
limits of the calculus in its present state* There are, how- 
ever, many cases in which the nature gf the orbit may be 
determined without much difficulty, and these we propose 

to make the object of this part of the present Treatise* 

PBOP. XL. 

(154.) To determine the orbit when the force varies inversely 
as the square of the distance from the centre. 

In this case F=— -fiu* 9 and consequently equation (a) 
becomes 

(d % u \ 

(155.) If the orbit described be a circle, we have A*w=/u, 
and consequently A*= fi r. Since A* = v*r*, we have also 

i^ = -, but the velocity in falling from infinity with this 

law of force in a right line is -— , and therefore the velocity 

in the circle is half that acquired in falling from infinity. 

(156.) Multiplying equation (b) by 2du 9 and integrating, 
we obtain 

in which 4* denotes an arbitrary constant, whioh may b$ 

(du x \ 

is obviously the square of thei velocity, and since 2(iu is 
the velocity from infinity, we have in the first case the 
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square of the velocity equal to that from infinity ; in the 
second, less ; and in the third, greater. Conformably to 
this distinction we may enumerate three distinct species of 
curves described with this law of force* 
(157.) From equation (c) we have 

h. du du 

rfqj = —7= ==7= — 7 ■ ' " i f "T| * 



'^tf-a-tt-) 



The integral of .this gives us 

fi — hfu 



w — u=cos. 



V tf » — AW' 



XT 1 

Hence substituting - for u 9 and solving for r, we obtain 

K 

v— A /-« — r*r 7 % * V*) 

fi— v jti 1 -— h¥. cos. ( w— v) 

Assume r=- — — 7—^ — r, which is the ecruatton of a 

I— * cos* (a**— »/ n 

conic section* the focus being the pole* This equation is 

of the same form as equation (d) % and may be identified 

with it by muking a. (I— e*)*^ 9 and e*±— - • 

(158.) The elements sufficient to determine the orbit in 
nature and inform are five: — the law of force; the abso- 
lute force, or force fi at the unit of distance ; the initial 
distance ; the velocity of projection ; and angle or direc- 
tion of projection. Two df these elements, the law of 
force and absolute force, have already been used in deter- 
mining the nature of the orbit, and the form we shall next 
proceed to determine? by kttiftdueing the other three. 
We shall apply these demerits to determine the constants 
Jc and h in each of the species above mentioned. 

(159.) Species 1. — Let k* > 0. It is obvious that the 

z 
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curve in this case must be an ellipse, since e < 1 . To de- 
termine it, let xf be the velocity at the commencement of 
the motion, I the distance from the centre of force, and 
the angle of projection ; then by equation (<?), we have 

we have also 

A=t/./. sin. 0, 

and consequently substituting these values for h and £*, 
we have the values of a and e in terms of the initial con- 
ditions of the motion, viz. 



Ill . 7, */»*». sin.»0 fiii V 

or substituting for xf* in terms of a 9 & and /, we have 



e 



-*-&-&+« 



Vide Mec. CeU p. 191. 

It appears from the above results that xf 9 l 9 and /j. being 
given, a is determined, and must ever remain invariable ; 
and (which is rather a singular circumstance) it is inde- 
pendant of the angle of projection. It also appears that e 
is determined, and must remain invariable; but it is not, 
like a 9 independant of 0. 

(160.) In the value of h 9 substituting for xf in terms of 
ft, /, and a, we obtain 



u.(2a— I). I . 
A* = — • sin.* 

but 



sin.*0, 



. %a a*. (!—*») 
(2 a — I). I 

* 

by the properties of the ellipse, hence 

A*ssjua.(l—e»). 
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did? uV^ 

(161.) Since j-g = £^j , we have from equation (c) the 

following equation for determining t, putting for h % and 
P their values, 

/a rdr 

dt=*S -. 



M ^a*e* — (r— a)* 

Precisely the same equation that has been integrated in 
the direct problem, Prop. 31, Art. (97). 

The various affections of a body describing this curve, 
having been fully discussed; iaTrop. (31.), it is needless to 
repeat them here. The atjpm determination of t/, //, and 
t are sufficient to shew that the elements and conditions of 
any curvilinear motion are equally determinable, whether 
we commence with the direct or the inverse method of cen- 
tral forces. 

(162.) Species 2. — Let &*r=0. In this case the curve is 

obviously a parabola referred to its focus, and the para- 

2A* 
meter of which is — • Denoting this parameter by 4 D, 

we have 

D= — tt= — , and A=v2/xD. 

^2jLt 

The velocity, time, &c. may be determined as above, or as 
in Prop. 31, Art. (99). 

(163.) Species 3.— Let k* < 0. The curve is an hyper- 
bola, and the values of the different elements are deterr 
mined mutatis mutandis, as in Species 1, or in Prop. 31. 

(164.) Since the square of the velocity from infinity is 

— , it is obvious from equation (c) that in the ellipse the 

square of the velocity is less than that from infinity, and is 
that which would be acquired in falling. through the space 
(2a— r). In the parabola, for the sam§ jrepson, ,the square 
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of the velocity is that which would be acquired in falling 
from infinity. In the hyperbola it is greater than that 

from infinity, by the quantity - • 

(165.) Since h is equal to fi.£L, by Art. (87.), it is ob- 
viously the same as in a circle whose radius is \ L. The 
mean angular velocity is equal to that in a circle whose 
area is equal to that of the ellipse described, and con- 
sequently the angular velocity in the ellipse becomes 
equal to the mean angular velocity at a distance equal to 



■T— -^^T» 



a. 4 VI — e*. TTie moving point, when it arrives at the 
extremity of the focal onttjlfe would describe a circle, 
but that the direction of thSTnotion is not perpendicular 
to the radius vector ; and arriving at the extremity of die 
axis it would describe a circle, but that the velocity, &c. 
are not those requisite for circular motion. 

It may not be unnecessary to remark, that if fi be nega- 
tive, or the force repulsive, If is essentially negative in 
equation (c), and consequently the curve described an hv* 
ptrbola. The curve is the opposite hyperbola to that de- 
scribed with an attractive force. 



PROP. XLI. 

(166.) To determine the orbit when the force varies direct ly 

as the distance from the centre. 

Writing jj in formula (26), Sect* III. we have 



V 



tfu 



Using the upper sign when the force is attractive, and the 
lower when it is repulsive. Multiplying by 2du 9 and in- 
tegrating, we have 
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Hence 

udu udu 



dutzz 



Integrating this, we obtain 



u> — B = i. cos. 






Or taking the inverse ftutMR, we find 






y: 



-*a**a**M*B*- 



i* 4 =?= ■^■' cos. 2. (w— i>)= '.i*— w». 
Hence introducing r for - we find, after reduction, 



r"= 



2A 



The polar equation of a conic section, the centre being 
the pole, is 

1 — e*cos.*(<ki — v) 

Identifying this with equation (c) 9 we can determine the 
semi-axis a 9 and eccentricity e, by the equations a*(l — **)= 

The orbit described shall be an ellipse or hyperbola, 
according as e* < or > 1, that is, according as we use the 
upper or the lower sign ty the quantity p. This is the 
same as to say, if the force be attractive the orbit is an 
ellipse, and if repulsive an hyperbola* 
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If k* be negative in equation (b) 9 p must be negative, 
and consequently positive in the value of**, and therefore, 
the curve an hyperbola. This points out a remarkable 
distinction between this Prop, and the preceding, since the 
difference of species in the preceding depends upon the 
sign of k* without any regard to p, and the reverse is the 
case in the present problem. 

We shall now proceed to make use of the conditions to 
determine the constants k and h in each of the above 
species. 

(167.) Species 1. — Let fi > in eq (b). The curve is 
in this case a central ellipa^gjve e < 1. Let tf 9 /, and 
denote the same as in thflH^Rceding Prop., then since 



A*.(-r- %+u % 1 is the square of the velocity for any value 

* 

of it, we have 

and we have also 

h rzr/.Z. sin. 0. 

Introducing these values for h and £* in the above ex- 
pressions for a z (l — e % ) and **, we could determine the 
axes. This may be effected more simply as follows: — 
since at the extremities of the axes dr=0, we have in 

du % 
equation (4), ^—^=0, and consequently the equation be- 
comes 

r 4 — — -r*+— =0, 

or introducing for ft* and k their values, we have the fol- 
lowing equation to determine the axes, 

A i/*+iil* a */*Z*.sin.*0 
(168.) To determine the position of the axes, we need 
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but substitute from this equation for r* in equation (c), 
whence we know (w— v) 9 but we know w for the com- 
mencement of the motion, and therefore we can find v. 

(16.9.) We can now with the greatest facility proceed to 
determine the various circumstances of the motion in 
terms of the semi-axes. Let them be denoted by a and b 

as usual, then by the equation r 4 — — r*-\ — =0, we 
have 

a*+b*=z— 5 
M 

and consequently the vflHy at any time is had from 
equation (b), viz. *"** ' 

as in Art. (108). * 

A* /- 

We have also a*b* = — , and consequently A= a 6. Vji, 

as in Art (109). 

« dw* c^t** • • • 

Since :r~» = 7n#2r» W e ^ ave fr° m equation (£), substi- 

tuting for A* and A their values, the following equation to 
determine /, 

1 rdr 



V]l V—r++(a*+b*)r*—a*b* 9 

write in this expression b*+e*x* for r*, and the result 
gives 

1 da 

Vp V a *—x* 

the same as has been integrated in Art (110.), and ob- 
tained by a different process. 

Species 2, admits of a precisely similar discussion, recol- 

• • • . 

lecting that the curve described in this case is an hyper- 
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From this equation it is theoretically possible to deduce 
an equation between u and w by the integral calculus. 
Such deduction is difficult in most cases, and frequently 
impossible, as the integrations required often transcend the 
limits of the calculus in its present state* There are, how- 
ever, many cases in which the nature gf the orbit may be 
determined without much difficulty, and these we propose 
to make the object of this part of the present Treatise* 



PEOR XL. 

(154.) To determine the orbit when the force varies inversely 
as the square of the distance from the centre. 

In this case F=— fiu*, and consequently equation (a) 
becomes 

(d*u \ 
J^ + ")=*=/* = 0. (b) 

(155.) If the orbit described be a circle, we have A*«=/u, 
and consequently A*= fi r. Since h*zzv*r z , we have also 

i^ = -, but the velocity in falling from infinity with this 

law of force in a right line is -— , and therefore the velocity 

in the circle is half that acquired in falling from infinity. 

(156.) Multiplying equation (b) by 2du 9 and integrating, 
we obtain 

**'(s? + *) — 2 P u + k *=°> ( c > 

in which Jc* denotes an arbitrary constant, whioh maj be 

(du* \ 

is obviously the square of the* velocity, and since 2/uw is 
the velocity from infinity, we have in the first case the 
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scpare of the velocity equ&l to tbat from infinity ; in the 
second, less ; and in the third, greater. Conformably to 
this distinction we may enumerate three distinct species of 
curve* described with this law erf force* 
(157.) From equation (c) we have 

, h. du du 

V^^m—AV-- k" 



: — *• — ="> 1 1'. 1 1 



The integral of .this gives us 

/m — Vu 



w — uncos.** 



Vfjf — ffi*- 



1 
Hence substituting - for u f and solving for r, we obtain 

ra ,— — l.-j, • (a) 

/*— .V/lt-^-M'.cos. (« — v) 

Assume r=- — — — — r, which is the equation df a 

conic section* the focus being the pole. This equation is 
of the same form as equation (d% and may be identified 

with it by making a.{l—&)*rr? 9 and et±— - • 

. ft 

(158.) The elements sufficient to determine the orbit in 

nature and inform are five: — the law of force; the abso- 
lute force, or force p at the unit of distance ; the initial 
distance ; the velocity of projection ; and angle or direc- 
tion of projection. Two 6f these elements, the law of 
force and absolute force, have already been used in deter- 
mining the nature of the orbit, and the form we shall next 
proceed to determine? by intiftdueing the other three. 
We shall apply these elements to determine the constants 
k and h in each of the specie* Above ifienttened. 

(159.) Species 1. — Let k* > 0. It is obvious that the 

Z 
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revolutions. The whole time into the centre from any 
distance being called T, is expressed by the series 

m a* w .sec.0 / 1 \ ( 1 1 a ,.^1 

T =-&r ( l ~-&' { i+ ^ + ^ +8ic - adtn/ 'i 

The sum of this gives us 

_, a* w . sec. r*. sec. 

T= -/= — = rr- • 

The space fallen through ogternally in this curve is in- 
finite, and by fimrala (23),^jlbt III., the value of A' is 

T 

—7= • Hence the locus of the points fallen to internally 
is a logarithmic spiral similar to the given one* 

(175.) Species 2.— Let Ji = * in equation (a). Integrat- 
ing, we obtain 



whence 



2Z~ k > 

m. 

uzzk.ia+k'. 



Now when u=z0 9 or rss <x> , let w=0, then the equation of 
the orbit is rwzzk. This is the equation of the hyperbolic 
or reciprocal spiral. 

(176.) In this case the value of A is equal to that in the 
equidistant circle. The velocity is greater than in the 

equidistant circle, for &=&(-^+u*)=fi.(k*+tf),aiid 

therefore greater than would be acquired from infinity. 

(177.) The paracentric force in this curve is cypher, 
and consequently the paracentric velocity is constant, as 
evidently appears from Art. (61). Hence the orbit de- 
scribed would be a circle if the angle of projection were 
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right. The constant k is easily determined from the initial 
conditions of the motion, for we have 



whence 

(178.) To determine the time, we have 

whence tfr 

Mr 

v fi. cot. 
Integrating this, we find 

/. tan. 

between any required limits, r r and r. If taken between 
the limits &>' and o>, we have 

l_ /l JL\ 

If T denote the whole time to the centre, commencing 
with a> = 27r, we shall have 

_ 1 (1 1 1 o ) 1 

(179.) To construct the actual orbit, let o, Fig. (45), be 
the point of projection, C the centre of force, &c. De- 
scribe an arc ov=k 9 with the centre C and the distance 
Co, join Cv 9 and this line shall be the axis whence w is to 
be reckoned. The curve has an asymptote, for let p be the 
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perpendicular on the tangent, then -£ = «*+ jT3 = ^+f • 

This when u=z0 9 or r x to , gives us jp=t=: Jcot. 0. Hence 

draw a right line parallel to Cv at a distance I cot 0, and 
it shall be an asymptote. The curve intersects the axis 
Cv in an infinite number of points whose distances from 
C are in harmonic progression. 

(180.) Species S.— Let jp- > 1, and A* of the form 
(+7*.iw a ). Then from equation (£), we have 

and therefore 

du 



y. Vu* — m % 

To integrate this, let us assume *^u % — m*=u — z, and we 
readily obtain 

. dz 

yaws——) 

and consequently 

y.w= — log.«+^= — log. [a — ^u % — m*\ +k', 

when u=m let u=a, then 

y«=— log. m+k' 9 
and therefore 

y. (a,-a)=log. -_== l 0g . _ 

Passing from logarithms to numbers we obtain for the 
equation of the orbit 
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(181.) To determine the #K&r. value of f, let equation 
(c) be differentiated, and the result is 



£ "I.^t.c— >_<-r:pM- )}. 



rfw 2 



(<*) 



This result equated to cypher gives us w=0 ; and at this 
point the orbit has an apse for -j- as « « ■■ , ■■ sa oo, but 

rrfw . -ill* 

~j— is the tangent of the angle undfr the tangent and 

radius vector, and therefore at this point this angle 
is right. The value of u for this value of to is m by 
eq, (c). 

(182.) The value of h is less than in the equidistant 

circle, and the velocity is also less since 0* = h*( -7— : ^ + u* 1= 

jiW* — (ft—**)- ***» and fi > A*. 
(183.) To find the time we have 



du 



% dr* t\ \\ 



(a being the apsidal distance or reciprocal of m). Hence 

ardr 



dt= 



ky. Va**~r* ' 



and since a is the greatest value of r, if we commence the 
time from the apse, dr must be negative ; hence, integrat- 
ing, we obtain 

a /— — ~ 

a* 
The whole time into the centre is ,— , or putting for hy 
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fia.COS.O , , , . 

its value, y , , -?—-*. , we have the whole time in terms 

Va* — /*. sin.*0 

pf the elements of projection and the apsidal distance. 

(184.) To represent these circumstances, and construct 
the orbit ; let o 9 (Fig. 46.), be the point of projection, and 
C the centre of force. Then knowing the conditions of 
the motion at the point o by hypothesis, we can find the 
quantity m by Art (182.), and consequently a. Draw 
therefore the line Cv=a, making the angle oCv=a 9 and 
the point v is the apse. 

From equation (d) it appears that u diminishes from o 
to v, and after that increases indefinitely, hence r increases 
from o to v 9 and^mminishes indefinitely afterwards. If &> 
be negative, it appears from equation (d) that u increases, 
and consequently r diminishes indefinitely. 

Denoting an angle, P'Co, by ( — a/), and another, PC0, 
by (w)> by the equation (c) the lines CP, CP' will be 

equal, if 

g-y. ("'-HO 4. £ y. ( w/ +«) = 6 y. (««) + f -y. ( i*-«) ^ 

that is, if <t>'+a=u> — a; or in other words, if the angles 
VCP, VCP' be equal. Hence the two branches of the 
curve are perfectly symmetrical on each side of the line 
VCw, and they mutually intersect in an infinite series of 
points along this line on each side of C. The distance of 
any one of these intersections from C may be readily 
found ; to find the »*, write nw for (a> — a) in equation c 9 
and we have 

^y»w 
r=2a.— — — , 
e ynw +l 

n being any number in the series 0, 1, 2, 3, &c. 

(185.) Species 4.— Let jp > 1, and #* of the form 
( — y*m*). Then from equation (A) we have 
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du 



dto~ 



yyu z +m*' 



Integrating this as the formula in the preceding species, 
we obtain 

When w=0 let a>=tf, then ya=z—lm+k / . Hence 



*y(o>— a)=/. 



771 



Passing from logarithms to numbers, we finally obtain 

u~<l#<r**—c* **-*>} (e) 

(186.) In this case, as in the preceding, h is less than in 
the equidistant circle, but the velocity is greater, for we 
have 

v* = p u* + (fi — h % ). m*. 

(187.) To find the time, we have 

du* dr* _ , . B _ x 

whence 

dt as i . > 

(a denoting the reciprocal of m, or the value of r t when 
€ Y (i*-a) _ j -t V 2. Hence, integrating, we obtain 



m 

whence the time can be fpund within any assigned limits. 



134 4VALYWGAL TMATIflE. SJCT, ▼♦ 

( 1 88,) The orbit may be constructed as follows. Having 
determined the constant* as in the preceding cases, let o, 
(Kg, 47.), be the point of projection ; draw the line (V, 
npduag the angle aCVaeo, and the line (V shall meet the 
curve at an infinite distance, for when w=o, uxcO, and 
therefore r is infinite. As « increases w increases, be- 
cause t*-V*~") increases and c~ y - ^ mma) diminishes; hence r 
diminish^* iqdeftutely, aad themfcro the curve after an 
infinite number of revolutions reaches the centre C. 

(189.) To detera$ne whether the curve has an asymp- 
tote ; let p denote the perpendicular on the tangent, then 

i 

If «=:0, or r=r oo , we shall have by this formula /?=-, and 

oQuwywatly finite* Dww tbw * Jiw C^ ptrpeqcticubr 

to C</ and equal to -, and from m draw ms parallel to 

C</, the line ms is an asymptote. 

(190.) Species 5. — In the original differential equation, 
(a), let fi < k z . Then 






multiplying by 2du, and integrating, we obtain 
Hence putting y* for f 1 — ^J, we have 

du 
ydu)Z*L 



J& — 



which being integrated we obtain 
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1 y u 

y. (a>— a) = cos. ~~r~> 

whence we have 

y 



k, cos. y (<y— r-a) 

The several conditions of the motion may be determined 
as in the preceding species. 

(191.) The orbit may be constructed as follows: when 

y dr 

co =<*, r—jL 9 and -7— =0, therefore, at this point there is 

an apse. Let A, (Fig. 48.), be the point of projection, 
and Aso=a, then at o there is an apse. When y. (w — a) = 

£, r is <» ; hence drawing the line sn 9 so that the angle 

Asn be equal to (w+ « — )> it shall meet the curve at an 

infinite distance* The curve has an asymptote parallel to 
the line sn 9 for the length of the perpendicular on the 

tangent where y.(<o — tf) = o> is *• Hence draw from s a 

line, sB, perpendicular to sn and equal to k, and draw Bu 
parallel to $n 9 the line Br? will be an asymptote. 

PROP. XLHI. 

(192.) The force being inversely as the fifth power of the dis- 

tance, to investigate the orbit. 

The general differential equation becomes in this case 
Multiplying by 2du and integrating, we have 

This equation we shall integrate on separate hypotheses, 

as in the last proposition. 

B B 
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(193.) If the orbit described be a central circle, we shall 
haveA = — — , and consequently the velocity equal to 

— ST * This velocity is greater than that from infinity, in 
the ratio of ^2 to 1. 

(194.) Species 1. — Let k* =0, and ^ ^0; we have then 

from equation (a) 

du 



dtti — 



2h* l 



In order to integrate this, let us h. V — sec. 0, then 

/5 dO. sin. , /mm* „ 

rfM = V ^-c^s7T' and ^sp-l=tan.0. 

Combining these values we obtain 

d<o = d0 9 

and integrating, 

to — a~0 9 

(a being the value of o> when 0=0, or when «. V^ —^ = 1 ). 
The equation of the curve described is consequently 

. r= V ^j. cos. (w— a). 

This is the equation of a circle with the centre of force on 
the circumference, and the diameter of which makes an 
angle, a 9 with the line from the centre of force to the point 

of projection. The length of the diameter is v ^ . 
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(195.) Denoting the/ radius of this circle by p, we 
have 

but in a central circle with the same radius p 9 we have, by 
Art. (58.), 

Ii = p'h*. 

Consequently, if h be the same in both, that is, if they be 
described in the same time, the absolute forces are as 
.8 to 1. 

(196.) The velocity can be had as usual, its value is 

V = — ^=*, and is to the velocity in the equidistant circle 

as 1 to ^2. 

, . . du* dr* 

To find the time, since ^— a = ^ , a , we have 

*S p r*dr 

dt— *— — • — / — • 

2^2.p V4p*—t* 

The integral of this gives us - 

Taking this between the limits rss2p and r=0, we get 
for half the periodic time 

*P- ^ . 

The other conditions of the motion may be determined as 
before. 

(197.) By equation (a) we have 

du 71 fltt 4 % 
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If the second member of this equation be a perfect 
square, we can readily perform the required integration. 
This condition gives us 






whence we have 



du h % — u % \i 



dw h. ^2 



(198.) Species 2.— In the preceding article let us use 
the sign +, and we have 

<*"= A*— u> 

Integrating this as a fractional function, we readily ob- 
tain 

/- . * , k+u* ^ lk 
Vg. (^^log /* > 

n — u* v ju 

a being what co becomes when the second member vanishes, 
that is, when f<=0. 

When <*=#, r is infinite; and as oj increases « must 
increase, and consequently r must diminish ; and when w 

is infinite we have r=-r^. This is the least possible 

value of r, and a value that it can have only when the 
curve has made an infinite number of revolutions. If a 
circle be described with this radius, the curve shall per- 
petually approach but never reach it This circle is called 
an asymptotic circle. 

This curve has also an asymptote, for — 5 = u* + -pi ss 



/Lit* 4 



2 / i" r 2^» 



y2u 
, , 7jr _ ~JT' 
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(199.) Species 3. — Using the negative sign in Art (197.), 
we have to integrate aw= -t ,, , which by the same 

process of integration gives us *^2. (co — a)=log. —7= — -> 

a being the value of o> when the second member vanishes, 
that is, when u is infinite. 

(200.) When 10 = 0, u is infinite, and consequently 
r=0; ks ai increases, « diminishes, and consequently r in- 

creases; and when *> is infinite we have rsr-jp • This 

circumstance indicates an asymptotic circle, within which 
the orbit described is altogether situated. 

(201.) The construction ofthe orbits in these two species 
can be readily effected by introducing the usual conditions 
of projection, as in the preceding propositions. 

(202.) In both these curves we have 0*= g— + g f 

which when u* = — becomes /kw 4 , the same as in the equi- 
distant circle by Art. (193). This is because the motion 
then approximates to circular motion, namely, in the 

asymptotic circle. In the first of these species u < -7=. 

always, and consequently the velocity, is greater than in 
the equidistant circle. The reverse is the case in the 
second species. There are several mistakes in the discus- 
sions of these curves in WhBWEI&'s Dynamics, tide 
p. 52. 

The first notice of the asymptotic circle in curves is due 
to Mc. Laurin, vide Flux., vol. 2., p- 259. His dis- 
covery, however, was restricted to the case in which the 
force varies inversely as the fifth power of the distance. 
Simpson was the first who gave a general method of as- 
certaining the conditions requisite that any orbit may have 
such a circle. — Matth. Diss., p. 164*, &c. 
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The following method of determining these conditions 
is considerably, different from any that has been hitherto 
given. 



PROP. XLIV. 

(203.) To determine generally the conditions requisite, that 
an orbit may have an asymptotic circle. 

The force being supposed to be inversely as the n* power 
of the distance, let r 7 be any known value of the radius 
vector, and A the velocity at the distance r / . Let the 
radius of the asymptotic circle be r, then the velocity at 
the distance r shall be had by the formula, Art (38.), 

Let A be e times the velocity in a circle at the distance 
r', then 



A* = 
r 

therefore, 



fie* 



n-l 



9 



A fie* 2fi f J_ 1 > 

'i 

Since v must be equal to the velocity in a circle, • we 
have 



^=^1 



Hence 



1 e* 2 2 

r »-i= r *-i+(;j_ 1 ) tr «-i— ( n _i).r*-i • 



Hence 
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e*.(n-l)— 2 _ (*-3) 
{»— 1 ). j"- 1 ~" (n— 1 ). r*- 1 * 



(»— l).*"- 1 ""(«— 1). 
Therefore, 



(n-3).(r*-*) 
^^-^.(ii—l)— 2' 



and 






n — 8 



e* # ( n _l)_2 



At this distance the velocity is precisely that requisite, in 
order that a circle may be described with a radius r; but 
it is moreover necessary that the angle of projection should 
be right This condition will enable us to determine the 
relation between the velocity and direction of projection at 
the distance r'. We have obviously 

h* ssr". sm. a 0. A* = — -p^ — > 

and since the angle of projection is right at the distance 
r, we have 

h =p» # 
Equating these values of h* 9 we find 

e*. sin.*0 
therefore, 



*-*/ 1 *-* / n — 3 

r=r '- *». sin.*0 = K V ^^=TP2' 

Hence solving, we find 
The circle will be exterior to the orbit described if 
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e*(f — 0— 2 < n — 3, or if e* < 1, The contrary is the 
case if e* > 1. 



PROP. XLV. 

(204.) To determine for what laws of force an asymptotic 

circle can exist. 

This is only to determine in what case the equation 

it— 3 

sin. a 9 = -j> ( - )*"" is possible. Differentiating 

this, considering e variable, we have 



. 4de l-«* f(n—l)e*—2 \^ lm 

this differential will be positive or negative according as 

— 2 

1 — e* . /In — 1)** — 2\j^i 
3 is positive or negative, because ( 3 j 

must be positive, otherwise sin.*0 cannot be so. But 

when <r= 1, -j^ will be cypher, and ^^ — — g J 

= I, which is obviously a maximum or minimum value of 
this function, a max. when n — S is positive, because then 
the differential as long as e < i will be positive, and af- 
terwards negative, and a min. when n — $ is negative, since 
the same differential will be first negative and then posi- 
tive. Now unity can only be a max. value of sin.*0, and 
consequently, the former case alone can hold; hence, n — 3 
must be positive, or in other words, the force must vary 
inversely as scone power of the distance higher than the 
third. 
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PROP. XLVL 

(205.) To investigate the orbit when the force is inversely as 

the 71 th power of the distance. 

In this case we have 

^ d x u uu»- 2 

Or, multiplying by 2du> integrating, and solving for dw 9 
we find 

du 
d(o~ — y == . (a) 

(206.) The constant k % may be found by knowing the 
velocity of projection ; for at the commencement of the 

motion, or when #= 7, let the velocity be i/: then since, 

i , 7. / . du z \ %u.u»- 1 __ 4 
in general, v 7, —h*. lu* + -ps j = * + » * % we can 

find P by substituting t/ for v, and t for u. 

(207.) The square of the velocity acquired by falling 

2ftUtt?"" 1 

from infinity with this law offeree is ■ 7— > let «/* be ** 

times this, then we shall have P = * z 9 7Z' n/^'i > and 
introducing this value in equation (a), this equation be- 
comes, writing v! for 7 , 

du /zx 

^0) = — = _- (b) 

* - * 

c c 
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(208.) This equation may be represented under a dif- 
ferent form, as follows : — the velocity in a circle at the 

distance / is v j^, let 1/ = q. v j^, then to determine 
the constant k* 9 we have 



.*.. 2 



/«-i-( w _l)./»-iT / * Af > 
and consequently the equation (a) becomes, 

hdu , . 

d<*= — j _ = ^ ■= . (c) 



^^(**-;=i)-* v +;£5 



•U 



*-l 



(209.) At an apse we have j- = 0, and consequently 
from equation (6) 

(**— 1) 2 u a'*- 1 4 2ji.tt— » ^ 

v * * r~ _ tr *_L — — 0. 

A* w— 1 * +(«— 1)A*~ U# 

The values of w deduced from this give us the distances 
of the apsides from the centre of force. There may be 
four such values when n is even, two positive and two 
negative; but only two of them can hold, for the other 
two are introduced by squaring. If n be odd, there are 
three possible roots; but as some must have been intro- 
duced by squaring, there can be no more than two apsidal 
distances in this case also. There may be, however, an 
infinite number of apsides. 

The equation in this article is totally insufficient for the 
determination of the apsides in any case, as it only deter- 
mines the apsidal distances, but not the angle between. 
The angle between the apsides may be investigated either 
directly or indirectly : directly, by investigating the form 
of the orbit described ; and indirectly, by a very elegant 
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method first given by Dr. Brinkley in the ' Irish Trans- 
actions for 1801.' We shall first give some examples of 
the former method. 



PROP. XLVII. 



(210.) Let the force vary inversely as the square, and in- 
versely as the cube of the distance, to investigate the orbit 
and determine the apsides. 

Introducing for F in the formula (26), Art. (75.), 
/i,u*+n'u 3 , we find 

d % U fJL fJl'.U 

du>*+ u ~h*~ h* - a 

Multiplying this by 2 du, integrating and solving for dw 9 
we find, using y » for 1— jp 

hdu 
dw — 



^VfxU—h'yW—k* 

From this, integrating as in Art (157.), we readily ob- 
tain 

rzz 



fi — Vff — h*y*k*. COS. 7(41 — v) 

(211.) This orbit may be constructed as follows. Let 

h*y* 
a focal ellipse be described, such that a[\ — e*)=z — L -, and 

fM, 

^ff—htytk* 

e — f then drawing any radius vector of this 

ellipse making an angle, 0, with the axis major, if we draw 



' ] 96 ANALYTICAL TREATISE. SECT. T. 

a line equal to this radius vector, and making an angle 



-, the extremity of this line will be a point in the locus. 

If y < 1, the curve thus described will fall without the 
ellipse, and if y > 1, within it 

(212.) There is an apse in this orbit answering to the 
same apsidal distance as in the ellipse, but the angles be- 
tween the apsides is not the same. The first apse will 

v 
occur after revolving through an angle - ; the second 

27T 

after an angle — ; and the n* after revolving through 

. nw 
an angle — • 

If y > 1> or in other words, if the part of the force /Lt« J 
be subtractive, the body will arrive at an apse before it 
has described 180°, or before it would have arrived at an 
apse if it described an ellipse ; if y < 1, the reverse holds. 
In the former case the apsides of the elliptic orbit may be 
said to be regressive^ in the latter, progressive. 

(213.) In the case where /u'm 3 is additive, since 7 = 

/ S 

+f 1 — T5-, if ju'=A% the apse is not arrived at until after 

an infinite number of revolutions, and the equation of the 
orbit is 

r = 



fx.(w— v) z +k 9 

the value of r when w=t; being -r- • 

(214.) If in this case k z < /, the equation to be inte- 
grated is 

_ hdu 



*Vtt* + 2/*M— A*' 



from the integration of this it might be shewn that a body 
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will fall into the centre without arriving at a second 
apse. 



PROP. XLVIII. 

(215.) The force being represented by any function of the 
distance* to find an approximate value for the angle be- 
tween the apsides when the orbit is nearly circular. 

If a body be projected at right angles to the radius 
vector with a velocity nearly that in a circle at the same 
distance and with the same force, the orbit described will 
be nearly a circle. The angle between the apsides de- 
pends, in general, upon the Telocity and law of force. 
However, as the velocity approaches to that in a circle at 
the same distance, the angle between the apsides tends 
more nearly to a certain limit. This limit it can never 
reach, because when the velocity is equal to that in the 
equidistant circle, the aspidal distances are equal, a circle 
is the curve described, and every point is in fact an apse. 
To find this limiting angle is the object of thjs propo- 
sition, as it will serve to indicate the angle between the 
apsides when the .difference of the apsidal distances is 
small. Let F=w a ^>(w), then the equation Art. (15.) gives 
us 

d*u 6(u) 

At the point when the direction of projection is at right 
angles to the radius vector, let utzc, and for any other 
point let u=c+z, z being a small quantity. Then by 
Taylor's theorem 

d.6c frhc a* a 
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Then v and v' being the velocities in the curve and 
equidistant circle, let v* : t/* : : 1 : 1 + 8 ; and since 
t/* = F. rzzc. <p(c\ we have 

^=T+8' 
and consequently 

4 -c*-c.(l+8) # 
Substituting in the original equation we have 

do* +C+ * 0(c) # \W + dc '! + 







or, 

d(tf 



a + V t(c).dc) z 4>{c) 1.2 * C# 



_^g_ grf *^ 



0(4 

And when the orbit becomes indefinitely nearly a circle, 
8 and z both tend to evanescence; hence z* 9 *8, &c. may 
be omitted in comparison with z. Hence 



cPz 



!+(-$&«»-* 



Making 1 — 6c J c = 7% this equation may be inte- 
grated as in the last proposition, and the angle between the 

apsides s= — — ■ 

v / JL _f^K£) 

<p(c).dc 

(216.) Let the force be as any power of the distance, 
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then P =/&.*" = t^/tutt"-*, hence, 0(t/) s fi.u n ~* 9 and 

d.d>(u) __ 

— ^ — =/ic.(» — 2), a* - " 3 . Hence we have 



du 



= V3_ n> 



and consequently the angle between the apsides at ■ /-= ■ 

^3— n» 

(217.) Hence it appears that when n=3, the orbit, if 
nearly circular, never can have two apsides. Prop. (42) 
shews that in no case can it have two. If n= — 1, 

A = 5, which agrees with Prop. (41). When » = 1, 

A = -7-* When w=r2, A=ir, as in Prop. (40). When 

n > 3 the expression is impossible, and in fact in such 
cases if the body leave one apse it never can reach ano- 
ther. 

(218.) Let the force be as any two powers of the dis- 
tance, then F=ix.u H + fA'.iP f =zif(jxtf-*+fi'.tP'-*) 9 there- 
fore, 

and consequently 

^ (3— n)pd»-*+{3— n^f/d*'-* 

and therefore A is known. 

, " M+4 u'.c"" 3 

(219.) Ifn = 2, and n'sz— 1, we have 7* = . V ^ > 

and therefore, 



If the force - be subtractive, this expression becomes 
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The method here given exactly agrees with that of 
Newton in his ninth section, and gives the limit to the same 
degree of accuracy. But the method of Dr. Brinkley, 
which we shall now proceed to set before the reader, is 
much superior, in that the orbit is thereby constructed, 
and the angles between the apsides determined to any de- 
gree of accuracy. 

(220.) This method consists in determining the orbit 
for any law of force, when we previously know that there 
are two apsides, and in this case the orbit may be always 
determined by a series of sines of multiple arcs, converging 
by the powers of the eccentricity. From hence the angle 
between the apsides is immediately determined, and thus 
we obtain not only all that is determined in the last Prop, 
of the ninth section of the principia, but also the motion 
of the apsides for eccentric orbits. The method in the 
ninth section gives only the limit of the motion of the 
apsides, and cannot be applied to find this motion in ec- 
centric orbits. The limit is, in fact, never required, for 
then the orbit is a circle, but the motion before it has 
arrived at this limit. The motion, indeed, approximates 
indefinitely to the limit, but this is not so evident from the 
method of Newton, as from it we only know the limit, and 
nothing of its antecedent state. 

It has been shewn already that when the force varies 
as any function of the distance, an orbit can have only two 
different distances of the apsides ; this also readily appears 
from the fact, that the orbit must be similar on each side 
of an apse. The law of force also readily shews whether 
any orbit described by that law can have two apsides by 
comparing it with the law of the centrifugal force, which 
always varies in the inverse triplicate ratio of the distance. 
Therefore, if the force vary in any direct ratio, or in any 
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inverse ratio less than the triplicate, the orbits described 
may hate two apsides. 



PROP. XLIX. 

(221.) The centripetal force varying inversely as the square 
of the distance, to determine the orbit when it has two 
apsides. 

Let the distances of the apsides be a+c and a — c re- 
spectively, and let the height from which the body 
should fall to acquire the velocity at the distance (a+c) 
be z 9 then by Props. (1 and 40.) of the Principia, we have 

11 1 1 

(a+cf : (a— cY :: — - : —7- — -, 

v ' ' v ' a — c z a+c z ' 

whence 

zzi2a. 

Let the radius vector at any instant be r, o> the angular 
distance from perihelion, andp the perpendicular on the 
tangent, then 

1 111 

r v ■ ' a+c la r 2a* 

whence . 

Since sin. =f = y=== > ™ ^e 

pdr dr 

f . . r. v -»—r-l 

or substituting for pf its value, we have > 
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dr 



*" = r V^_. 



a' 

This is obviously the differential of the equation 

a(l— *) 

rss-r— : » 

1 + e cos. o> 

which is the equation of a focal ellipse, w being the angle 
from perihelion or the mean anomaly. 

For the subsequent proposition it is necessary to solve 
-the following Lemma. 



LEMMA. 

(222.) The aphelion distance of an ellipse being 1 +e 9 and 
the perihelion 1 — e, and any other distance 1 +y 9 it is re- 
quired to express the value of y in a series of cosines of 
multiples of the true anomaly counted from the aphelion^ 
and powers of the eccentricity. 

By the equation of the ellipse, 



' y 1 — e. cos. to' 
whence 



cos. 
y=e. - • 

* 1 I.COS.CU 

Now = 1 + e cos. w+e 1 . cos.*o> + e*. cos. 3 o> + &c. 

1— £ COS. 01 ' 

whence 
y = — «* + (e — * 3 ) cos. w+«*. cos**ct> + e\ cos. 3 to + &c. 



€* e—e* 
=:— — + — — 'cos.ii>+^*.cos.2a>+i<f 3 .cos. 3 a>+&c. 
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This series might be continued ad libitum, by observing 
the relation of the terms to each, other, but the above is 
sufficient for the present. The powers of y may be had 
from the above* 

#*= -5- ^*C0S.W+-2- - CO8.2a>+lT # CQS.3(iJ, 

y i = -'e\cos.w+7**\cos.3a;, &c. 
&c. &e. 



PROP. L. 

(223). The centripetal force varying partly in the inverse 
duplicate, and partly in the direct simple ratio of the dis- 
tafice, to determine the orbit 'when that orbit has two ap- 
sides. 

Let the greatest distance, SA, (Fig. 49.) be denoted by 
l+e; and the least, SB, by 1 — e; and the angle, ASP, 

by 0. Let the force at P be expressed by -j — cr, and let 

z denote the height from which a body should fall to ac- 
quire the velocity at A. 

The square of the velocity at P is readily found, by 

Arts. (35 and 39.), to be - — - — i c (%* — ***)•' and since 

the velocities at A and B are inversely as the distances, 
we have 



* whence, 



Jw$«»=J-*.(l+«»), 
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and consequently comparing the squares of the velocities 

at the points A and P, we have 

..... . « 

(1+*)* : p*, 

whence 

r * 2r— r*— <:r*(2+2**— r*) 



p % - i—e*—c{l—e*)* 
Hence, 

— rfr — dr 



dO=z 



. *y *"* ^ /2r— r* — cr*(2+2e*— r*) 

p* 1 — e* — c(l— e*) a 



The integral of this expression may be approximated 
to by help of an ellipse, in which the greatest and least 
focal distances are i+e and 1 — e, and to the angle between 
the greatest distance 1+e, and any other distance r. In 
this ellipse, as in the preceding -Prop., we have 

— dr 



/2r — r % 
1 — e % 



whence we have 



M=Afc y-__-_i-*d^ 



2r*+2<?*r* — r 4 — (1 — e*)* 
1—- c. 



2r — r* — l+e* 

P 

Let q denote the fraction which occurs in the deno- 
minator of this expression, then since two of the roots of 
the equation P=0, viz. l+e and 1 — e, are also roots of 
the equation Q=0, it follows that Q is a divisor of P. 
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P A 

Accordingly we find Q=(r+1)* — ^ = (2+^)*— e* 9 put- 
ting 1 +y=r, hence 



d$ 



zzdu).^ 



i—4c+ce* / %y+y* 

~T 1— 4c+c** * 



Let 1 — 4c+ci* = B, then by expanding the second 
factor, 



ae 



=dw. V ijp 1 1 +g~. ( 2j/ +y)+-^g£+ &c.} 



regarding only the second power of the eccentricity. 
Substituting in this their values for- y r y*> &c from the 
Lemma, we have, by integrating 

/l— c i ice*— ce. sin.w — &.c**. sin. 2 to 
0= w .V^-.|l_i- = g-Z + 



l+sin.2w 



3 +&c. I 



1 l e* 

in which a> is an krt whose cosine is - — • Hence 

e er 

for every distance SP, we have the angle ASP, and con- 
sequently the orbit is determined. When the body comes 
to the lower apse, w =180°, and therefore the angle be- 
tween the apsides 



o ^/ * — c i gg* 

180°. V i _ 4iC+ce ^ |1— 4,( 1 _4 ?c 4- ce *) + 



Se z c* ... V 



The limit of this angle as e diminishes is 190 



is 130°. V = -> 
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the very same as given in thesecond Corollary of Prop. (45.) 
of Newton. 

(224.) This result is applicable to the lunar orbitr Tak- 
ing £=,055, as in the lunar orbit, the angle between the 
apsides, computed from the above, will differ only four se- 
conds from the limit, and consequently, the mean motion 
of the apsides of the lunar orbit, by neglecting the eccen- 
tricity, is erroneous, by only eight seconds in a revolu- 
tion. Observatipn, however, gives the mean motion of 
the lunar apsides nearly double that deduced from the 
limit. To account for this, it is to be observed that the 
motion of the lunar apsides arises from the disturbing 
force of the sun, and that the components of this force 
are, 

1°. A force in the direction of the radius vector of the 
moon's orbit, expressed as a function of this radius vector, 
and of the angular distance of the sun and moon. 

2°. A force perpendicular to the former, expressed'also- 
as a function of the same quantities. 

The former force, in its mean quantity, is a function of 
the radius vector only ; the latter, in its mean quantity, is 
cypher. It has, therefore, been thought that the former 
force only could influence the motion of the lunar apsides. 
The result proves this supposition erroneous, however 
plausible it may appear. Newton certainly computes only 
that part of the motion arising from the former, and de- 
clares it to be half the whole,* which shews that he was 
fully aware of his not having considered all the disturbing 
force that could produce this motion. It does not appear 
possible to compute the mean motion of apsides, except 
from the general expressions of the forces along the radius 
vector and tangent. 

(225.) There is a case in which the orbit can be de- 



• a 



Aptis lanas est duplo Ytlooior circker." 
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termined generally, or in other words, in which equation 
(b) of Prop. (46.) can be completely integrated : this case 
we shall discuss in the following proposition. 



PROP. LI. 

(226.) To determine the orbit generally^ when the velocity is 
equal to that from infinity^ and the force inversely as the 
n* power of the distance. 

In this case we have t* = 1 in equation (£), Prop. (46.) 

or which is the same thing, ?*=jril * n equation (c) 9 con- 
sequently the function to be integrated is 

du du 



To integrate this, assume , iu» = ^> ^ en 



(n — $).du 2dy 
u ~~* 



and consequently 

2 tfy 

let 3/ = sec. 0, then 



whence 






2 

(«u— «)=^3'sec.-V, 
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or restpring^forj/ its value in terms of ft, the. eqiwttau of 
the: orbit is 

cos. -5- • (oi— a)= £3 - .— — r 2 • 

Let the value, when o>=a, be a, then this equation may 
be written 

a * -cos. — 5— (o> — a)=r * , 

or if we count to from the line a, 

■ > 

n— 3 ^ g w— 3 

a 2 • cos. — 7T- ' wst r * • 



(227.) We shall enumerate some few examples of this 
species of curve. 

2 a 
1°. Let n =2, and the equation gives us f=rT * 

This is the focal parabola which has been already amply 

discussed. 

2°. Let n =3. In this case the equation fails, and we 

must revert to the differential equation which gives us the 

logarithmic spiral as has been already shewn in Art. (172.) 

a 
3°. Letn=4>. The equation gives us r== 3;^+ cos^c^ J. 

This is the equation of the cardioide, the diameter of its 

» 
a 

base being 5' We can readily find the periodic time by 

ire* 
integrating the expression r 2 du)~kdt 9 hence * = "oT £° v 

the whole cardioide* 

4°. If »=5. The equation gives us r=a. cos. cu. k TJii$ 
is the equation of a circle with the pole on the circum- 
ference. 

5°. If nas7. The equation becomes r*=a*.cos. 2w 9 
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which is the equation of the Lemniscata, the semiaxis of 
the generating hyperbola being a. The time and other 
circumstances of the motion may be found as usual* 

(228.) The locus of the points fallen to internally in 
this class of curves is always of the same nature as the 

orbit described, for we have in general, by Art. (71.)> 

112 
*/„_,! +T»3=2^:i» but in the present instance A is infi- 



T 

nite, whence A'rzjzi— ^=, and consequently A' to r in a 

given ratio. j 

(229.) The equation (b) for determining the apsides be- 

comes in this case - — 5 — m»~ 3 =0, whence evidently 

5^3 ^2iT 
there must be an apse when r 2 ==■— 7====, and in this 

h.vn — 1 

case — g— a»=0, or *-, and therefore «u=0, or tt. If — 5— 

be an even number, the orbit has two apsides, and never 
can have more. The curve is symmetrical oh the two 
sides of an apse, since the cosine of a negative and positive 
arc is the same. 

(230.) If n > 3 : as cu increases, r diminishes, and ac- 
tually vanishes when —5— • a* s= -z , or w=— • In this 
case the moving point will descend to the centre in a 

number, 7: g, of entire revolutions. If w = 3, it will 

always require an infinite number of revolutions to cause 
this descent In the cardioide this descent will take place 
in one-half, in the circumferential circle in one-fourth, 
and in the Lemniscata in one-eight of a revolution. 

(231.) If n < 3 : as 01 increases, r increases indefinitely, 

and when - — -z — • <*>=oj r is infinite, and the curve 

parallel to it In this case the moving point will fly off to 

IS E 
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infinity in a number of revolutions, 6 ^ ■ . If » = 1, the 

body will go off to infinity in one-fourth of a revolution, 

this being an extreme case, and one that can never actually 

occur. To find whether this infinite branch can ever 

1 dw* Ziiu*- 1 

admit of an asymptote, we find ~r=^*+ t— i ss 7^' i)h** 

This becomes cypher when r=co, and consequently p 
becomes infinite* hence the curve has no asymptote* 

(232.) If n be even, the tangents at the extremities of 

any chord passing through the centre of force cut at 

• i i <n « rdti> n—8 . 

right angles. For tan. 0= -<- —j — = cot —rr- • co, and 

(n — 3).o + — g- ' en) = tan. -g-— w, where 
and d 7 are the angles made by the chord with the tangents. 

IT 

Hence tan. 0. tan. V = 1 , and consequently + fl 7 =- • The 

reader will instantly recognise the truth of this elegant 
property in the focal parabola aqd the cardioide. If n be 
odd, we have tan0. cotfl^l, and consequently 0=0^ 
This is obvious in the two instances of the circumferential 
circle and the logarithmic spiral. 

(283.) It is obvious that in the case which we at present 
consider, the orbit never can have more than one apsidal 
distance. 
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SECTION VI. 



ON THE DISCOVERY OF UNIVERSAL GRAVITATION. — THE 
MASSES OF THE PLANETS, AND PROBLEM OF TWO BODIES. — 
THE ATTRACTIONS OF SOLIDS COMPUTED, AND MASSES OF 
THE PLANETS DETERMINED. 



1 1. 



(2S4.) Immediately after the discovery of the true sys- 
tem of the sun and planets by the celebrated Copernicus, 
all the most noted philosophers of Europe became zea- 
lously engaged in prosecuting this discovery, and in en- 
deavouring more minutely to ascertain the nature and 
laws of the planetary motions. One of the most indus- 
trious and successful in this field was Kepler; aided by 
the advice and observations of Tycho Brahe, this cele- 
brated man, after many failures and conjectures, succeeded 
in establishing three of the most important discoveries 
that has ever been made in physical science. They are, 

1°. The planets move round the sun, describing equal areas 
in equal times. 

2°. They describe ellipses round the sun, situated in the 
focus of each ellipse. 

3°. The squares of the periodic times are as the cubes of 
the mean distances from the sun. 

For the manner of establishing these facts, and the con- 
sequences immediately deducible from them, we refer to 
the notes. In the sequel of this section we shall see the 
important consequences which result from them, when 
combined with Newton's laws of motion. These dis- 
coveries, not as those of former philosophers, founded on, 
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and terminating in mere appearances, were readily seen 
to be intimately connected with the forces and laws of 
force which actuate the bodies of the solar system. They 
must also, if it were only by suggesting the inquiry, have 
been highly instrumental in leading to the discovery of 
those forces. Accordingly we find that the question was 
soon entered upon, and the first attempt, in this way, was 
made by Kepler himself. Notwithstanding some vain 
speculations as to the motive cause of the planets, he 
was frequently led to many sound views on the subject of 
universal gravitation. 

" Gravity," says he, " is no other than a mutual affec- 
tion of bodies by which they tend to unite." 

" Two isolated bodies would run together like two mag- 
nets, passing over spaces reciprocally as their masses. If 
the moon and earth, for instance, were not kept asunder 
by some animal or other equivalent force, they would run 
together, the moon describing ff of the way, supposing 
them equally dense." 

" If the earth ceased to attract the waters of the ocean, 
they would fall to the moon by its attraction." 

" This force of the moon extending to the earth pro- 
duces the flux and reflux of the sea." 

These remarks contain the first germ of that celestial 
mechanism which has been so successfully developed by 
Newton and his successors. The day was not yet arrived 
'or such a revolution in physical science as was afterwards 
effected. Greater discoveries in Dynamics, and a more 
powerful calculus were required, before any such object 
could be obtained. These sciences were beginning at this 
time to advance considerably. Galileo, by his numerous 
mechanical discoveries, and more particularly by his 
ascertaining the path of a projectile at the earth's surface, 
had already contributed powerfully to the advancement of 
Dynamics ; whilst Fermat, by his method of maxima and 
minima^ and Napier, by the invention of Logarithms, and 
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his discoveries in Trigonometry, laid the foundation of 
the calculus. 

(235.) The theorems of Huyghens, concerning uniform 
circular motion, were the most important accession which 
Physical Science received in the period between Kepler 
and Newton. Geometry, Mechanics, and Optics are all 
indebted to Huyghens for a great number of discoveries. 
His application of the pendulum to clocks, his theory of 
evolutes, and theorems on centrifugal force have establised 
his fame. If he had but thought of combining his 
theorems on centrifugal force with his theory of evolutes 
and laws of Kepler, he Would probably have anticipated 
Newton in a theory of curvilinear motion, and the (lis- 
covery of universal gravitation. We shall see what might 

have been inferred from combining these theorems with 

v* 

Kepler's laws. By the theorems of Huyghens Joc—i 

(supposing the planets to move in circular orbits, which 

' • - IT 

supposition differs but little from the truth), and tfOcWrj 
whence Joe™; but by Kepler's third law, T*ocr 3 , hence 

joc-j' Thus we see how the force would vary from one 

orbit to another. The hypothesis that T* oc r 3 , is certainly 
not exact* as Kepler only shewed this to be the case for 
elliptical orbits ; but as the law appeared independant of 
the eccentricities, it wis natural to suppose it woiild/sub- 

*i$t even though the orbits became circles. . , , < . . 

(236). As this law thus appears to bold from one orbit 
to anQther, analogy would lead us to conjecture that it 
may also hold in different parts of the same, orbit. / Let 
us examine what inference in this respect might be drawn. 
By Kepler's second law, the orbits described are focal 
ellipses, and by the first, the velocities at the apsides are 
inversely as the distances. But since the curvatures at 
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the apsides are the same, the centrifugal forces, by 
Huyghens's theorems, are as the squares of the velocities, 
and therefore inversely as the squares of the distances. 
Thus the discoveries of Huyghens combined with those 
of Kepler would have sufficed for discovering the law of 
gravitation ; for a law which holds true from one planet 
to another, and which can be verified for each planet in 
particular at its perihelion and aphelion, must hold true 
for all points of the planetary orbits, and generally for all 
distances from the sun. In order to establish this point 
in an incontestable manner, it would be requisite to have 
an expression for the force which, directed to the focus of 
an ellipse, would cause a body to describe this curve. 
This great discovery was reserved for Newton.: he, pro- 
ceeding merely from the principles of terrestrial mechanics, 
discovered the force and laws of force requisite for the 
description of any curve about a single centre of force ; 
he shewed as a consequence of the force being single, that 
equal areas would be described in equal times about the 
centre to which this force is directed, that if the orbit 
were a focal ellipse, the law of force would be the inverse 
square of the distance, and moreover, that gravitation to 
the centre of force ought not to vary from one revolving 
body about the same centre to another, except in con- 
sequence of a change of distance. The laws of Kepler 
enabled Newton to apply these general principles to the 
planetary system as follows : — 

1°. From the proportionality of areas to the times, it 
follows that the force which solicits each planet must be 
directed to the sun's centre. This readily appears from 
Art (45*), for in order that there should be an equable 
description of areas, we must have Xy — Yr=0. 

2°. The orbits being ellipses with the sun in the focus, 
proves that the force is inversely as the square of the dis- 
tance. This has been shewn <* in Prop. (31.)) where for 
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A* I 

this orbit we found F= a / 1 g^ 'T** The converse of 

this has been shewn in Prop. (40. ), and may also be 

shewn as follows ; let the force be -» , ft being a constant 
coefficient, then the equation 

dr dr* 






will be satisfied by the equation 



a.(l—e*) ' * 

l+ecos.(o>— 7r) 



when F is changed into -y - Now in order actually to 
determine this ellipse, we have to determine three con- 

stants, a, e 9 and tt; the equation /i= ,. ,,. 3) reduces this 

number to two, and the differential equation between r 
and a) being of the second order, enables us to determine 
these two. Consequently the equation of conic sections 
is the complete integral of this. This is substantially 
the same as the solution given by Newton, Cor. (1.), 
Prop. (IS.), and proves the mistake of Bernouilli, when 
he said that Newton had not solved the inverse problem 
of central forces. 

3°. From the third of Kepler's laws we may infer that 
all bodies gravitate equally towards the sun at equal dis- 
tances. In order to this, we need but determine the in- 
tensity of the force F. This intensity depends on the 

A* 
coefficient ,. ,v • Let t denote the periodic time in 

the ellipse, then by the first of Kepler's laws, 

\hdt : wa^T^ 11 dt : t 9 

* 
whence 



'* 
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a(l_^)= *» ; 

but by Kepler's third law, **=£*. a 3 , therefore 

A* 4ir* 



a(l_^)- *» 

a constant quantity. 
To extend this to the comets:— by the preceding, 

A= -r as a consequence of Kepler's third law, 

and therefore the areas are as the square roots of the 
parameters of the described orbits; now if we suppose 
the comets to describe parabolic orbits, observation proves 
the areas to be as the square roots of the parameters, as 
well as for the planets. Hence, denoting the perihelion 

2ir^2D 
distance by D, we may write Ass — r — » and therefore 

we have 

2ir v '2D I ,—*=> 

— g^ — dt : *ra* V2B :: dt : /, 

whence 

and consequently Kepler's law is equally true for the 

comets. Hence we can determine the greater axes if we 

know the periodic times. Sinee in general we have 

4r* 1 
F ss -p- • jj , it follows that the force F is inversely as the 

square of the distance from the sun, and that it only varies 
from one planet to another in consequence of a change of 
distance. 

(237.) We are thus, by combining the laws of Kepler 
with the discoveries of Newton, led to consider the sun 
as the focus of an attractive force, which extends inde- 
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finitely in every direction, and decreases as the square of 
the distance increase** . The law of areas shews us that 
this -force is constantly directed to the sto's centres the 
elliptical form of the orbits? proves that the* force is in* 
versely as the square of the distance^ and the law. of the 
periodic times proves, that this force is the some at 'equal 
distances fo* all bodies, Jf from the pldneta we pass to 
the satellites, their near observance of Kepler's laws proves 
that they gravitate towards their respective primaries with 
forces . inversely as the- squares of the distances. They 
must also gravitate very nearly as their primaries towards 
the sun, hi order that their relative motions about their 
primaries may T t?e nearly- the same as if these planets were 
at refct. Ijt is difficult to determine the law of gravitation 
for the satellites by the secc-nd of Kepler's' laws, from the 
difficulty bf detertmning the elliptical form of the orbits, 
and whether the primary is situated in the focus of each 
ellipse. Tram the third of KeplerVlaws, which obser- 
vation proves to be observed by the satellites of each. Sys- 
tem, we can readily infer the law of gravitation; for the 
orbits being nearly circular, we have the forces directly 
as the radii, and inversely as the squares of the times, but 
the squares of the times are as the. cubes of the distances, 
therefore, &c» 

The frequent recurrence of the eclipses of the satellites 
enables us easily to determine their synodic revolutions, 
and thence knowing the motion pf the primary to deter- 
mine their periodic times. 

(238.) As the earth has but one satellite, the ellipticity 
of the lunar orbit is the only phenomenon which can in- 
dicate to us the law of force by which the moon tends to 
the earth. This ellipticity, however, is so much disturbed 
by the action of the sun and planets, that some doubt may 
exist as to the law of force. Analogy indeed would lead 
us to conclude that the law is the same as for the other 
satellites ; but the following method, depending on ex- 

F P 
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periments instituted on terrestrial gravity, places the mat- 
ter beyond a doubt. This method consists in determining 
the lunar parallax by means of experiments on the length 
of the seconds pendulum, and comparing it with the same 
determined by observations in the heavens* On the 
parallel,* of which the square of the sine of the latitude 
is £, the pendulum gives the space fallen through in a 
second 3,65548 metres ; the centrifugal force on this pa- 
rallel is the 432* part of the force of gravity, therefore, the 
space due to the action of the earth is 3*65548. (1 +?£?) ; 
this is to be diminished in the proportion of the square of 
the earth's rad. to the square of the moon's distance, or 
in other words, to be multiplied by the square of the sine 
of the parallax, to obtain the corresponding space at the 
moon ; hence the space fallen by the moon in consequence 
of the earth's attraction is sin.*/?. 3^65548 (1 +*fo)> p de- 
noting the parallax. But the moon does not actually fall 
so much, the action of the sun prevents it, and diminishes 
it by its 358 th part in its mean quantity, hence the above 
expression must be multiplied by (1 — y fg). Again, this 
space must be augmented in the ratio of the sum of the 
masses of the moon and earth to the mass of the earth, as 
shall be shewn further on ; this ratio is expressed by the 

fraction ff^, as deduced from the phenomena of the 
tides, hence the actual approach of the moon and earth 
is 

3765548. (1 +^ ff ) (I + y ^). f£g . sin.*^. 

Let a represent the mean distance of the moon from the 
earth, and t the duration of a sidereal revolution ex- 

pressed in seconds, then — -jt will be the versed sine of 



* The reason of selecting (bjs parallel shall be shewn when we come to treat 
on * Attractions'. 
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the arc described in a second, or the space fallen through 

towards the earth. This value of a is equal to the radius 

of the earth on the above-mentioned parallel divided by 

6869514* 

sin.p, this radius is 6369514™, therefore a ss — : .; sub- 

* sin. £7 

stituting this value for a ; for w the fraction ff £ ; and for 
/, 2782166"; the space descended is ( -£gg^|ig ? . 

By equating this with the above we find sin. 3 /?, and from 
this, p, which comes out 10536",2. The parallax to be 
assumed in the above computation must be assumed as the 
mean parallax, independant of the lunar inequalities; this 
is called the constant part of the parallax. By observation 
this parallax is 1054-0,7, which differs but little from the 
above - y hence the principal force which retains the moon 
in her orbit is terrestrial gravity diminished in the ratio 
of the square of the distance. The distance in this case is 
to be reckoned from the centre of gravity of the earth, it 
must therefore for the sun and planets be counted from 
their centres of gravity, since the attractive force for them 
is of the same nature. 

(239.) The sun and the planets which have satellites 
are in consequeuce endowed with an attractive force, 
which, diminishing as the square of the distance increases 
to infinity, comprises in the sphere of its activity all bodies. 
Analogy would lead us to infer that a similar force resides 
in all the planets and comets, but we may be directly as- 
sured of it as follows. It is a constant law of nature that 
one body cannot act upon another without an. equal and 
contrary reaction ; thus the planets and comets being at- 
tracted towards the sun ought to attract it again according 
to the same law. The satellites for the same reason at- 
tract their primaries ; this attractive property is then com- 
mon to the planets, the comets, and the satellites, and con- 
sequently we may regard the gravitation of the celestial 
bodies, one towards the other, as a general property of 
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the universe. Any the slightest deviation from the law of 
the inverse square of the distance would be clearly per- 
ceptible on the motions of the perihelia of the planetary 
orbits,* on which observation has enabled us to perceive 
no other than imperceptible motions, of which we shall 
develope the cause. 

(240.) All particles of matter attract mutually with farces 
ditectfy as their masses, and inversely as the squares of their 
distances. — This law of nature has been announced in the 
preceding pages, and the second part of it proved by a 
copious induction. Nothing has as yet been said of the 
manner in which this force depends on the musses of the 
attracting bodies. That which retains the planets in their 
orbits is the resultant of the attractions of all the molecules 
of the sun on the molecules of each planet; from the 
smallness of the dimensions of the sun and planets rela- 
tive to their mutual distances, these forces may be looked 
upon as equal and parallel ; their resultant is consequently 
equal to their sum, and we may conclude, that the dis- 
tance remaining the same, the motive force of each planet 
is proportional to the product of its mass by that of the 
sun. 

In order to express the intensity of this force let us se- 
lect some unit of distance, and also an unit of mass and of 
time, arid let us take as the unit of force f, that constant 
accelerating force which produces in the unit of time a 
velocity equal to the unit of length. Then the motive 
force of any planet is Mmfaithe unit of distance, M and m 
denoting the masses of the sun and planet respectively, 

and -pr for any distance r. The coefficient,^ depends 

on the nature of matter, there is no reason to believe it 
mutable with the time. 



Vide Appendix, 
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(241.) Action and reaction being equal and contrary, 
there is an equal motive force acting oh the sun. They 
would) consequently, if left to their mutual action, come 
together, having passed over spaces inversely as their 
masses. In general, if the planet be projected in any di- 
rection, and that we propose to determine its apparent 
motion round the sun regarded as a fixed point, we must 
conceive applied to the sun at each instant a velocity equal 
and contrary to that which it receives from the planet; this 
is the same as applying to the planet a motive force di- 

. Mm/ M m'f 

rected'to the sun and equal to — f L% — , or to -Hr ; con- 

seqiiently, in the motion in question, the motive force of 
the planet m will be constantly directed to the sun, and 

equal to — j- +~zr; and therefore by dividing by the 

mass m 9 the accelerating force -5 will be expressed by 
(M+ro)/ 

~ T 5 

This value ought to be substituted for p in the equa- 
tions of elliptical motion that have been given in the pre- 
ceding pages, in order to* render them applicable to a sys- 
tem of two bodies not mere points. For instance, in 
Art. (94.) the equation between t and a ought to be 

t* 4ar* 
written —3 = ,%* \ _\/ The relation of t* to a 3 , which 

depends thus on the quantity m 9 will not be the same for 
two planets of which the masses are unequal. Hence we 
may perceive that Kepler's third law is not rigorously 
exact. The observations, however, which lead to this 
law, prove that if not exact it must be nearly so, and that 
consequently the masses of the planets mujst be small re- 
lative to that of the sun ; and in fact we find that the mass 
of Jupiter, the largest of all the planets, is not a thousandth 
part of the sun. Our next object would be to shew how 
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to compute the masses and densities of the bodies of the 
solar system, it is previously necessary for this, as well as 
for other reasons, to digress briefly on the subject of 
Attractions. 



(242.) The calculation of the attractions exercised by 
bodies of different forms is of the highest importance in 
the system of the world. It is from it we can infer the 
justice of the assumption, that the joint action of the several 
particles of a planet is the same as if all these particles 
were concentrated in a single point. The determinations 
of the masses of the planets, and of their figures, also re- 
quire this previous calculation. 



PROP. LII. 

To compute the attraction of a spherical shell or globe on a 
particle at a given distance Jrom the centre^ the force 
varying directly as the distance* 

(24-3.) Let r be the distance of the point attracted from 
the centre of any spherical shell which constitutes part of 
the globe, let u be the radius of this shell, and du its 
thickness. Let be the angle which the radius u makes 
with the right line r, w the angle which the plane of the 
right lines r and u makes with a fixed plane passing through 
the lines, then the element of the spherical shell is 
u*. du. d<o. dO. sin. 0. Let 8 be the distance of this attract- 
ing element from the attracted point, p its density, and f 
the attracting force of the unit of mass at the unit of dis- 
tance, then the attraction of the element in its own direc- 
tion will be p./«*. du. da>. dO. sin. 6. 8. The component of 
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this attraction tending to the centre is found by multiply- 
ing by the cosine of the angle between 8 and r, viz. 

r — u. cos.0 __ . . _ _ 

k • Hence the attraction towards the centre is 

p.f. u*du. di»>. dO. sin. 0. (r — u cos. 0). Denoting the attrac- 
tion of a shell of any thickness by A, we have from this 

A =///?.,/• u*. du. dw.dO* sin. 0. (r — u cos. 0). 

Integrating, relative to a>, from «=0 to <u=2ir, we find 
for the attraction of a ring of indefinite thickness, 

A = 2 tcp^fflifdu. dB. sin. 0. (r — u cos. 0). 

Integrating next on the hypothesis that u is constant be- 
tween the limits 0=0 and 0=ir, we find the attraction of 
a shell of indefinite thickness, 

A = 4 trp.fr. fifdu. 

Integrating lastly relative to u, from w=Z to */=/', we 
find 

A= 4 £ ^r -(Z , 3 _ n 



4_ 

S 
whence we have 



Let M denote the mass of the shell, then M =— 5-*- • (I'* — / 3 ), 



A=M./r. 

(244.) From this we may perceive that the attraction of 
the shell for this law offeree is precisely the same as if the 
entire mass of the shell were concentrated in its centre. 



224 ANALYTICAL TREATISE. SECT. VI. 



PROP. LIU. 

(245.) To compute the attraction of a spherical shell or globe 
on a particle, the force varying inversely as the square of 
the distance. 

Using precisely the same notation as in the preceding 
proposition, we have for the attraction of the element of 
the solid decomposed in the direction of the centre, 

**y . -i/ft • * r — wcos.0 TT 
p.fu*du. aw. du. sin. 0. jre • Hence 

a /YY* y * , , ,n . /ft r WCO8.0' 

A = # # lp»f* trdti. da), dv. sin. 0. gj • 

Integrating relative to o>, from w=0 to a>=2ir, we find 
for the attraction of a ring, 

A=2wpf.ffu*du. dO. sin.0« - g| — - — • 

This equation is to be integrated relative to 0, from 0=fO 
to 0=7r ; or eliminating by the equation 

8*=r* — 2rttco&.0+tt*, 

it is to be integrated relative to 8 between the Kmits (r-f «0 
and (r — u) 9 if the point attracted be without the shell. 
Performing this integration, we find 



Am *pfjk dm 



Integrating this between the limits V and /, we find 

4, wp .f(p-P) M.f 
A "" Sr* *" r* 
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Hence in this case, as in the preceding, we find that a 
shell or globe attracts a point situated without it, as if its 
entire mass were collected into the centre. 

(246.) In this case, if the point attracted were within 
the shell, we should integrate relative to S between the 
limits (u+r) and (u — r), and the result obtained would be 
cypher.— Vide Part I., Sect. XII., Prop. (70). This is 
not the case for the preceding law of force. In that case 
the shell always attracts, whether the point attracted be 
within or without, as if the entire mass of the shell were 
collected in the centre. 

The property of attracting, as if the entire mass were 
collected in the centre, is very remarkable, and it is in- 
teresting to determine whether it holds for other laws of 
attraction than the two preceding. 



PROP. LIV. 

(247.) To determine for 'what laws of force a spherical shell 
or globe attracts, as if its entire mass were collected in its 
centre. 

In the first place, we may observe if the law of attrac- 
tion be such that a homogeneous sphere attracts a point 
placed outside it, as if the entire mass were collected in 
its centre ; the same law must hold for an indefinitely thin 
shell of the thickness du. Representing the law of force 
by ^(8), the action of the element of such a shell decom- 
posed in the direction of the centre will be proportional 
to 

r — u. cos. 
u*du. dat.sin.OdB. g ■ * $ (©), 

, . , r— u. cos. 6 fdS\ .. , 
and since we have g — ^ = \rfrJ , becomes 

G G 
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* u*d u. du.dO. sin. 0. y-jr) . <p 8. 

Now if we designate /d8.# (8) by ^.(S), we shall have 
the total attraction of the spherical shell on the point at- 
tracted by means of the integral u*dufdto. <?0. sin. 0.^.(8) 

differentiated relative to r, and divided by dr. 

Integrating this relative to o> between the limits and 
2 ir, we have 

2iru z dufd0. sin.0. 0,(8). 

Differentiating the value of 8 relative to 0, we have 

dO. sin.0=— — , whence the expression for the attraction 

becomes 

udu 



^^'fsM.+M 



This integral being taken between the limits (r — u) and 
(r+u) 9 and being of the form ^(8), we have 

2rrudu c , 

— — .ty(r+u)— \(,(r— u)\. 

Now to determine $(8), on the condition that the attrac- 
tion of the shell should be the same as if collected in the 
centre. The mass of the shell is ±0u*du 9 and its attrac- 
tion 4>iru*du<l>(r) f we have then 

Zirudu. — * ^ =4>iru*du(p(r). 

Dividing, and integrating relative to r, we have 
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\f*(r+u) — \p(r — u) zz2ru Jdr*(p(r)+rU. 

U being a function of u and of constants. Representing 
the left hand member of this equation by R, we find 

d*R , . ^ rf.6(r) 

d*R £U 

du* ~" ' dtf 



d*R d*R 
But we have ~T^—~J U T by the nature of the function R, 

hence 

2ft(r) <fy(r) 1 d*XJ 

r "*" dr ""2m du* 

One member of this equation being independant of r, 
and the other of k, each ought to be equal to an arbitrary 
constant, which we shall designate by 3 A, we have then 






dr 
whence by integrating we obtain 

, , A B 
0(r)=Ar+-j- 

This result shews us that all the laws of attraction for 
which a sphere acts as if it were collected in its centre, 
are either the direct law of the distance, the inverse square 
of the distance, or laws compounded of these. 

HA=0, we shall have the law of nature, and in fact 
we may see that in the infinite number of laws of force 
that give the attraction nothing at infinite distances, that 
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of nature is the only one in which spheres possess this sin- 
gular property. 



PROP. LV. 

(248.) To determine the law of force when a shell attracts a 
point placed within it equally in all directions. 



It follows from the preceding analysis that the attrac- 
tion of a spherical shell, of the thickness du, on a point 
placed within it, has for it expression, 

A {J(*(«+r)— *(«-r))} 
2irudu. -^ ■ , • 

In order that this expression may vanish, we have 

\p(u+r) — \p(u — r)=r.U, 

it being a function of u independant of r. Differentiating 
this twice in order relative to r, we have 

d*\P(u+r) d*\l,(u— r) 
dr* ~ dr* - 0, 

This equation being true, whatever be the values of u and 

d*\L($) 
r, it follows that ,g^ ought to be a constant quantity 

for every value of 8, and therefore that 7g 3 -=0; we 
have from the analysis in the preceding proposition, 

whence, by twice differentiating, we have 
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2*(S)+S.^=o. 

Multiplying each term by <$, and integrating) we have 
which is the law of nature. 



PROP. LVI. 



(249.) Tojind the attraction of a circular plate on a point 
in an axis perpendicular to its plane from the centre. 



Let x be the distance of the point in the axis from the 
centre, z the distance of any element of the circular plate 
from the centre, r the distance pf this element from the 
point attracted, and y the radius of the circle. Then the 
element of the circle is zdia.dz 9 and its attraction on 
the point decomposed in the direction of the centre is 

&,***+, . Integrating tbi8 from w=0 to w=2 ^ we 

2irofx, zdz 
find for the attraction of a ring — *— 5 ; writing for r 



its value ^x*+z* 9 and integrating relative to z from »=0 
to s=y, we find for the attraction of the entire plate 



2*7>/.(l— V^+7) # 
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PROP. LVII. 

(250.) To find the attraction qfan oblate spheroid on a point 

in its axis or axis produced. 

By the preceding, the attraction of a circular plate 
of indefinite thickness perpendicular to the axis of 

rotation is 2 ir pfll — V'pTZ^jd*' I n the present case 



a* 



,y* = T»*( 2 ^# — x*) 9 a denoting the equatoreal, and b the 
polar radii, substituting which we have 



bxdx 



| b{a % b — c z x)dx a*b % dx ) 

2ir/»/| * + c*y2¥n^~c*y2a?bx-^) 

Hence integrating the several terms, 

A=2irp/ {^+7»- ^2^4*— <*x % — 



2 a 
c 



, 3 'tan-.v £-— -^-j +*. 



Taking this between the limits xzzO and xzz2b, we find 
£=0, and 



A=**pf.b |2__i^=f!. tan ^i <v ==} (a) 

This result is obtained by the method suggested by 
Newton, Sect XIII, Prop. (90). The methods of obtain- 
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ing the same, used by Clairaut, Fig. de la Terre, p. 179, 
and by Airy in his Tracts, p. 66, are much more tedious 
and intricate. 

(251.) Substituting for the arc in formula (a), the series 
in powers of the tangent, {see Trig. p. 106), we can readily 
obtain the following series, substituting for e its value 

A=4irp/6. Ijji -5^4+7^5-9^8 +&g. J . 

Now let 0= b. (1 +8), and consequently c* =6*.(2 8+8*), 
then 



(28+8*).*(l+8)* 



— &c.| 



This being arranged in powers of 8, becomes 

Aa^f^.£i+f.8-|.»»+ T § y .8J,&c.} 

If the spheroid differ but little from a sphere, the two 
first terms of this series would suffice. — See Airy's Tracts, 
p. 66 : Robinson's Mech. Phil. vol. L, p. 242. 



LEMMA. 



(252.) Tojind the attraction of a pyramid whose base is X, 
and altitude r, on a particle at the vertex^ the base being 
infinitely small and perpendicular to r. 

Let Z be a section parallel to the base at a distance, z, 

Zf.dz 
from the vertex, then the attraction of Zdx is **»* ■ , but 
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Z : X 11 z* : r*, therefore the attraction of Zdx is 
— ^ — , this integrated between the limits *=0 and s=r, 

gives for the attraction of the pyramid — • 



PROP. LVIII. 



(253.) To find the attraction of an Mate spheroid on a point 

in its equator. 

Conceive an elliptical meridian with a tangent thereto 
at the equator, let the radius of the equator be a, and the 
polar radius by then the equation of the meridian is 

2 b* a. cos.0 
*"-£*• sin. a fl+6*' 

being the angle between r and the equatoreal radius. 
Let the meridional plane be conceived to revolve on its 
tangent through an indefinitely small angle, da>> and the 
Wedge generated has for its element a pyramid, whose 
length is r, and whose base is r*.<?<u.</0. cos.0, whence 
its attraction, by the lemma, is rfdw.dO.coa.O; this de- 
composed in the direction of the centre gives us the dif- 
ferential of the attraction, A, of the wedge in this direc- 
tion. Hence, d A = r.f.d<o. d. sin. 0. cos. 0. Substituting 
for r from the equation of the curve, 

J A QPapfdw. d. sin.0 (1— sin.»0) 
* A ~ c\ sin.'0+W ' 

or writing x for sin. 0, this may be written 

j a olm si <c*+b* dx dx\ 

Hence 
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(11 ex x 7 

Taking this between the limits x=0 and #=1, we obtain 
for the semi-ellipse 

A=2^ f >./dai|^^-tan- 1 .j— ^^ (ft) 

Let us conceive a circle in the meridional plane, whose 
diameter is 26, and which touches the meridian at the 
point attracted; for the wedge generated by it we have, 
by the above, 

dAzz2b. p.f. da*, dx. (1 — x*). 

This integrated, and taken between the same limits, gives 

4fbf 9 dh) 

by comparing which with equation (a), we obtain the 
ratio of the attractions of the elliptic and circular wedges; 
the same expresses the ratio of the attractions of the whole 
ellipsoid and globe whose diameter is 26, but the attrac- 
tion of the globe is 

3 
Hence the attraction E of the spheroid is 

r. f l a t C ^X 

2b.p.f.ir[->*-'Um.-\- B — ? |. 



or 



E=2*p/ir. ^.tan.^.^™ ^ } (') 



H H 



23* ANALYTICAL TREATISE. SECT. VI 

See Airy's Tracts, p. 69, where the same result is obtained 
by a most circuitous process. 

(254.) By treating series (c) as series (a) has been treated 
in the preceding proposition, we can readily obtain 

If the spheroid differ but little from a sphere, we need 
take only the two first terms of this series. 



PROP. LIX. 



(255.) If there be two similar and similarly posited concen- 
trical spheroids, and if a tangent be drawn at the pole of 
the inner one to meet the other, the attraction of the inner 
one on a corpuscle at its pole is equal to the attraction of 
the whole spheroid, on a particle at the extremity of the 
tangent, parallel to the axis. 



• 

Let us suppose both spheroids divided into wedges by 
planes intersecting at any small angles in the tangent 
Again, let these planes be divided into pairs of pyramids 
equally inclined to the axis of the inner spheroid, and ter- 
minating at its pole; also, into other pairs respectively 
parallel to these terminating at the point on the surface. 
Now by a property of the conic sections, the sum of the 
lengths of one of the former pairs is equal to the sum of 
the lengths of one of the latter pairs, if they lie all at the 
same side of the tangent; and the sum of the former pair 
is equal to the difference of the latter pair, if one of the 
latter should lie on the contrary side. Hence, since the 
attractions of similar pyramids are as their lengths, the 
sum of the attractions of each pair of pyramids is the same 
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in either case, and consequently the attractions of the 
entire wedges are the same on each point, these attractions 
being estimated along lines perpendicular to the greater 
axes of those wedges. 

Again, the attractions of each of those wedges been de- 
composed into two, one perpendicular to the plane of the 
central wedge, and the other in that plane; the former 
attractions will mutually destroy each others effects, and 
the latter Will still continue equaL 

(256.) After the same manner it may be demonstrated 
that if a tangent be drawn perpendicular to the plane of 
the equator of the inner spheroid, the attraction of the 
inner one on a corpuscle at the point of contact is equal 
to the attraction on a corpuscle on the outer surface 
parallel to the plane of its equator. 



PROP. LX. 



(257.) Tajlnd the attraction on a point on the surface in a 

direction parallel to the axis. 

This attraction is the same as the attraction of a sphe- 
roid on a point at its pole, whose polar semi-axis is equal 
to the distance from the plane of the equator of the point 
attracted by the spheroid. Let this distance be wi, then 
by formula (a)j Prop. (57.)* this attraction is 



C i Vj_^ e l 

(258.) Similarly the attraction in a direction perpen- 
dicular to the axis is by formula (c), Prop. (58.), 



2$6 ANALYTICAL TREATISE. SECT. TI» 

In which expression m denotes the same as in thti last 
Art. If n denote the distance from the axia, this be- 



comes 



iwp.f.n. £ — p tan.- 1 . ^ x _^— ~^T 3 



PROP. LXI. 



(25.9.) The attraction of a shell bounded by similar and con* 
centric spheroidal surfaces on a point within it is cypher. 

The attractions of the whole pyramids terminating at 
the point attracted would be as their lengths; also, the 
attraction of the pyramids terminated by the point at- 
tracted, and reaching to the inner surfaces would be as 
their lengths ; but these latter pyramids are wanted, there- 
fore the attractions of the remaining frusta are as their 
lengths, but these lengths are equal, and consequently the 
attractions are equal in opposite directions. 

(260.) Hence the attractions of a spheroid on a point 
within it, both in directions perpendicular and parallel to 
the axis, can be found by the preceding proposition. 



PROP. LXII. 



(261.) In an oblate spheroid the attraction on any point on 
the surface is proportional to the normal. 



By Cor. III., Prop. (91.), of the Principia, if a line be 
drawn from any point of the surface to the centre, the at- 
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tractions towards the centre of corpuscles placed on any 
points of this line would be inversely as their distances 
from the centre, also, the centrifugal forces decomposed in 
the same direction would be in the same ratio; conse- 
quently the whole central forces would be in this ratio* 
But since the spheroid is in equilibrio, the weights of the 
columns terminating at the centre from all points of the 
surface must be the same; consequently the superficial 
gravities towards the centre must be inversely as the dis- 
tances, but these are only the components of the normal 
gravities which are consequently to each other inversely 
as the perpendiculars on the conjugate diameters, that is, 
by the properties of the conic sections directly as the nor- 
mals. 

(262.) Hence denoting the equatoreal gravity by E, and 
the gravity in any latitude, A, by 6, we have 

E:0::£, 'C^', . 

a (1— **sin.*A)* 

Hence 

G =s E ( 1 + £ **. sin.* A), nearly, 

or using 25 for e*, 

G=E(l+S.sin.'A). 

Clairaut Fig. de la Terre, p. 191. 



PROP. LXIII. 

(263.) To compute that latitude in which the distance from 
the earth's centre, supposed of small eccentricity, is equal to 
the radius of the equicapacious sphere. 

2 1 

The radius, r, of the equicapacious sphere is a y . 6 y , 
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*ra*b 
since the solid contents of the spheroid is —5 — , and that 

* of a sphere -*— * Hence by the polar equation of the 



ellipse 



4 9 b 1 

« y -* y =l_^co..»X* 



or 



s =6*. (1 +**cos.*A), nearly. 

Writing for a, as before, 6.(1+8), we have 

1 +$8=1+28. cos.% 

and consequently 

cos. l X = |. 

(264.) At the extremity of this radius, or its produc- 
tion, the attraction is therefore nearly equal to the mass 
of the earth, divided by the square of the distance of its- 
centre of gravity, and therefore nearly the same as if the 
earth were a sphere ; see Art (238). The polar distance 
of the parallel on which cos.*X=f is, 54° 44', English 
measure. This angle is remarkable for being the result 
in many physical questions of maxima and minima. 

We shall next show how the masses of the planets, their 
densities, and the comparative weights of bodies at their 
surface may be determined. In general there are two ways 
in which the masses of the planets may be determined ; the 
first, is by the application of Kepler's law relative to pe- 
riodic times and distances; and the second, by the disturb- 
ing forces, as the effects produced by the latter are entirely 
dependant upon the masses of the disturbing bodies. The 
former method is applicable only to the planets that have 
satellites, the Utter to the planets in general. 
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PROP. LXIV. 

(265.) To determine the mass of a planet, accompanied vnth 
a satellite j relative to the sun's mass. 

For the planet about the sun we have by the formula, 

2ira* 
/= ,——= .• For the satellite about the planet. *'= 

2ira'^ 



^m + mf 



• Hence we have 



m+m' _ a' 1 t*_ 
M+m "" a 5 '*'*' 



or if we reject mf compared with m, and m compared witfr 
M, we have 

• 

This expression for the ratio of the mass of the planet, to 
that of the sun is perfectly exact, if M, m 9 and m! be in 
geometrical progression, which is nearly the case for the 
sun, Jupiter, and his fourth satellite. 

(266.) For certain values of M, m, and m', the above 
expression might be rendered more accurate by rejecting 
m' compared with m, but not m compared with M. Henco 
we have 

m a* t* fa'* t*\* 

or if s denote the sine of the angle under which, at the 
planef 6 mean distance from the sun, the mean radius of 
the satellites orbit is seen, we hare 
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(267*) I n place °f using the period and distance of the 
planet whose mass is sought^ Newton and his commen- 
tators use the period and distance of Venus* Let Q and 
d denote this period and distance, and we have 



m of* Q* 



or more accurately, 



m a" Q* /a ,3 .Q a \* 



1TW 



M~ d*' t» + \Kt»f 
The advantage of this method consists in this, that the 

Q* 

fraction -tj-, when once computed, answers as a factor in 

the expression for the mass of every planet that has a satel- 
lite. It is also on some occasions more exact, as the mass 
of Venus is so small compared with the sun* Woodhouse 
is not strictly correct in his statement, that this process 
requires an additional step. 



PROP. LXV. 

(268.) Knowing the moon's horizontal parallax, P, and pe- 
riodic time, t' ; also, the sun's horizontal parallax, n, and 
length of a sidereal year, t, tojlnd the relation of the masses 
of the earth and sun. 



m afKt* 
By Art (265.) we have {J— jrp* > but a 1 is equal to 
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the sun's distance into the sine of the moon's greatest elon- 
gation as seen from the sun, that is, equal to a. p-, hence 






All these quantities can be ascertained with sufficient ex- 
actness except II, and as n oc II 3 , it appears that any 

error on the parallax will cause nearly three times as great 
an error on the value of the earth's mass. 



PROP. LXVI. 



(269.) To determine the mass of the earth relative to that of 
the sun, by a comparison of the spaces they actually descend 
one towards the other in the same time. 



Let s denote the deflection from the tangent of the 

earth's orbit in a second, and g the space fallen towards 

the earth in the same time at the sun's mean distance, then 

m g 

^rf =-£— • Now the space fallen through in a second on 

the parallel for which the sine of the lab is ~j~y is 16£ feet, 

161 
or in parts of the radius of the earth's orbit -j» , hence 

16 1 r* 164 

g= — * # _ (r denoting the earth's radius) ~~~ # sin. 3 n. 

Again, the arc (z) described in one second* by the earth 

2wa z* fcir** 

= /.2fc(60)»» and con8e q uentl y s -25=(<. 24,60.60)* * 

11 
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5,9634 
By actual computation of these values we find gas , Qao » 

and 5= lnao , taking the mean radius of the earth's 
orbit to be unity. Hence 

m _ 5,9634 
M = 1982010* 

This method, like the preceding, is subject to inaccuracy, 
from the uncertainty attending the determination of the 
sun's parallax. 



PROP- LXVII. 



(270.) To shew how the densities of the planets and weights 
of bodies at their surfaces may be determined. 



The densities being directly as the masses, and inversely 
as the magnitudes, it is only necessary, in order to find 
the relative densities, to multiply the expressions for the 

— ) , R and r denoting the radii of the sun 

and planet respectively. Multiply the earth's mass in 
Prop. (65.) by this, and, denoting the respective densities 
of the planet and sun by 8 and 1, we find for the earth 



t % (tan. ©ap.semid.) 3 
c=7* pi 



This expression being independant of the sun's parallax, 
the determination of the densities is less liable to error 
than that of the masses. 

The densities of the planets are found to be less the 
more remote they are from the sun. According to Kepler 
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the law of their diminution was the inverse square root of 

the distance. 

m R* 
(271.) Multiplying jjj by -pr, we find the ratio of a 

weight on the earth's surface to that of the same body on 

the surface of the sun. This gives us 

» 

—— il (tan.Qap.diam.) 1 .!! 

This can be found more accurately than tj, since it varies 

_ . m 
as n, and j-? as II 3 . 

As to the second method of determining the masses of 
the planets, it is unsuitable to a treatise like the present. 



SECTION VII. 



GENERAL PROPERTIES OF THE MOTION OF A SYSTEM OF 
BODIES. — MOTION OF THE CENTRE OF GRAVITY OF TWO 
BODIES ABOUT A DISTANT BODY. — PROBLEM OF THREE 
OR MORE BODIES STATED. 

PROP. LXVIIL 

j 

(272.) To apply the principle of Cf Alembert to the motion of 
a system of bodies, whatever be the forces acting* 

Let X, Y, Z be the forces acting on the body, m, parallel 
to the axes respectively ; then the impressed increment of 
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velocity in the time, dt, is Xdt ; the effective increment in 

i . dx 

the same time is d.-rz* The difference of these is a ve- 
locity which does not shew itself in the system, and 

m. (X — -73) is a motive force which does not shew itself; 

(d*x'\ 
X' — "Tprj i* a motive force which 

does not shew itself; these motive forces must conse- 
quently equilibrate by the connection of the parts of the 
system. Hence we have the six equations of equilibrium 
to be fulfilled by these forces 

d z x d*y d*z 

2m.(xd*y—yd*x) = 2m.(xY— yX)dt>> 
2fli>(«<P# — xd*z) ss 2/w.(*X — xZ)dt* 9 
?>m.(yd*z—zd*y) = Sw.(^Z— z\)dt*. 

(27S.) If the forces of the system be such that they 
would equilibrate on the hypothesis of the system being 
invariable, the second members of all these equations must 
vanish; for if the system be invariable, they would vanish 
by hypothesis, and if it were not, since the forces and 
points of application continue the same, they should con- 
tinue to vanish. 

If some only of the forces possess the above character, 
these may be neglected in forming the second members. 
Of this number are all forces arising from the mutual at- 
traction of the parts of the system ; since, by the law of 
action and re-action, if the only forces acting were these 
attractions, the system would remain at rest if its form 
were invariable. 
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PROP. LXIX. 



(274.) If there be no fixed point in the system, the centre qf 
gravity mooes as if the several bodies were collected therein^ 
and the several forces there applied parallel to their pri- 
mitive directions. 



Let x 9 y 9 z be the coordinates of the centre of gravity, 
then 

M.r = Sifer, My s 2my, Ms = Smz, 
M denoting the sum of the bodies. Differentiating twice 



d*x m d*x d*y d*y d*z d*% 

M 'W =,Sm 'd?> M -rfF= Sm -5?» M -dF= Sm -5F» 

whence we hare 

M^=2wX, M.§sS»Y, M.^=SwZ. 

These are the equations of motion of the centre of gravity, 
the system not containing a fixed point. - When there are 
in the system points which, without being absolutely fixed, 
are constrained to move on curves or surfaces, we ought 
to comprise amongst the forces other forces equal and 
contrary to the pressures which these undergo, and then 
consider the points absolutely free. - 
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PROP. LXX. 

(275.) To prove that the motion of the centre of gravity is 
rectilinear and uniform, when the bodies of the system are 
subjected merely to their mutual actions. 

In this case, by Art. (272.), we have 2mX> 2m Y, 2mZ, 

M d % x 
each nothing, and consequently -771, &c. each cypher. 

Hence it follows, by Art (17.), that the motion of the cen- 
tre of gravity is rectilinear and uniform. Thus, as a ma- 
terial point cannot change its motion without the interven- 
tion of some extraneous cause, so a system of bodies can- 
not alter the motion of its centre of gravity by the mere 
action of its component parts. This important result con- 
stitutes that mechanical principle denominated, the general 
principle of the conservation of the motion of the centre of 
gravity. 

(276.) Conversely it follows, that the relative motions 
of the parts of a system are the same, whether the system 
be at rest, or be carried uniformly forward with any velo- 
city in any rectilinear direction. 

(277*) If, moreover, during the motion two or more of 
the bodies should come together, this percussion will not 
change the velocity of the centre of gravity, nor the di- 
rection of its motion. To prove this, let a, b, c be the 
components of 01's velocity before the stroke, and A, B, C 
after ; then we have in the former state 

M.-^j-=2»w, M.^ssSwii, M.j^sz'Smc, 
and in the latter, 

__ dx A __ dxt dz 

M.-^-=S«A, M.^asSwB, M.^srSmC. 
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By the theory of the collision of bodies, equilibrium 
ought to exist in the system between the quantities of 
motion lost and gained; this gives us, since the system 
contains no fixed point, 2ma — SwiA =0, and consequently 

dx 

j-. , the same before and after the stroke ; the same is true 

dy dz 

for -h and -T. , and consequently the velocity and direc- 
tion remain the same* 



PROP. LXXI. 

(278.) In a system of bodies subjected merely to their mutual 
attractions, and not containing any faced point, the. sum 
that arises by multiplying each body into the area, traced 
out on any plane about any. point in space, is constant, in a 
given time. 

Let | A be this sum for the time t on the plane of x, y, 
taken in any manner through the point in question, then 
*2m(xdy — ydx)=zd\; let also £A', £A" be the analogous 
sums on the planes of x, z andy,z, then *2m(zdx — xdz)=zd\\ 
*2m(ydz — zdy)zzd\ n . From these we obtain, by diffe- 
rentiating a second time, 

S. m (xdhf — yd?x)=zcp\, 
^.m(zd z x — *d 8 z)=d*A', 
S. m (yd*z—zd 2 y) = d*\". 

Hence, from Art. (272,), we have 

d z A = 2m. (.rY— yX) dt*, 
d 2 \' = Zm.(zX—xZ)dt*, 

■ 

d*X" s Sm. {yZ — sY) dp. 
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But since the only forces acting are the mutual attractions, 
we have the second members of these equations cypher 
hence, by integrating 

\=ht, \'=h't, \"=zh»t. 

In this consists the general principle of the conservation of 
areas, 

(279.) If there be a fixed point in the system, this theo- 
rem is not true, unless this point be made the origin of 
coordinates; but the direction of the planes on which 
these areas are projected is still arbitrary. If there be two 
fixed points in the system, and that we take the line join- 
ing them for the axis of z 9 we shall have then X=A/, and 
the principle of areas will not be true unless the origin be 
taken on this axis, and the plane of projection perpendicu- 
lar thereto. In the case of a single fixed centre, inde- 
pendant of the mutual attractions, there may be any num- 
ber of forces directed to this centre, and the theorem of 
areas would still continue true, for the moments of all 
such force* are nothing in any plane through the origin. 



PROP. LXXIL 

(280.) To determine the position of the maximum or invaria- 
ble plane in a system of bodies subjected to their mutual at- 
tractions, or to forces directed to the origin of coordinates. 

The area described on* each of die coordinate planes in 
any instant is the projection of the area described in space 
in the same time by one of the bodies, consequently 
\\ £X', £X" are the sums of the projections of the areas 
described in actual space. Let £L, £L', £L" be the 
same on three other coordinate planes through the same 
origin, also, at right angles, then we have 



SECT. VJU GENERAL PROPERTIES; 249 

v ■ • - * 

L = X. cos. L, A + X'. cos. L, X' 4- X". cos. L, X*, 
L'=sX,cos.L', X+X'.cos.L', X'+X".cos.L', A", 
L"=X.cos.L", X+X'.cos.L", X'+X".cos.L", X". 

From these equations we can readily deduce 

L* + L" + L"» = X* + V* + X"\ 



This shews us that the sum of the squares of the projec- 
tions is constant on any three rectangular planes through 
the same origin. 

It is obvious that L would be a maximum if L' and L" 
were each cypher, and this being the case, we should 
have L*r=X a +A'*+A*»; L.cosX, X=X; L.cos.L, A'=X'5 
L. cos. L, X" = A". This ia always possible* since the valuea 
for the cosines of the angles which determine this plane 
are always possible, and always proper fractions. Substi- 
tuting for X, X', X", their proper values ht 9 h% h% we 
have 

COS.L, X's 



cos. L, \ u 25 , • 

These angles are therefore constant, which proves that the 
maximum plane will constantly preserve the same position, 
as long as the only forces acting are the mutual attractions 
and forces directed to the centre of areas. It is for this 
reason that Laplace, to whom the discovery of it is due, 
has called it the invariable plane. 

KK 
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When there is no fixed point in the system, and no 
force but the mutual attractions, there is a particular in- 
variable plane for each point in space. 



PROP. LXXIII. 

(28 1 .) To construct the invariable plane at any instant, know- 
. ing the velocities and coordinates of the several bodies. 



The position of this plane depends on the quantities 

h 9 h f 9 h" ; and the values of these are determinable from 

the given data by the equations of Prop. (71. )* since these 

d\ d\' d\" 
arethesameas-^,-^,-^. 

The quantities h 9 h' 9 h" are the sums of the moments on 
the respective planes, and consequently the invariable 
plane here determined is the same as the plane of the re- 
sultant pair. — See Lloyd's Mech. $ sect. iv. 

The consideration of the invariable plane is useful in 
Dynamics, for by taking it for one of the coordinate 
planes, two of the three arbitrary constants, h 9 h' 9 h" 9 will 
vanish, which will render more easy the treatment of the 
equations into which these constants enter. 



PROP. LXXIV. 

(282.) To compare with each other the principal planes re" 
lative to different origins* and to determine when they re- 
main parallel. 

Let H, H', H"* be what h 9 V 9 h" become relative to the 
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new origin, and let the coordinates of this new origin 
be a, /3, y 9 then we have 

H = 3«.£<*-«$-(3H3)3$ 

(dy dx\ _ dy ^ ^ dx 
x tt-y- di)-*' 2w - Tt +P' Sm - Tt 

=A + M.(^.^-«.§). 
Also, we have 

H'=J'+M. («.£-?.£) 

H.= i . + M.( r .| 5 - / 3.|). 

(283.) We shall have H=h, H'=A', H"=A", and con- 
sequently the invariable planes respectively parallel, if the 
three following equations hold, 

dx dy dz dx dy dz 

P'Tt-"'^ ' a 'Tt—*'Tt=°> V'T-PTt= ' 



In the motion of the system it has been already shewn 
. that the centre of gravity moves uniformly, and in a right 

dx dy dz . 
line, the components ~n > zn > "T t of its velocity are con- 
stant, and the above equations will consequently be verified 
for all points on any line parallel to a line through the 
centre of gravity. Consequently the invariable planes re- 
main parallel for all points along this line parallel to the 
line through the centre of gravity. Also, the invariable 
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plane relative to the centre of gravity always preserves the 
same position as this centre moves forward. 



PROP. LXXV. 



(284.) The invariable plane through the centre of gravity 
may be determined by the relative velocities about this 
centre, without knowing the absolute velocities in space, 
and by the coordinates relative to this centre. 



Changing the origin to the centre of gravity we have 
a=x, /3=y, y=z, and consequently 

f - dy - dx\ 

H = Zm. {(*-*) f t -(y-y) Tt } '> 

but we have also 

2 m. (v—x) -fjf = ( Zmx— M2r) ■£ = 0, 



- dx - dx 

2m.{y—y)j i =:(2my—My)j i =0. 



Subtracting these cypher values from the value of H, we 
have 



Similar values may be formed for H' and H" ; and con- 
sequently we have the direction of the invariable plane 
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# , dx dx 
depending on the relative velocities -r: — -j-. , &c. and on 

the relative coordinates x — x 9 &c. 

This important Theorem enables us to determine the 
position of this plane in the planetary system with great 
facility. 



PROP. LXXVI. 

(285.) The position of the invariable plane will remain un- 
altered if two, or a greater number, of the bodies of the 
system should mutually impinge. 

On the principle that the quantity of motion lost by the 
impact is nothing, we must have, retaining the notation of 
Prop. (.70), 

Sm. {x. (b— B)— y{a— A)} =0, 

hence we have 

2m. (a; 6— ya) = Sw.(o:B— yA) ; 

but the first number of this equation is the value of h be- 
fore impact, and the second its value after ; consequently, 
h remains unaltered. The same is true of h! and h n . 
• Thus we see that the principle of the conservation of 
areas is independant of any changes, however abrupt, of 
the velocities produced by the mutual action of the bodies 
of the system* 

Some of the results in the preceding articles might have 
been arrived at by the theory of pairs or couples. But, in 
the first place, this theory gives no calculated results, and 
would only prove mere facts, so that the business would 



254? ANALYTICAL TREATISE. SECT. VII. 

still remain exceedingly incomplete; and secondly, being 
established and proved, as it is in the Mechanics of 
Poinsot and Lloyd, for a system of invariable form, the 
transition thence to one of variable form is neither easy 
nor natural. 

(286.) The general principles of the conservation of the 
motion of the centre of gravity and of areas, are no more 
than an extension of the six equations of motion of a sys- 
tem of invariable form to any system whatsoever ; but the 
principles which we shall next proceed to develope, are 
by no means comprised in these equations, but rather re- 
sults of another statical principle, namely, that of virtual 
velocities. 



PROP. LXXVII. 



(287.) In a system of bodies subjected to the action of any 
forces whatsoever, to deduce the equation which results from 
combining the principle of UAlembert with that of virtual 
velocities. 



Since Xdt-d.j? f Ydt—d.^ 9 Zdt—d.^ ; X f dt—d.^j 

&c. are so many velocities that do not shew themselves in 
the system in consequence of the mutual connection of 
the parts thereof, it follows that the motive forces depend- 
ing on these velocities must equilibrate. Hence, applying 
to these motive forces the principle of virtual velocities, 
we have 

2 | m(xdt— d.j t )8x+m. (Ydt—d. jf)$y+ 



m. (Zdl~d.jj\§z 1 = 0. 
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In which $x 9 Sy, 8z denote the virtual velocities, or pos- 
sible simultaneous displacements of the body, m, along the 
axes respectively. 

(288.) This equation holds when the bodies undergo an 
abrupt change in their velocities, that is, when the velo- 
cities lost are finite quantities ; as well as when the law of 
continuity is not interrupted, or the velocities lost infinitely 
small. It holds for all the displacements the system can 
possibly undergo, without violating the conditions which 
connect the parts one with another, and which may re- 
strict some of the bodies to move on given surfaces or 
curves. In each case this equation will give as many par- 
ticular equations as there are possible motions ; and the 
aggregate of these, with the equations which it may be ne- 
cessary for 8^r, S-z', &c. 8y 9 Sy, &c. Sz, $z' 9 &c. to fulfil, 
will serve to determine the motion of the system. 



PROP. LXXVIII. 



(289.) The general principle of the conservation of the vis 
viva deduced from the above general equation. 



The coordinates of m at any instant being «r, y 9 z 9 those 
of m'y at the same instant, #', t/ , z', &c, we may suppose 
the conditions of the system expressed by equations be- 
tween these coordinates. These equations may contain 
the variable t f this would be the case, for instance, if one 
of the bodies was constrained to a surface which is itself in 
motion according to a given law. Let then F(f, x 9 y 9 &c.) 
be one of these equations. Now, in the first place, in 
order that the arbitrary displacements of the bodies of the 
system should be lawful this equation must hold, writing 
#+Sff> y+$y> z+Sz 9 &c. for the variables, and conse- 
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quently its differential, considering * constant, must equal 
cypher. Hence we have 

But the coordinates of the several bodies are also func- 
tions of t 9 - and as such must at each instant fulfil the above 
equation. Hence, considering t as variable, we have 

^ T dF 7 dF , Q 
Tdt+j-^- dx+j-'dy +&c.=0. 

Where T denotes the differential coefficient of the func- 
tion F relative to t. Comparing this equation with the 
preceding, they will agree perfectly if TtftsO, and that 
we take dx=:8x, rfy=8y, &c. 

In this case, namely, when no one of the equations of 
condition of the system contains the time explicitly, we 
may suppose the virtual velocities along the axes of 
coordinates equal to the differentials of these coordinates, 
which are the spaces passed over by the projections of the 
several bodies on the axes respectively. This hypothesis 
means that we may conceive impressed on the system the 
motions which its parts really have, which could not be if 
any part had any additional cause of motion, such as» for 
instance, being restricted to a line or surface which was 
itself in motion from some extraneous cause. In such a 
case one of the equations of condition should involve the 
time explicitly. 

When the time is not thus involved, the equation of 
Art. (287.) may be written 
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If v be the velocity of m we have i?.dt*s2dx*+dif+dz* 9 
hence, integrating the preceding equation, we have, if the 
second member be integrable, 

Smt;* =j3+^. ^ (x 9 y 9 z 9 x i 9 j/ 9 z f 9 &c.) 

Thus we see how the theorem of Art. (38.) has been 
extended to a system of bodies. This theorem thus ex- 
tended is called, the general principle of the conservation of 
vires viva. 



PROP. LXXIX. 



(290.) To determine in what cases the formula Sw?.(X*£r+ 

Ydy+Zdz) is integrable. 

This formula is integrable, as has been shewn in 
Art. (41.), when the forces are directed to any number of 
fixed centres, and functions of their distances from these 
centres. ' 

This theorem may also be proved as follows : — let the 
whole force which acts on m 9 in consequence of the action 
of such centres, have for its components X, Y, Z ; then 
the amount of (his whole force, s being a part of the line 
along which it acts, will be 

dx dy dz 

x 'Ts +Y 'Ts +z -Ts' 

Again, let F, -F', &c. be the forces directed to the fixed 
centres* and their resultant is 

consequently 

L L 
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Xdx + Ydy + Zdz = Yd/+ Y'df + &c. 

The same being applted to the other bodies, we have 
generally 

Era. ( Xdz + Ydy + Zdz) = Sro. ( Fdf+ Ydf + &c.) 

See Prony, Mec. Anal., Part II. p. 117. It is also integ- 
rable when the acting forces are the mutual attractions of 
the bodies of the system, and that these attractions may 
be expressed in functions of the masses and distances. 
Let, in fact, S be the distance of the bodies m, ?n'; A a 
function of 8; tw'A the accelerating force on m, arising 
from the action of m' ; mA the same on w! from the action 
of m. Considering only the components of the force on 
m, we have 

Xdx+Ydy+Zdzzz— j- • {{x f —x)dx+{y f —y) dy+ {zf— z)dz] . 
Similarly for the components on m f 9 
X'dz'+Y'dy'+Z'dz^ 7 ^- {(x-x')dx'My-y'W'Hz ^dz*}- 

Multiplying the first of these quantities by m 9 and the 
second by m', and adding them, we find that the mutual 
attraction of m and mf introduces into the formula 
^m(Xdx+Ydy+Zdz) 9 the term 

Til Ittf A 

-g— . {(x'-x).(dx-dx' ) + (y -y\{dy-dy r ) + (z'-z).(dz-dz)} ; 
but 

8* = {x—xy + (y- 7/ y + (z—zfy, 

whence this term becomes, by differentiating 8*, 

— mm' Ad 8, 
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a quantity which is a function of 8, and consequently in- 
tegrate. 

Thus the equation of Art. (289J holds when the bodies 
of the system are subjected to their mutual attractions, or 
to the attractions of fixed centres, however these bodies 
are otherwise restricted ; if, for instance, some or all of 
them be restricted to move on given curves or surfaces. 
In such a system the sum of the vires vivae, 2w0*, will be 
given for any one set of values of x 9 y 9 z when we know it 
for any other. The change on this sum will be inde- 
pendant of the curves described by the several bodies, and 
this sum will always become the same when the bodies of 
the system return to the same position ; and this sum will 
always remain constant when the moving bodies are not 
solicited by any accelerating force. 



PROP. LXXX. 



(291.) To estimate the loss of vis viva, occasioned by the 
collision of several bodies of the system. 



Let a 9 b 9 c be the components parallel to the axes of the 

velocity of m before the collision; 'A, B, C the same after. 

The components of the velocity lost are then a — A, b — B, 

c — C; and consequently at the moment of the abrupt change 

a ^ x 1T ?1 d l y _ _ n y d*z ^ 

Xdt—-j£=za—A, Ydt—-jf=:b—B, Zdt—j£=c—C. 

Immediately after the blow, the projections of m on the 
axes describe the spaces Adt 9 TSdt 9 Cdt during the instant 
dt ; consequently the values of dx 9 dy 9 dz which enter into 
the equation of Art. (287). This equation then becomes 

2jw {(a— A) A + (6— B) B + (c— C) C] = 0. 
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If we write v> for a*+6*+c», V* for A* + B* + C*, and 
u % for (a — A)* + (6— B)* + (c — C)*, this equation maty rea- 
dily be reduced to the fi^m 

This shews us that the los9 of vis viva caused by the 
shock is equal to the vis viva due to the loss of velocity. 



PROP. LXXXI. 



(292.) In the motion of a system of bodies for which the 
principle of vis viva holds true, if we take the sum of the 
products that arise by multiplying each body into its velo- 
city into the element of the path it describes, and, if we in- 
tegrate this sum between two given positions of the system, 
the value of this integral is a minimum. 

The thing to be proved is, that the integral o( 'Smvds 
taken between given limits is a minimum, or that its varia- 
tion is cypher. We have 8 yS mvds szf^m 8. vds by the 

principles of the calculus of variations; and ^mS.vdsn 
2mv.$ds+'2m.$v.dsi but we have also dszzvdt, and 
therefore 

$v.ds=zv.8v.dt=—*8.v*, and ^m.Sv.vdszz-z- Sw.S.fl*. 

By Art (289.) we have 

« • 

. Sfl*.S.i^=22m.(XSa;+Y8y+ZSz)- 
Moreover, by the equation of Art. (287.) we have 
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(d^x d*"U d*z \ 

whence we have * 

2m.8v.ds=Vm. (^'S*+^- ty+-^' 8*), (a) 

but we have also* 

. , rf* ltt dy , _ d* . _ 
v.S.dscs-rj- d.$x+-r.*d*8y+-r:*d.8z 9 

and consequently 

adding together equations (a) and (6) we find 

/dx ^ dv dz \ 

Integrating this we find 
8/2roi?ds=/sw8.ttds:=2m.[^'8^ 

The right hand member of this equation is nothing for 
the two limits of the integral jSmvds; for at these limits 



* It may be prOTed thus :— <f« 8 ss dx 9 + dtp + <J**, hence, 

d. disss -7—. d. #*4- -r-» < '»^y+ •r—'d.dz, 
dx ds ds 

and since dssszvdt, we have 

* . dx , . . rfy _ » , rf* , , 
v. o. as = -— . a. o x + — . a. oy + -7-. a. z. 
dt at at 
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the positions of all the points of the system being given, 
the variations of their coordinates ought to vanish, so that 
the values of $x, 8y, ^ ought to be nothing^ for these 
points. 

The general principle established in this article is de- 
nominated the principle of least action. 

(293.) The integral jSmvds is the same thing as 

S fmv*dt $ but 2. fmv* dt is the sum of the vires vivce of 

the bodies of the system during the continuance of the 
motion ; the principle of least action consists then in say- 
ing that the sum of the vires vivce of the system, during 
the time of passing from one position to another, is a 
minimum. Fermat was mistaken with respect to the prin- 
ciple of least action; -his notion of the economy of nature 
was, that every system of bodies passes from one given posi- 
tion to another in shorter time than if the component bodies 
were to go by any other paths. He reconciled this fact with 
the law of refraction of light, by supposing the velocity in 
the medium less than in vacuo. Maupertuis, guided by 
Newton's discoveries on light, found this hypothesis to be er- 
roneous, and that the economy of nature really consisted in 
giving the sum of the spaces into the velocities a minimum 
for the same body. Euler extended this theorem to varia- 
ble motions, and it was afterwards generalised and deduced 
from the laws of motion by Lagrange. The two prin- 
ciples of vis viva and of least action differ from the two 
principles of the conservation of motion of centre of gra- 
vity and areas in this, that the two latter are independant 
of all abrupt changes in the system, but not so the two 
former. 
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PROP. LXXXII. 

t 

(294.) To deduce the equations of motion of a system of 
bodies, the law qf force being, as in nature, the inverse 
square of the distance. 



Let m, m', m", &c. be the bodies of the system, con- 
sidered as so many material points. Let x, y, z be the 
coordinates of m, as before. Then the action of mf on m 
will be by hypothesis 

m f 



tf—xy + tf-. yy + {z>- z )* 



The component of this force parallel to the axis of x will 
be 

m'(x' — x) 



3 



i(a/-x)*+{i/-y)*+(z'-zy} 

This may be written 

1 ( mm' 1 1 

m m \ ' V(^_^ + (y_ 2/ )* + (^_ z )* X dx) * 

Similarly the action of ml 1 on m, parallel to the axis of x, 
is 

1 ( mm" 1 | 

~m m \ d * V (*"_*) + {y"—y) z + (z"— *)* * dx ) ' 

And consequently, if we assume 



X=S. 



mm' 



V tf—xy + ( i3/ '_ <y )» + (z /_ z) * ' 
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we shall have for the whole accelerating force on m parallel 
to the axis of*, 

i_ dX 

m dx 

The same reasoning applies to the forces parallel to the 
other axes, whence, by the differential equations of motion, 
we have 

d l x d\ 

m -dF—lx' ss0 - 

d % y d\ 
m 'd^—~d^-°- 

d'z d\ 
at* dz 

Similar equations hold true for the other bodies of the 
system. 

(295.) The determination of the motions of the bodies 
7/7, m\ &c. depends on the integration of these equations. 
It has not been found possible to integrate them com- 
pletely, unless in some few cases, as when the system is 
composed of two bodies. Some few exact integrals may 
be deduced, as has been shewn in the preceding Props., 
without any regard to the law of force. These we might 
again deduce in the present particular instance by a 
method somewhat different, as one instance will serve to 
shew. 

PROP. LXXXIII. 

(296.) To determine the motion of the centre of gravity of a 
system of bodies, the force of mutual attraction being in- 
versely as the square of the distance. 

By the nature of the function X, we have 
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Hence, 



Similarly, 



dX dX dX rt 
dx+d?+d7' +lkc '= - 



d % x 
2m. jjssO. 



« d*y d % z 

2m. ^=0, 2m. ^=0. 



Let x, yfz be the coordinates of the centre of gravity, 
then 



~ 2m,r 

2m . 



consequently, 



tf*,r 2m. d*.r 
rfF'""(S«).rf/»" , °' 



_ . d*u d l z . „ 

For the same reason j5=0, -ttj=0, therefore, &c. 

The others may be arrived at in a similar manner, but 
as we have already obtained them by a general method, 
it is unnecessary to dwell more on the particular case. 

(297.) The preceding are the only exact integrals that 
analysts have been able to arrive at relative to the motions 
of a system. Approximation is the only resource in this 
case, and the constitution of the world affords some 
facilities for its application.. One of the chief is the dis- 
tribution of the solar system into smaller systems, consist- 
ing each of a planet and its satellites, and the great dis- 
tance of the sun from the primary of each system compared 
with the mutual distance of the bodies of this system. 
We shall enter upon this matter to a small extent. 

M M 
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quently its differential, considering * constant, must equal 
cypher. Hence we have 

dT? dT? dl? dT? 

But the coordinates of the several bodies are also func- 
tions of t 9 and as such must at each instant fulfil the above 
equation. Hence, considering t as variable, we have 

^ ¥ dF , iF , 

+ di ' dx+ d~ yJ ^ &c,s=a 

Where T denotes the differential coefficient of the func- 
tion F relative to t. Compering this equation with the 
preceding, they will agree perfectly if TtftsO, and that 
we take dx=i$x 9 dyz=$y, &c. 

In this case, namely, when no one of the equations of 
condition of the system contains the time explicitly, we 
may suppose the virtual velocities along the axes of 
coordinates equal to the differentials of these coordinates, 
which are the spaces passed over by the projections of the 
several bodies on the axes respectively. This hypothesis 
means that we may conceive impressed on the system the 
motions which its parts really have, which could not be if 
any part had any additional cause of motion, such as» for 
instance, being restricted to a line or surface which was 
itself in motion from some extraneous cause". In such a 
case one of the equations of condition should involve the 
time explicitly. 

When the time is not thus involved, the equation of 
Art (287.) may be written 

(dx.d*x+dy.d z y+dz.d*z\ „ m w • 



SECT. VII. GENERAL PROPERTIES. 257 

If v be the velocity of m we have v*.dt*ssdx*+dy*+dz* 9 
hence, integrating the preceding equation, we have, if the 
second member be integrable, 

Smi;* =/3+2. <p (#, y> z> af 9 y, z* 9 &c.) 

Thus we see how the theorem of Art. (38.) has been 
extended to a system of bodies. This theorem thus ex- 
tended is called, the general principle of the conservation of 
vires viva. 



PROP. LXXIX. 



(290.) To determine in what cases the formula 2tfi.(Xdlr+ 

Ydy+Zdz) is integrable. 

This formula is integrable, as has been shewn in 
Art. (4?1.), when the forces are directed to any number of 
fixed centres, and functions of their distances from these 
centres. ' 

This theorem may also be proved as follows : — let the 
whole force which acts on m 9 in consequence of the action 
of such centres, have for its components X, Y, Z ; then 
the amount of (his whole force, s being a part of the line 
along which it acts, will be 

dx dv dz 

X 'Ts+ Y -Ts+ Z 'Ts' 

Again, let F, -F', &c. be the forces directed to the fixed 
centres, and their resultant is 



F.-£+F'.-£-+&c. 



ds ' ds 
consequently 



L L 
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PROP. LXXXIV. 

(298.) To determine nearly the motions of the centre of gravity 
of a system of bodies about a very distant body ; for in- 
stance, of a planet and its satellites about the sun. 

The origin of coordinates being taken at the centre of 
the very distant body M ; let the coordinates of the centre, 

whose motion is required, be x 9 y 9 z; let x 9 y 9 z ; x f 9 %J 9 z 7 , 
&c. be the coordinates of the bodies m 9 m' 9 &c. of the sys- 
tem ; and let a, /3, y ; a', j3', 7', &c. be the coordinates of 
the same bodies relative to the centre of gravity. It has 
been already shewn, Art. (274.), that the motion of the 
centre of gravity of a system is the same as if the several 
bodies of the system were collected therein, and the seve- 
ral forces there applied parallel to their former directions ; 
it has has also been shewn, Art. (275.), that the mutual 
action of the bodies does not derange the motion of the 
centre of gravity, nor their mutual attractions alter this 
motion. Hence, in determining this motion, it is suffi- 
cient to consider the mutual action of M, and the bodies 
m 9 m' 9 &c. 

The action of M on m parallel to the axis of x 9 and di- 

M,^ 

rected from the origin, is — — §-, where r=^^ , +y+« s ; 

hence, by Art. (274.), the entire force on the centre of 
gravity parallel to the axis of x is 

mx 



M.2-T 
r 3 . 



but 



Shi 



*.3 — 



{(*+«)* +(y+/3)» +(*+y)*V 
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Neglecting all powers and products of the second order, 
and upwards, of the variables a, /3, 7 ; a', &c. and denot- 
ing by R the ^x*+jf +z* 9 we obtain 



x x a - (xa+yfi+zy) 



Hence we have 

#. 

mx 
Sw R 3 .2w """R 3 . Sw + 



M#S r r Mx.Sw Swa 



„ (ir. Sffla+ff. Smj3 + g. Smy) % 
** R 5 .Sw ' 

but we have Swa, 2/w/3, Swy, each equal to cypher, con- 
sequently 

mx 
MS T r M.* 
— 2w ~ — R 3 

Similarly the components of the force of M parallel to the 
other axes are 

M.j/ M. z 



R 3 > R 3 ' 

consequently the force of M on the centre of gravity is 
nearly the same as if all the bodies of the system were col- 
lected therein. But as we are estimating the relative 
motion of the centre of gravity of the system about M, we 
should conceive applied to each body in an opposite di- 
rection that force with which it attracts. This force re- 
sulting from the action of ;», m\ m", &c. on M, resolved 

ttix 
parallel to x, is 2 — §- 5 *"d> neglecting quantities of the 
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second and higher orders, this becomes W "* Similarly 

the components parallel to the other axes are t>j >' "pT* 

Hence, by transferring to the centre of gravity these forces 
with a contrary sign, we shall have for the entire forces 
soliciting this point, 



which are precisely the same as if 2m were a single body 
placed at the centre of gravity, and consequently this 
centre moves as if all the bodies, m, m\ &c, were collected 
therein. 

This theorem will appear in a system of three bodies 
more readily from the following Prop. 



PROP. LXXXV. 



(299.) To determine the force acting on the centre of gravity 
of two bodies, m and m\ directed to a very distant body, 
M. 



Let p and g be the distances of m and m' from their 
centre of gravity, and ir the angle which the line p+g 
makes with R. Then R being very great compared with 
p and g, the distance of M from m is R — p. cos.xr ; and 
from m\ R+g. cos.*-; considering the attraction of M 
on m as the resultant of two forces, one directed to m' f 
and the other to M, the latter component has for its 

value /ii . «, m- — \jl the similar component for w'.is 
( iv - "" • l/. cos* tr j 
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nm ft* Multiplying these by m and m' respec- 

I Jtv "i g • COS* It) 

tively, and adding them, we obtain the whole motive force 
pn the centre of gravity, and then dividing by m+m', the 
accelerating force. Expanding them after this by the 
binomial, we obtain 

M 3M.cos.7r , . % 6M.cos. a 7r . . . 

Similarly, by the action of M on m, m\ we have, acting 
on the centre of gravity, another force, 

m+m' 3cos.7T . ,- % 6.cos.*ir , ^ , _ 

-JJT +-r5 — ( m P— m S)+-^T" '{mp* + m'g z ) + &c. 

The second term in each of these series vanishes by the 
nature of the centre of gravity, and consequently the 
whole force urging this point about M, supposed at rest, 
is 

M+m+mf , 6.cos. z tt / M \ , 9 , * „ 

(300.) The first term of this series gives the law for 
elliptical motion, and the remaining terms give the value 
of the force which causes a deviation from this law. 



PROP. LXXXVI. 



(301.) To compute the force of m towards M, when m is dis- 
turbed by the action of m f . 

The whole force with which m is urged towards M is 
ratde up of their mutual Attractions, and the quantity by 
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which they are drawn together by the decomposed in- 
fluences of m' on each. For brevity sake let us denote 
.P+gby r; R— j9.cos.ir by 8; and R-fg.cos.ir by^y. The 

attraction of mf on M is —j, this we decompose along r 

m'. 8 
and 8; the latter component is -TT", which is part of the 

force of m to M ; the former component is — §-, and the 

«• 

attraction of m on w is jy, consequently along the line r 

_ ;»' m'r . 

there acts a force ^j -j- ; let be the inclination of r 

to 8, and for the whole force, F, with which M attracts m, 
we have 

_, M+ro ro'8 (m! ro'r\ 

F =— g? - +y + Vpr— y-J.cos.0. (a) 

(302.) Also, for the force T perpendicular to 8 we have 

T=( F -y-J.sin.9. (ft) 

The expressions for these forces given in the second 
volume of Harte's Laplace (see note, p. 49,) are erroneous, 
and some false inferences drawn from them. Notwith- 
standing these, and some few other blemishes, this very 
learned and elaborate work possesses high claims indeed 
on the attention of scientific readers. 

(303.) Approximate values for F and T may be arrived 
at as follows. Since y* = 8* + r 1 — 2 r 8. cos. 0, and since 8 
is very great compared with r, we have 

p =i* { 1_ * • Gf-t ' coa - 9 ) + &c -} • 

Substituting this value in equations (a) and (6), we obtain 



SECT. VII* GENERAL PROPERTIES. 271 

* M+ro+wi' ml _ Sm'r* , 2m'r 
F=- — g; +JX-COS.0 ^+-gr -cos. ft 

" (ml m'r 3m'r* \ . 
T= ^ — -gr — -g^-J. sm. 0. 

Values still less approximate are sometimes used, by re- 

r 
jecting all terms of the order g|, and upwards. The 

force then which interferes with elliptical motion in the 

m' 
value of F will be -j-cos.0, which is greater than the dis- 

turbing force on the centre of gravity in Art. (299). Thus, 
as far as this force is concerned, the centre of gravity of 
m and m T describes more nearly an ellipse about M, than 
m does. 

(304.) If we were similarly to compute the attraction of 
m' to m, we would find 

i»-f-m' Mr 3 Mr 

F = -gT- _£gT_-£g3-COS.2 W . 

T="2gT # sin.2w. 

(305.) This latter case applies to the moon disturbed 

by the action of the sun in its motion about the earth ; 

M, m 9 m' denoting the sun, earth, and moon respectively. 

The centripetal force of the moon is diminished therefore 

2lS/L»v 
in syzigy by the quantity g 3 * , and increased in quadra- 

2!Mr 
ture by -^r » half the former quantity ; also, since 

M m /DperV Mr m Mmm0%f0 M . 

V = 7f*\e^) > -8r=F- 005595 ' or =F # ^,nearly, 

we have the mean value of the addititious force, as it is 
called, equal to T fgth of the moon's terrestrial gravity; 
at octants the value of the disturbing force along the 
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radius vector is — "o^Tj an ^ along the tangent =±= -g«y » 

which is the max. value of the tangential force ; the dis- 
turbing force along the radius vector is cypher when 
cos. 2<u= — 5 and <u=r54°44'; some of the peculiarities of 
this angle have been already noticed. To enter more 
deeply into the theory of perturbations would be to trans- 
gress the limits assigned to this work ; if the reader wishes 
for further information, he is referred to the very elegant 
Tract by Professor Airy, of Cambridge, on this subject. 



APPENDIX. 



SECTION IX. 



ON THE MOTION OF BODIES IN MOVEABLE ORBITS, AND ON 

THE MOTION OF THE APSIDES. 



PROP. XLIII. 

To cause a body to move in any trajectory revolving about the 
centre of force, after the same manner as another body in 
the same trajectory at rest. 

LET the body (Fig. 50.) P revolve in the orbit VPK, 
given in position proceeding from V towards K. From 
the centre C, let there be drawn continually Cp equal to 
CP, and making the angle VCp proportional to the angle 
VCP; and the area whi^h the line Cp describes, will be to 
that described in the same time by the line CP as the ve- 
locity of the describing line Cp to the velocity of the de- 
scribing line CP; that is, as the angle VCp to the angle 
VCP, and therefore in a given ratio, and consequently 
proportional to the time. Since then the area which the 
line Cp describes in an immoveable plane is proportional 
to the time, it is obvious that a body acted on by a cen- 
tripetal force of a just quantity, may revolve with the point 
p in that curve line which that same point p describes in 

N N 
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the immoveable plane after the manner just stated. Let 
the angle VCu be made equal to the angle PC/?, the line 
Ctt to the line CV> and the figure uCp to the figure VCP, 
and the body being always in p will move in the perimeter 
of the revolving figure uCp, and will in the same time de- 
scribe an arc thereof, up, as the other body, P, can de- 
scribe an arc thereunto similar and equal in the quiescent 
orbit, VPK. Let there be sought then by Cor. 5. of 
Prop. 5., the centripetal force with which a body could 
revolve in that curve which the point p describes in the 
immoveable platie, and the problem shall be solved. 



PROP. XLIV. 

The difference of the forces required to came txco bodies to re- 
volve equally, one in a quiescent orbit, and the other in the 
same orbit revolving, is in the triplicate ratio of the com- 
mon altitude inversely. 

Let up,pk, parts of the revolving orbit, be similar and 
equal to the parts VP, PK of the quiescent orbit ; and let 
the distance of P from K be understood to be evanescent. 
From the point, k, on the right line, pC, let fall a perpen- 
dicular, and produce it to m, making mr to kr as the 
angle VCp to the angle VC P. Since the altitudes PC, pC 
and KCj kC are constantly equal, it is obvious that the 
increments or decrements of the lines PC and^C must be 
constantly equal; and that consequently if each of the 
motions of the bodies at V and p be decomposed into two, 
one paracentric, and the other perpendicular to the lines 
PC, pC ; the paracentric motions will be equal, and the 
transverse motions of p and P will be as the angular 
motions of the lines pC, PC, or as the angle VCp to the 
angle VCP. In the same time then as the body P, by its 
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compound motion, arrives at K, the body p> by an equal 
paracentric motion, will be moved equally from p towards 
C, and therefore, at the end of that time will be found 
somewhere in the line mkr 9 a perpendicular through k on 
the line pC ; and by its transverse motion will acquire^a 
distance from the line^C, which is to the distance which 
the other body, P, acquires from the line PC, as is the 
transverse motion of the body jp to the transverse motion 
of the other body, P. Wherefore, since kr is equal to 
the distance which the body P acquires from the line PC, 
and since mr is to kr as the angle WCp to the angle VCP, 
that is, in the ratio of the transverse motions of the bodies 
p and P, it is obvious that at the end of the time the body 
must be found in m. Such woujd be the case if the bodies 
p and P were to move equally along the lines pC and PC ? 
and therefore, to be urged, with equal forces in these di- 
rections. But let the angle pCn be taken, having to pCk 
the same ratio as the angle VCp to VCP, and let wC be 
equal to £C, and the body p> at the end of the time, will 
really be found in n\ and it is therefore urged with a 
greater force than the body P, if the angle nCp be greater 
than the angle kCp 9 that is, if the orbit upk either move 
in consequential or move in antecedentia with a velocity 
more than double that of CP in consequentia ; and with a 
less force if the orbit move slower than this in antecedentia . 
And the difference of the forces is as the interval, mn, 
through which the body, p 9 ought to be transferred by its 
action in that given space of time. Conceive a circle with 
the centre, C, and the interval, Cn or C£, cutting the 
right lines, mr> mn 9 produced in s and t, and the rectangle 
mnXmt will be equal to the rectangle mkXms, and con- 

sequently m n equal to — • But since the triangles 

pCk> pCn 9 the time being given, are given in magnitude, 
the lines mr, kr, their differenced, and their sum ms f 
are inversely as the altitude pC, and consequently the 
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rectangle mk x ms is reciprocally as the square of the alti- 
tude pC. Also, mt is directly as %mt, that is, as the alti- 
tude pC. These are the prime ratios of these lines in their 

mkxms , .. 

nascent state : and hence : — , or the nascent line 

' mt 

mn 9 and the difference of the forces, which is proportional 
thereto, is reciprocally as the cube of the altitude pC 

Cor. 1. Hence, the difference of the forces in the places 
P and p, or K and Jc 9 is to the force with which a body 
can revolve in a circle from R to K in the time of P's de- 
scribing the arc PK in the immoveable orbit, as the nas- 
cent line mn to the versed sine of the nascent arc PK, 

. mkxms rk* y . 

that is, as — to o"jp, or as mkxms to the square 

of ri, or as G* — F a to F a , if G and F be given quantities, 
haying to each other the ratio of the angles VCp, VCP. 
And consequently, if with the centre C and any interval, 
CP or Cp, there be* described a circular sector equal to 
the entire area VPC, which the body P has in any time 
described about the centre of the immoveable orbit ; the 
difference of the forces with which P and p revolve, one 
in the immoveable, and the other in the moveable orbit, 
will be to the centripetal-force, urged by which a body can 
uniformly describe said sector in the same time as the area 
VPC is described, as G* — F a to F*. For that sector and 
the area.pCk are to each other as the times in which they 
are described. 

Cou. 2. If the orbit VPK be an ellipse, having its focus 
at C, and its higher apside at V, and an ellipse, upk> be 
constructed equal and similar thereto, so that pC be al- 
ways equal to PC, and the angle VCp to the angle VCP 
in a given ratio, as G to F ; if for the altitude PC or pC 
there be written A, and 2 R for the latus rectum of the 
ellipse, the force with which the body can revolve in the 

F* RG*— RF* 

moveable ellipse will be as -r^ + jr? , and con- 
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F* 

versely. For let -jr- 8 expound the force with which the 

body could revolve in the unmoved ellipse, and at V the 

F* 

force will be 7^; * But the force in a circle with the 

same velocity at the distance CV, is to the force in the 
ellipse at the apside V, as the semi-latus rectum of the 
ellipse to the semi-diameter of the circle, and it is there- 
It F 1 
fore equal to yjn , and the force, which is to this as 

R<5*— RF* 
G* — F* to F* is equal to ^yi — ; and this force 

(by Cor. 1. of this Prop.) is the difference of the forces at 
V, by which the bodies revolve, P in the unmoved ellipse, 
VPK, sndp in the moveable one, upk. And since (by 
this Prop.) this difference at any other altitude, A, is to 

itself at the altitude CV as vj to gyjj * ts value for the 

R Gr 2 — R F* F* 

altitude A is — — XT"" — * Hence, to the force j- z , with 

which the body may revolve in the immoveable ellipse 

R.G*— R.F* 
VPK, let there be added the excess -p , and 

the whole force shall be compounded x*H — - — - v 3 — ^ 

with which the body can revolve in the moveable ellipse 
upk in the same time. 

Cor. 3. After the same planner it may be inferred, that 
if the immoveable orbit VPK be an ellipse, with its centre 
in the centre of force C, and there be described a move* 
able ellipse, upk 9 similar* equal, and concentric with it; 
and if 2R be the principal latus rectum of this ellipse, and 
2T the latus transvemm or axis major, and the angle VCp 
be always to the angle VCP as G* to F* j the forces by 
which the bodies can revolve in equal times in the im- 
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moveable and moveable ellipses will be as -Tjq- and 

F.A R.G*— R.F* . . 

~T*~ "*" A respectively. 

Cor. 4. And, generally, if the greatest altitude, CV, be 

named T, and the radius of curvature of the orbit at V, 

that is, the radius of the equi -curve circle be named R, 

and the centripetal force of the body in the immoveable 

V.F* 
trajectory in any place, V, be called r.^ -, and in other 

places, P, be indefinitely called X, the altitude CP being 
called A, and if 6 be taken to F in the given ratio of the 
angle VCp to the angle VCP : the centripetal force with 
which the same body can perform the same motions in the 
same trajectory, up/c, revolving'with a circular motion in the 

same times, is as the sum ot the forces A-f -^ 

Cor. 5* Being given the motion of a body in any im- 
moveable orbit, its angular motion about the centre of 
force can be increased or diminished in a given ratio, and 
thus new immoveable orbits be found in which bodies 
would revolve with the new centripetal forces. 

Cor. 6. If therefore to the right line CV given in po- 
sition, there be erected a perpendicular, VP, of indeter- 
minate length, and CP be joined, and Cp drawn equal 
thereto, constituting the angle VCp, having to VCP a 
given ratio ; the force with which the body revolves in the 
curve Vp&, which the point p perpetually touches, will be 
reciprocally as the cube of the altitude Cp. For the body 
P by its inertia, without the action of any other force, can 
uniformly describe the right line VP. Let there be added 
a force. to the centre, C, reciprocally proportional to the 
cube of the altitude CP or Cp, and (by what has been de- 
monstrated) the rectilinear motion will be turned into a 
ourve line Vpk. 
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PROP. XLV. 



To determine the motion of the apsides of orbits most nearly 

circular. 



The problem is solved arithmetically, if the orbit which 

the body in the ellipse (as in the second or third Cor. of 

the preceding) describes in an immoveable plane be made 

to approach to the form of that in which the motion of 

the apsides is required, and by seeking the apsides of the 

orbit which that body describes in an immoveable plane. 

But the orbits will acquire the same form, if the centripetal 

forces with which they are described, when compared, be 

made proportional at equal altitudes. Let V be the 

higher apse, and let there be written, T for the greatest 

altitude, CV, A for any other altitude, CP or Cp, and X 

for the difference of the altitudes CV — CP; and the force 

with which the body moves in the ellipse revolving about 

j > F* 

its focus C, (as in Cor. 2.,) and which was as -r- a + 

RG»— RF* f . F*A + RG*— RF* , \ . 
-jn , that is, as ^3 > by substitut- 



• t y r a -ii k RG»— R.F* + T.F*- F*.X 
mg T — X for A will be as -r\ • 

Any other centripetal force is similarly to be reduced to 

a fraction whose denominator is A 3 , and the numerators 

compared by a comparison of homologous terms. The 

matter will appear by examples. 

Ex. 1. Let us suppose the centripetal force uniform, 

A 3 
and therefore as -r- 3 , or (writing T — X for A in the nume- 

T 3 — STVX+3T.X* X 3 r 

rator,) as — - — rn — " > an ^ comparing the 
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corresponding terms of the numerators, namely, the given 
terms with the given, and the unknown with the unknown, 
it will be R.G*— R.F a +T.F* to T 3 as — F\X to 
— ST a .X+ST.X*— X 3 , or as— F* to— 8T*+ST.X— X*. 
Now when the orbit is taken the nearest possible to a 
circle, let it actually coincide with a circle; and in con- 
sequence of the equality of R and T, and the indefinite 
diminution of X, the ultimate ratios will be R.G* to T 3 as 
_F* to — S T*, or G a to T* as F a to ST*, and alternando 
G* to F a as T a to 3 T*, that is, as 1 to 3 ; and therefore 
G to F, that is, the angle VCp to the angle VCP as 1 to 

^3. Hence, when the body in the immoveable ellipse, 
by descending from the higher to the lower apside, would 
describe an angle (if it may be so called) VCP of 180 
degrees ; another body in the moveable ellipse, and there- 
fore in the immoveable orbit, of which we are treating, 
will describe in its descent from the higher to the lower 

180 
apside an angle of ~-r=- degrees ; and this because of the 

similitude of the orbit described with the uniform cen- 
tripetal force ; and the orbit which the body in the move- 
able ellipse describes in the quiescent plane. By f be pre- 
ceding comparison of terms the orbits are made similar, 
not generally, but when they approach most nearly to the 
circular form. A body, therefore, revolving with an uni- 
form centripetal force in an orbit nearly circular, will, 
between the highest and the lowest apside, continually de- 

180 
scribe an angle of -j=- degrees, or 103° 55' 23" at the cen- 
tre; passing from the highest to the lowest apside after 
once describing this angle, and thence returning to the 
highest after a second time describing the same angle, and 
so on ad infinitum. 

Ex. 2. Let us suppose the centripetal force to be as any 

A" 
power, A* - " 3 , of the altitude A, or -jy; where »— 8 and n 
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signify any indices, integral or fractional, rational or irra- 
tional, affirmative or negative. That numerator, A* or 
(T— X)*, reduced to an indeterminate series by our 
method of converging series, becomes T* — n.T n ~ 1 .X+ 

H*— — tl 

— — • T^.X* — &c. And comparing its terms with the 

terms of the other numerator, R.G a — R.P +T.F a — F*.X, 

there is R.G a — R F*+T.F* to T" as — F a to — nT»~ l + 

n % — n 

_ — •T*"" f .X a — &c. And by taking the ultimate ratios, 

when the orbits approach the circular form, there is 
R.G* to T* as — F 1 to — nT 1 - 1 , or G 8 to T— 1 as F* to 
n.T— l 9 and alternando G* to F a as T- 1 to n.T"-\ that 
is, as 1 to n ; and therefore G to F, that is, the angle VCp 

to the angle VCP as 1 to ^ n. Hence, since the angle 
VCP, described in moving from the higher to the lower 
apside in the ellipse, is of 180 degrees, there will be de- 
scribed the angle VCp in the descent from the higher to 
the lower apside, in the nearly circular orbit which a body 
describes with a centripetal, force proportional to A*"" 3 , 

equal to —7=- degrees ; and repeating this angle, the body 

will return from the lower to the higher apside, and so on 

ad infinitum* As, if the centripetal force be as the dis- 

A 4 
tance of the body from the centre, that is, as A or -tjs 

n will be equal to 4, and ^ n equal to 2; and consequently 

the angle between the higher and the lower apside equal 

180 
to ^-tt , or 90 degrees. After completing the fourth of 

one revolution the body will arrive at the lower apside ; 
after another fourth, at the higher; and so on continually. 
This also appears from Prop. 10. For the body urged 
by this centripetal force will revolve in an immoveable 
ellipse, the centre of which is in the centre of force. But 
if the centripetal force be reciprocally as the distance, that 

00 



/ 
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1 A* 

is, directly as jr or -p-, n shall equal 2, and therefore 

the angle between the higher and lower apse will be 

180 

•-7^ degrees, or 127° 16' 45", and consequently a body re- 
volving with such a force, by the perpetual repetition of 
this angle, will pass for ever from the higher to the lower, 
and from the lower to the higher apside alternately. 
Moreover, if the force be reciprocally as the fourth root 
of the eleventh power of the distance, that is, reciprocally 

JL! . 1 A* . 

as A 4 , and therefore directly as "TT> or as -tj , n will 

A 4 

equal | , and -r= equal to 360°, and consequently the 

body setting out from the higher apside, and thencefor- 
ward perpetually descending, will arrive at the lower 
apside after completing an entire revolution ; after that in 
perpetual ascent, by completing another entire revolution, 
ft will return to the higher apside, and so alternately for 
ever. 

Ex. 3. Assuming m and n for any indices of powers of 
the altitude, and be for any given numbers, let us suppose 

the centripetal force to be as — — -rj^ — , that is, as 

S. ( T-Xr+g.(T_X )» 

^n , (or by our same method of con- 
verging series,) as 

&T w 4^.T«-wA.X.T^ l ^;kr.X.T^ 1 +^^-i.X^T^+&c. 



A 3 
and comparing the terms of the numerators, it will be 
R.G*— R.F* + T.F* to b.T m + c.T* as — F* to 

&c. And by taking the ultimate ratios which arise when 
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the orbits approach the circular form, it becomes G* to 
6.T w - 1 +cT*- 1 as F* to mbT^^ncT 1 ^ 1 , and aUernando 
G* to F* as b. r Y m - x +c.T»- 1 to mb.T*- l +nc.T*-\ which 
proportion, by expounding the greatest altitude, CV or T, 
arithmetically by unity, becomes G* to F* as b+ c to 

mb+nc f and therefore as 1 to —tt — " Whence G is to 

F, that is, the angle VCp to the angle VCP, as 1 to 

mb-\-nc 

-tt — * And consequently, since the angle VCP, be- 
tween the higher and lower apside in the immoveable 
ellipse, amounts to 180 degrees, the angle VCp, between 
the same apsides in the orbit which the body describes 

b. A**+c. A* 
with a centripetal force proportional to — — -ry- — , will 

be equal to 180. W , — degrees. And, by the same 

b A** c A" 
argument, if the centripetal force be as — -r-p * 

the angle between the apsides will be found to be 

180. V — t degrees. After the 6ame manner the 

mo — nc ° 

problem is resolved in more difficult cases. The quantity 

to which the centripetal force is proportional ought to be 

resolved into converging series, having for a denominator 

A 3 . Then the given part of the resulting numerator, and 

the part not given, as also the giverr part of the numerator 

R.G*— R.P+T.F*— F.X, and' the part not given, are 

to be set down as having the same ratio ; and by erasing 

the superfluous quantities, and writing unity for T, we 

shall obtain the proportion of G to F. 

Cor. I. Hence, if the centripetal force be as any power 

of the altitude, this power can be found from the motion 

of the apsides, and conversely. If, for instance, the whole 

angular motion with which the body returns to the same 

apse, be to the angular motion of a single revolution, or of 
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360°, as some number, m 9 to another, «, and the altitude 
be called A : the force will be as that power of the alti- 

tude A , having for its index — j- — 3. As is obvious 

by the second examples. Hence it appears, that this 
force cannot decrease in a ratio higher than the triplicate 
ratio of the altitude, in receding from the centre. A body 
revolving with such a force, and departing from an apse, 
if it begin to descend, will never arrive at the lower apse 
or least distance, but will descend perpetually to the cen- 
tre, describing that curve of which we have treated in 
Cor. 6., Prop. 29. But if it begin at departing from an 
apse, to ascend even in the least degree, it will ascend in 
infinitum^ and will never arrive at the highest apse. For 
it will describe that curve of which we have treated in the 
same Cor. So also when the force, as we recede from the 
centre, decreases in a ratio higher than the triplicate ratio 
of the altitude, according as it begins to descend or ascend, 
so it will continue either into the centre or off to infinity* 
But if the force, as we recede from the centre, decrease 
in a ratio less than the triplicate ratio of the altitude, or 
increase in any ratio of the altitude, the body will never 
continue to descend to the centre, but will at length arrive 
at the lowsst apse ; and conversely, if a body descending 
and ascending alternately from apse to apse never arrive 
at the centre, the force, as we recede from the centre, will 
either increase, or will diminish in a ratio less than the 
triplicate ratio of the altitude : and the sooner the body 
returns from apse to apse, the more will the ratio differ 
from the triplicate. . So that if the body in 8, or 4, or 2, 
or 1| revolutions from the highest apse, return again to 
the same apse, first descending and then ascending ; that 
is, if ;w be to n as 8, or 4, or 2, or \\ to 1, and therefore 



n* 



m 



1 — 3 be equal to ^ — 3, or ^ — 3, or \ — 3, or^f — 3, 
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1 -3 i-rV-3 A-r-3 A7T-3 



the force will be as A w "" , or A 77 , or A* , or A^ , 

that is, reciprocally as A 3-7 ', or A ^ or A ¥ , or A *• 
If the body in its several revolutions return to the same 
apse remaining unmoved, m will be to n as 1 to 1, and 



~-3 



» " 1 



consequently A equal to A" 2 or -rj, and therefore 

the force will diminish in the duplicate ratio of the alti- 
tude, as has been demonstrated in the preceding. If the 
body in three-fourths of a single revolution, or two-thirds, 
or one-third, or one-fourth, return to the same apse, m 
will be to n as J, or f , or |, or \ to 1, and therefore 



m — 



. or AT 



A equal tp A 9 , or A* , or A 9 ^ 3 , or A 1 ?-* 3 ; and 



i i 



consequently the force will be reciprocally as A 9 or A*, 
or directly as A 6 or A 13 . Finally, if the body in proceed- 
ing from the highest to the lowest apside complete an 
entire revolution, and three degrees over, and that, there- 
fore, that apside in" the several revolutions of the body 
advances three degrees in consequential m will be to n as 



4- 



363° to 360°, or as 121 to 120, and therefore A m will 

'29523 

be equal to A" 1 " 1 ^* 1 ", and consequently the centripetal 

29523 

force will be reciprocally as A T *** T , or reciprocally as 

A ^* y , nearly. The centripetal force consequently de- 
creases in a ratio somewhat greater than the duplicate, 
but one which approaches 59| times nearer to the dupli- 
cate than the triplicate* 

Cor. 2. Hence, also, if a body with a centripetal force, 
reciprocally as the square of the altitude, revolve in an 
ellipse, having its focus in the centre of force, and there 
be added or subtracted any extraneous force ; the motion 
of the apsides resulting from that extraneous force can be 
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discovered, and conversely. If, for instance, the force in 
the ellipse be -ry, and there be an extraneous ablatitious 
force, c.A, and that, therefore, the remaining force be 

— -ry — ; we shall have in the third examples b equal 1 , 

m equal 1 , and n equal 4 ; and consequently, the angle 
of revolution between the apsides equal to the angle 

180°. v — *^—* Let us suppose that extraneous force to 

I ' t c 

be 357.45 parts less than that other force wherewith the 
body revolves in the ellipse, that is, c to be 53-7*3- > A or 

T being equal to 1, and 180. V ■ will become 

lso - V $Utt> or 180°.7623, that is, 180° 45' 44". There- 
fore, the body setting out from the highest apse, with an 
angular motion of 180° 45' 44", will arrive at the lowest 
apse, and will return to the highest apse after doubling 
this motion; and consequently, the highest apse in its 
several revolutions will advance 1°S1'28". The lunar 
apse is about double as quick. 




NOTES 



TO 



PART L 



NOTE (I). Def. I. — As I have found by experiments, fyc: 
Newton, in the sixth section of his second book, proves, 
that the quantities of matter in pendulous bodies, whose 
centres of oscillation are equally distant from their points 
of suspension, are in a ratio compounded of the ratios of the 
weights and times of oscillations in vacuo. Now observa- 
tion proves, that the times are equal in the same place when 
the lengths of the pendulums are equal, and that, there- 
fore, the quantities of matter are ever proportional to the 
weights. 

(2.) Def. III. — The moon also, either by the force of 
gravity, fyc. The method here alluded to, of proving that 
the moon is retained in her orbit by the action of terres- 
trial gravitation, varying inversely as the square of the 
distance, is the same in principle as that given in Art (238). 
In practice, however, there is some difference, as in 
Art. (238.) we computed the moon's parallax, and com- 
pared it with observation ; but here, the thing computed 
is the space fallen through at the earth's surface in a 

second. This space is jp-p • ( 1 + F ^ ) ( @+ ^ J by com- 
putation. If this space be observed on the parallel of 
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54° 44' to be s, wc must multiply it by (1 +^tj), to allow 
for centrifugal force in this latitude ; then comparing these 
values they are found nearly to agree. By the seconds 
pendulum s is found. 

(S.) Cor. 4, of the laws. Let AC, BD (Fig. 51.) be 
spaces passed over in the same time, by two bodies moving 
uniformly along right lines in the same plane ; and let the 
line CD, joining the bodies, be cut in a given ratio in K ; 
the locus of K is a right line : for, take BG : AE : : BD : AC, 
then the ratio of CE to GD is given; take EF=GD, and 
join CF, then the triangle CEF is given in species; draw 
KL parallel to FD, and join EL, and since the ratio of 
EF to FC is given, and also the ratio of CF to FL> the 
triangle EFL is given in species, and the line EL is givdt 
in position; and since FD(=EG) is given in magnitude, 
LK is given in magnitude; and taking EHsdLK, tUeline 
HK is given in position, and this line is the locus re- 
quired. 

If the two points do not move in the same plane* . tkeur 
motions being projected perpendicularly on, any flam 
whatsoever, and the line joining the points projected being 
divided inversely as the bodies, the dividing point, which 
is the projection of the centre of gravity, shall move in a 
right line, and therefore the centre of gravity itsel£ 

The same reasoning may obviously be extended to any 
number of bodies moving in right lines* 



SECTION^ I. 

(4.) Lemma I. Quantities are said to tend to equality, 
whose difference so varies as tp have to the quantities 
themselves a ratio less and less continually. Quantities 
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The method of limits may be considered as reducible 
to the following heads. 1°. The definition of a limit. 
2°. Problems by which limits so defined are obtained. 
3° Properties of those limits. 4°. Application of those 
properties to geometrical demonstrations, to algebraical 
processes, and to the translation of physical relations into 
mathematical ones. 

I. A limit of a variable quantity, whether a simple mag- 
nitude or the magnitude of te ratio, may be defined to be 
that quantity to which the variable quantity may so ap- 
proach, as to differ from it in magnitude by less than any 
assigned or stated quantity. 

Ex. 1". A variable secant from a given point, without a 
circle, may be so drawn as to differ from the tangent in. 
magnitude, by less than any assignable magnitude. For, 
assign a difference, then the position of the secant is de- 
termined ; and therefore, between the secant and tangent 
another, secant can be drawn. The magnitude of the tan- 
gent is a limit of the magnitude of the secant, but the 
secant is not said to become the tangent. 



2 m . A limit of the quantity , when x is greater 

than a, is 2 a ; for they may be made to differ by less than 
any assignable magnitude. But 2 a cannot, with pro- 

priety, be said to be one of the values of.— — — , or t_d be 


equal to - • 

S m . The limiting ratio of the increments of the abscissa 
and ordinate of a curve, is the ratio of the subtangent to 
the ordinate. The ratio of the increments themselves is 
never equal to the ratio of the subtangent to the ordi- 
nate. 

II. It is then a mathematical problem to find a limit so 
defined, when the variable quantity admits of one. The 
solution of the problem is evidently had, if the variable 
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are implicitly defined to be those in which series of paral- 
lelograms are inscriptable, equal in number, and to each 
other in the same ratio. Assuming this definition as the 
basis, it is easy to prove, that all right lines similarly 
posited in two such curves, are to each other in the same 
ratio, that the areas are in the duplicate ratio of the homo- 
logous sides, that the curves may be so placed, that apy 
two coinciding radii vectores from the same point would 
be to each other in a constant ratio, and that their equa- 
tions may be so simplified as to involve but one linear 
constant. 

This last property is very frequently made the defini- 
tion, and it serves best for this purpose in an analytical 
point of view. 

(7.) Lemma VI, VII, VIII, and IX. The understand- 
ing of these lemmas cannot occasion the slightest difficulty 
to any person acquainted with the theory of contact 
From the difficulty, or rather the absurdity, of attempting 
to contemplate quantities which elude the notice of our 
senses, Newton has had recourse to the artifice of substi- 
tuting for these, finite quantities which are ever to each 
other in the same ratio. It may be observed, with respect 
to the eighth lemma, that the line RBD is understood to 
move parallel to itself, this appears from the words 
" triangula tria semperjlnita" in the text. 



On the method of prime and ultimate ratios. 



(8.) A more excellent commentary on this subject could 
not be given than is contained in the following remarks 
and examples, taken from a paper by Dr. Brinkley, pub- 
lished in the Transactions of the Royal Irish Academy for 
1802. 
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The method of limits may be considered as reducible 
to the following heads. 1°. The definition of a limit. 
2°. Problems by which limits so defined are obtained. 
3° Properties of those limits. 4°. Application of those 
properties to geometrical demonstrations, to algebraical 
processes, and to the translation of physical relations into 
mathematical ones. 

I. A limit of a variable quantity, whether a simple mag- 
nitude or the magnitude of te ratio, may be defined to be 
that quantity to which the variable quantity may so ap- 
proach, as to differ from it in magnitude by less than any 
assigned or stated quantity. 

Ex. 1™. A variable secant from a given point, without a 
circle, may be so drawn as to differ from the tangent in. 
magnitude, by less than any assignable magnitude. For, 
assign a difference, then the position of the secant is de- 
termined ; and therefore, between the secant and tangent 
another secant can be drawn. The magnitude of the tan- 
gent is a limit of the magnitude of the secant, but the 
secant is not said to become the tangent. 



x _ 
2 m . A limit of the quantity , when x is greater 

than a, is 2 a ; for they may be made to differ by less than 
any assignable magnitude. But 2 a cannot, with pro- 

"** — a * 
priety, be said to be one of the values of , or to be 

x ' ' *a 


equal to - • 

S m . The limiting ratio of the increments of the abscissa 
and ordinate of a curve, is the ratio of the subtangent to 
the ordinate. The ratio of the increments themselves is 
never equal to the ratio of the subtangent to the ordi- 
nate. 

II. It is then a mathematical problem to find a limit so 
defined, when the variable quantity admits of one. The 
solution of the problem is evidently had, if the variable 
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quantity or its equal can be expressed as the sum of dif- 
ference of two quantities, one fixed, and the other varia- 
ble; the latter admitting a value less than any assigned. 

The fixed one is the limit 

#*— a* 

Supposing x greater than a 9 and a limit of be 



required. Since =x+a=2a+^, (putting xzza+e], 

and since e may be any assigned magnitude, 2a k the 
limit 

To determine the limiting ratio of the incr. of the ab- 
scissa to the incr. of the ordinate, we have incr. of 
abs. : incr. of ord. ' I subt + v : ord. by sim. triangles. 
As the ordinates may approach, so that v may become < 
any assigned magnitude, the limit of the latter, and there- 
fore, of the former ratio, is the ratio of the subtangent to 
the ordinate. This method is frequently applicable when 
the terms of the proposed ratio are both variable. A ratio 
is found equal to the given ratio, one of the terms of which 
is fixed, and the other variable. A limit of the variable 
is then found* and thence the limit of the proposed ratio 
is had. 

Thus it is that Newton investigates the limiting ratio of 
the arc to the chord, tangent, &c. In this way, also, the 
limiting ratio of the increments of the algebraical quan- 
tities x and x" is had. Let o be the increment of x 9 and 
n.x n ~ 1 .o+P.o z +&.c. is the increment of x"; the general 
ratio of those increments is 1 : w.x n " 1 + Po+&c. In this 
series it may readily be shewn that o may be taken so 
small, that the sum of the terms after the first may be less 
than any quantity that can be assigned, so that according 
to the definition, I : n.x*~ l is the limiting ratio re- 
quired. 

There is no shifting of the question, as it has been 
termed, by first taking o a real magnitude, and then no 
magnitude, nor any introduction of infinitesimal quan- 
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titles. The question is concerning the limit of the ratio 
of the increments not concerning the ratio itself; the 
general ratio of the increments, is equivalent to a ratio, 
one term of which is fixed, and the other composed of a 
fixed and variable quantity ; this variable quantity being 
susceptible of a less value than any that can be assigned, 
the ratio of the fixed quantities is, by the definition, the 
limiting ratio. 

- For the ready solution of this problem, the following 
proposition is often of the greatest importance, and is one 
of the principal sources of compendium derived from this 
doctrine. 

. Pbop. A. In deducing a limit of a variable quantity, de- 
pending upon other variable quantities, the limits of these 
may be used for the quantities themselves in any part of the 
process* 

Let L be the limit of any variable quantity, M, involved 
in the process ; then in afly of the steps L may be used 
for M$ and the conclusion will be true. For let e=M — L 
express the general relation between L and M, then, 
without considering the limit, in the conclusion will be 
found h+e instead of L. But to obtain the limit re- 
quired, the limits of the variable quantities must be used, 
and therefore, L must be substituted for h+e. This pro- 
position relates both to geometrical magnitudes and ana- 
lytical quantities. Any steps which we can demonstrate 
will lead to a true conclusion, must be considered, with 
reference to that conclusion, as logical. Such are the 
steps in which we substitute limits for the quantities them* 
selves, although the quantities are never accurately equal 
to their limits. By subjoining the word ultimo to such 
steps, we refer to the general conclusion, and intend these 
steps as only true with a reference to that. From being 
thus enabled to shorten the steps of a demonstration, arises 
much of the value of the method, whether it be applied to 
geometrical demonstration or analytical processes. This 
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Prop, is assumed in the Sd Con of 7th, and in Cor. 8th of 
Newton's lemmas. 

III. From the properties of those limits, the three fol- 
lowing may be selected as frequently used ; of which the 
second, as being more connected with the above theorem, 
is particularly considered. 

1°. * Quantities which are the same limits of the same varia- 
ble quantity i are equal to one another. 

2°. Prop. B. If the limiting ratio of the corresponding 
increments of two magnitudes commencing together be always 
a ratio of equality 9 the magnitudes themselves are in a ratio 
of equality* 

For, let M and N be the two magnitudes, and let M 
be divided into any number, n 9 of equal parts, p; and let 
also N be divided into the same number of corresponding 
parts, q 9 r 9 s 9 t 9 &c. Then the parts of N are all equal to 
each other, or some of them are unequal. 

If they be always all equal, M : N : : p : q 9 and the 
limiting ratio of the increments is the same as the constant 
ratio of the increments themselves, and therefore M : N 
is a 'ratio of equality. 

If the parts of N be not equal to each other, one of them 
must be greatest and one least ; therefore, taking n any 
number, if q be greatest and r least, nq > N and nr < N. 
If M : N be not a ratio of equality, let it differ from the 
ratio o£equality by the ratio e : f. Now the ratio M : N 
is between the ratios np : nq or p : q 9 and np:nrorp:r 9 
consequently, one of them must differ from the ratio of 
equality by a ratio < e : f\ but by hypothesis* the ratios 
p : q 9 p : r, &c. may be nearer the ratio of equality than 
by any assigned ratio. Hence, the ratio M : N cannot 
differ from a ratio of equality. — See Cor. Lemma 4. 

3°. If an equation exist between the corresponding variable 
quantities L l +e 9 h'+e f $ &c. where e 9 S 9 &c. may be < any 
assigned magnitudes 9 however small 9 (L 9 L' &c. being % fixed 9 
and therefore the limits of those quantities) ; then 9 ifin that 
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equation L, L', &c. be substituted for L+efV+e*, ice, an 
equation will be had between the limits. 

IV. The following instances will serve for illustrating 
the application of these principles. 

1°. As a geometrical instance. Dr. Brinkley, in the 
paper whence these extracts are made, reduces the finding 
of the surface of an oblique cylinder to the rectification of 
an ellipse, by proving the following theorem. The sur- 
face of an oblique cylinder is equal to a rectangle contained 
by the diameter of its base and the circumference of an ellipse, 
the axes qf which are, the length and perpendicular height of 
the cylinder. In order to effect this rectification, he uses a 
theorem of Fagnani's on elliptic arcs, which theorem he 
gives a new demonstration of, by the method of prime 
and ultimate ratios, founded on a new property of the 
ellipse, which he premises as a lemma. The property is 
as follows : — Let AED (Fig. 52.) be a semi-ellipse on the 
axis major, AD, C the centre, and AFD the circumscribing 
circle. Let also any ordinate, GE, be produced to meet the 
circle in F. Draw FC intersecting the ellipse in O, and 
QOP parallel to FG ; then, if QC be drawn intersecting 
the tangent EN in N, CN will be perpendicular to the tan- 
gent EN and equal to CO. It also follows from this, that 
when CO is a mean proportional between AC and CB, CE= 
semi-conjugate to CO, and also EN=AC — CB. The 
proof of these we shall leave to the reader. Fagnani's 
theorem is as follows : — 

Theorem. AEOBD (Fig. 53.) is an ellipse, the axis 
major of which is AD. Produce any ordinate, GE, to meet 
the circumference qf the circumscribing circle in F. Draw 
COF and CT a semi-conjugate to CO, and also the tangent 
TM meeting the perpendicular CM in M ,• then arc BT — 
arc AE=TM. 

Draw/g indefinitely near to FG. Let C/ be semi-con- 
jugate to Co, and draw TR, tr parallel to the axis minor 
BC. Let also CR, O meet the ellipse in L, I. Draw 
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LK, IJc parallel to the axis minor, join KM, AC, and draw 
the tangent tm meeting £C, which intersects TM in v. 
Then by the lemma it easily appears, that K, M, C are 
in one right line. Because FCK,/CA are right angle*, 
F/= Kk. Also, if Fn be parallel to the tangent at E, the 
triangle Yfn is ultimately similar to CLK; for, GL is pa- 
rallel to the tangent at E, because FCK is a right angle, 
and therefore, CE and CL are conjugate to each other ; 
and also, CK is parallel to a tangent at *F. Therefore, 
ultima Ff=Kk : Fn> 11 CK : CL=CM by lemma. Also, 
ultimo Mv* : Kk : CM : CK, consequently* ultimo Mi>= 
¥w. But ultimo Mr=TM— tm+nvc Tt and Fw=E<r, 
therefore, ultimo Tt — Eezztm — TM, or ultimo the incr. of 
BT — incr. of AEsrincf. of tang. MT. Therefore, as 
these magnitudes begin together, arc ' BT — arc AE= 
TM. 

Cor. If Co be taken a mean proportional between AC 
and BC, and be produced to meet the circle in "F, then 
drawing the ordinate FG, the point of intersection will 
divide the elliptic quadrant, so that BE — AE=AG— -BC* 
For, by the construction CE = semiconj. to CO, iby 
lemma), and therefore CE=CT, and therefore BE=BT. 
Whence, TM=tang. at E» (by Cof. lemma) AC— BC* 
Consequently by the theorem, arc BE — arc AB» 
AC— BC. 

In the demonstration of the above theorem, the limiting 
ratio of the incr. of the elliptic arcs . to the increment of 
the tangent is deduced by the principles of Prop. A. 
From the limiting ratio of these increments, the ratio. of 
the difference of the arcs to the tangent is deduced by 



♦ Let th« tangents TM, /» intersect in ft. Then Mn a MX — »T.»MT-f. 
Tn — vn. But ultitno tmsnnnapfm—- tn, therefore ultimo Mv~TAf~~ 
tm + Tn + nt = w Itimo TM — tm + arc Tt. 
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Prop. B, not from the ratio of the evanescent increments, 
but from the limiting ratio of the increments* 

3°. The following method of finding the sine in terms 
of the arc, shews the application in an algebraic process. 

Let 5= sine of arc a to rad. 1, and let sin. -as- — e* n re- 

presenting any assigned number, however great Then 
by a well known theorem for the sine of a multiple arc, 



0-;?) 



3 



&c. = a — »£ — 



(*— de) 1 

— 2 • +&c. Now the limit ofa—ne is a % for 

a a 
* the limiting ratio of - : - — e (limiting ratio of arc to sine) 

is the ratio of equality, or of a : a — ne, therefore the limit 
of a — ne is a. Hence, taking the limits of the terms of 

a? 
the above series, we have s=a — 5-5 + &c. This equa- 
tion is not deduced by neglecting quantities as infinitely 
small, but because the first equation is true when n is any 
assigned number, however great ; the last must necessa- 
rily be true also, for otherwise it is easily shewn, that the 
first could not be generally true when n is any assigned 
number, however great. 

3°. The ratio of the centripetal forces in two points of 
a curve is the limiting ratio of the sagittae. The limiting 
ratio of the sagittce in the ellipse, the force tending to die 
focus, is the inverse duplicate ratio of the distances. And 
as the ratios, which are the limits of the same variable 
ratio, must be equal to each other, the ratio of the forces 
is the inverse duplicate ratio of the distances. The appli- 
cation of limits to physical enquiries strikingly illustrate 
the value of the method. The reader will meet with so 
many beautiful instances of this kind in the text, that it is 
unnecessary to dwell more upon them here. 

If the reader wish to become thoroughly acquainted 

Q Q 
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with the doctrine of limits, he will find the most splendid 
applications of it constantly occurring all through the 
papers of the great mathematician to whom the above ob- 
servations are due. More particularly in a paper in the 
Irish Transactions for 1798, in which he gives his method 
of finding fluxions per saltum ; and another paper in 1817$ 
in which he refutes an apparent objection against this 
doctrine that occurs in the integration of certain diffe- 
rential equations; and a second objection, urged by 
Lagrange, in a case of finite differences.. The extent and 
the power of the doctrine of limits, when rightly applied, 
can only be conceived by a person who has studied the 
papers of Dr. Brinkley. 



SECTION II. 



(8.) After the same manner it may be demonstrated, 
that a body acted on by two fixed centres of force will 
describe equal solids in equal times, having a common 
edge line ; namely, the line joining the centres of force. 
This readily follows from the fact, that pyramids of equal 
bases and altitudes are equal. 

(9.) Cor. 1, Prop. I. The velocities in different points 
of different orbits are directly as the synchronous areas, 
and inversely as the perpendiculars on the tangents; and 
the angular velocities directly as the synchronous areas, 
and inversely as the squares of the distances. 

(10.) Cor. 5, Prop* I. By this Cor. we shall be able to 
convert the variations given in the succeeding Props, into 
absolute values. 
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(11.) Prop. II. There are two cases in which the centre 
of equal areas does not indicate a centre of force, viz. when 
a single body moves in consequence of a primitive impulse, 
and when the only forces acting on the bodies of a system 
are their mutual attractions. This is shewn in the second 
Part of this Treatise. 

(12.) Prop. IV. The variations in this Prop, may be 
converted into equations as follows : — Let f denote the 
force required, and g the force of gravity ; let a denote 
the radius of the circle, and m the sagitta of the parabolic 
arc described in the same time as the circular arc; 
then, by this Prop, and Cor. 5, of Prop. I., we have 

(arc)* . _ #(arc)* 

f : 8 :: TaT : m > whence /= 2am ' If / and 8 do not 

mean abstract numbers expressing the ratio of the forces, 

but effects produced thereby : then by the second law of 

motion f and g denote velocities acquired in the same 

fare )* 
time, and consequently gz=2m. Hence we havey= • 

P. V* X)* 

From Cor. 1, we have/=;r — or /= — , according to the 

itt CL Tit CL 

different significations of f. 

In Cor. 2, let t denote the periodic time in seconds, then 

the motion being uniform, we have 2ira : v 11 t : 1", 

2 w a 2jr z ag 

therefore v=— — , and consequently jT= — 75— or fzs. 

4nr*a 



(13.) Cor. 8, Prop. IV. This Prop, is extended to bodies 
describing similar parts of similar curves about centres of 
force similarly situated therein, as follows. The forces in 
two such curves are as the sagitta: that is by Lemma XI, 
as the squares of the arcs divided by the chords of curva- 
ture, but from the similarity of the figures the chords of 
curvature are as the distances, therefore, &c. 
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The times of describing similar sectors fere as the sectors 
directly and inversely as the synchronous areas ; but the 
sectors are as the squares of the distances, and the synchro- 
nous areas as the distances into the velocities, and conse- 
quently the times are as the distances divided by the Velo- 
cities, therefore, &c. 

(14.) This Prop, is of some use in comparing the forces 
in different points of the same orbit, and thus discovering 
the law of force; its chief uses are to compare forces in 
different orbits when they are similar with the centres of 
force similarly situated, and to discover the periodic time 
or velocity in a circle uniformly described, when we know 
the force by some other means : e. g. for the conical pen- 
dulum, its height being h f and the distance from the ver- 

g,a bit* a 

tical a 9 we have t /=-r-, but also /=—tj—, equating these 

we find tf = 2ttv -. Again, if a body revolve on the in- 

g 
side of a vessel, the sections of which, parallel to the hori- 
zon, are circles, the time of describing one of these sections 

may be found, for it we have tf=2irv - where $ is the 

g 
length of the subnormal ; it appears hence, that if it be a 

paraboloid, the times for all sections are the same, and 

from this it may be deduced, that when a vessel full of 

water revolves about a vertical axis, the water within will 

assume a paraboloidal shape. We may also, by means of 

this Prop., compare the centrifugal force at the equator 

with the force of gravity. 

(15.) The angular velocities in circles being inversely 
as the periodic times, and the synchronous areas as the 
velocities into the distances, the reader may exercise him- 
self in considering how the angular velocities and synchro- 
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nous areas are affected by different suppositions relative to 
the force. 

(16.) Cor. 9. The force being given, the spaces are as 
the squares of the times, and the motion being uniform, 
the times are as the arcs, consequently, any spaces de- 
scended as the squares of the arcs ; but if the space be in* 
definitely small, the square of the arc is equal to the rect- 
angle under the diameter and space descended, conse- 
quently the same is true of any arc. 

(17.) Scholium. The sixth Cor. applies in the case of 
the celestial bodies, for these have been observed to de- 
scribe equal areas in equal times, and to have the squares 
of the times as the cubes of the distances. 

The length of perimeter between any two angles of a 
regular polygon given in species, is proportional to the 
number of intervening angles into the radius of the cir- 
cumscribing circle, therefore the number of angles is di- 
rectly as this length, and inversely as the radius, there- 
fore, &c. 

(18.) Several simple problems might be proposed, the 
solutions of which would follow from this Prop. : e. g. 
given the velocity and absolute force, to determine the 
circle and time; given the circle and absolute force, to 
determine the requisite velocity and time, &c. 

(19.) Prop* VI. The variations in this proposition may 

be easily converted into absolute values, as follows: — Let 

f denote the force in question, g the force of gravity, s the 

sagilta QR by the force f in the time t 9 and m the sagitta 

s 
by the force of gravity in one second ; then,/ : g I 1 -7* : tn. 



t* 



•—li. 



therefore, y=~s" Or as, in Note (12.), if/ denote the 



ml 
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effect produced, namely, the velocity acquired in the time 

25 
t, then/=^ • 

(20.) Cor. 1, Prop. VI. Let h denote double the area 
described in the unit of time, then A/ = SPxQT; hence 
2h*.s 

(21.) Cor. 2, Prop. VI. Also, A* = SYxQP; hence 
2h z .s 
^~SY*xPQ*" 

QP* 

(22.) Cor. 3, Prop. VI. Since PV= -qtt , we have 

2 A* 
/-"SY'xPV" 

A* 
(23.) Cor. 4, Pro/;. VI. Since gyr ==*>*> v denoting the 

2i^ 
velocity, we have yszpy' The results of the five last 

notes coincide exactly with the formulae given in Arts # 
(54), (55), and (56) of the second part of this work. 

(24.) Let y denote the radius of curvature, then ob- 
viously P V = gp , therefore we have/= — gy* • This 
expression is due to John Bernouilli. 

(25.) The same is easily demonstrated by Cor. 4, Lemma X ; 
for the sagittae are the spaces which would be described in 
the very beginning of the motion by the action of the cen- 
tral forces, and hence the forces are directly as these 
sagittce % and inversely as the squares of the times. 

2s 
(26.) The formula f—~pr » the most general of all that 
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have been given in these notes ; as it is true independantly 
of Kepler's first law, and is indeed actually the same as the 
first of formulae (6), Art. (49.) of the second Part of this 
Treatise. All the other formulae involve this law, and 
apply to the determination of the forces for different points 
of the same or different orbits. As announced in the text . 
of Newton, however, none of them apply to different 

orbits buty== py, unless h be the same in those different 

orbits. 

SP*xQT* 

The quantity Tjp — is a solid, being of three di- 

mensions, and is always a finite quantity in curves of con- 

SY*xQP* 
tinuous curvature, for it is equal to jyp — , in which 

QP* 

SY is finite, and-Tjp the chord of curvature, and conse* 

quently finite. 

(27.) Prop. VII. The exact value of the force in this 

AV* QR 

orbit is found by substituting gp* x py3 ^ or «P* x QT* 

in the value of,/; hence y= gp^ * py 3 for the eccentric 

2A 2 .AV 2 
circle in general ; and for the circumferential,/^ q p5 — • 

It is somewhat remarkable, that the forces at opposite 
points in the eccentric circle are inversely as the squares 
of the distances, and consequently the law of force at the 
apsides of the planetary orbits being the inverse square of 
the distance ; Huyghen's could not thence justly infer, as 
Laplace asserts, the law of force in nature. 

The theory of the eccentric circles derives some interest 
from the fact, that Kepler once supposed the planetary 
orbits to be of this kind. That they are not follows rea- 
dily; for if so, the velocities would be reciprocally as 
SP X PV, instead of reciprocally as SY. 
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(28.) Cor. 2, Prop. VII. This Cor. would not holdim- 
less the periodic times were the same, for if h were not 
given, f would not vary as SP* X PV* inversely. In the 
next Cor. it may be remarked, that the body would move 
in the circle of curvature, but that the law of force would 
not answer. 

The student may exercise himself by applying to this 
orbit the inquiries, the principles of which have been laid 
down in Sect. III., Part II. of this Treatise* 

(29.) Prop. VIII. To determine the actual value of the 
force when directed to an infinitely remote centre, we 
proceed as follows. The component of the velocity trans- 
verse to the common direction of the force is constant,' 
since the accelerating force in that direction is cypher. 
Let us denote this velocity by i/, then the value of* in the 

2s QT 
formula 73- is ~-r , (QT being the element of the line pin 

raUel to which t/ is measured) ; substituting this value in 

» 2i/ a .s 

the same formula, we have /zz q^ * Applying thw to 

1/* CP* 
the semicircle, as in the text, we havens: kvn * ^Q 

law of force in the semicircle may be inferred from that in 
the eccentric circle, for the distance from the centre of 
force may be deemed invariable, and we shall then have 
the force inversely as the cube of the chord, or of its half 
the ordinate. 

(30.) In any conic section the force along th? ordinate? 
to any diameter may be proved to be inversely as the cube 
of the ordinate, as follows. In any conic section if Am 
»P be tangents, and AM a diameter, it may easily be 
proved, that Aw* : AM* :: £1/* : PM* when L' de- 
notes the parameter to the diameter AM. Hence as fol- 
lows; 2PM xQR : RP* :: km* : mP*, and RP* : 
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QT* :: mP* : AM*, therefore, SPMxQR : QT* :: 

QT* 

Aw* : AM* :. \U* : PM*, and consequently Qtr = 

2 PM* „ iL'*.i/* m . r . f . .. 

i y /z , or/c= pCTT" # Th w proof is exactly similar 

to that given in the text for the semicircle, and deduced 
from a property of the ellipse, which the author does not 
remember to have seen elsewhere. The proof usually 
given, and which is to be found in Jebb's Excerpta, is al- 
together unlike Newton's. 

(31.) The formula established in Note (29.) may be ap- 
plied to several other cases ; for instance, to find the laws 
of force along the ordinates to the base or axis of a 
cycloid, to the asymptote of an hyperbola or logarithmic 
curve, or to the diameter of the semi-cubical parabola* 

(32.) Prop. IX. It may be proved as follows; — that the 
force is inversely as the third power of the distance in the 
logarithmic spiral. Since the chord of curvature is twice 
the distance, the velocity is equal to that in the equidis- 
tant circle, hence the synchronous areas are equal in these 
curves ; but these areas are equal at all distances in the 
logarithmic spiral, therefore they are equal in all the 
circles, and consequently, by Prop. 4, the force is inversely 
as the cube of the distance. 

(33.) If the reader investigate the laws of force in the 

curves whose equations are rw=a 9 r=za (*":=fc: £"-"), and 

a 
tzz — "-rr* » he will find them to be the inverse third 

COS. Hid* 

power of the distance as well as the logarithmic spiral. 
This investigation he cannot effect without previously 
establishing the properties of these curves, which can only 
be done by the employment of the calculus, and conse- 

R R 
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quently this subject belongs more properly to the second 
Part of this Treatise. 

(34.) Prop. X. More compendiously as follows: — 

P»xi>G(=2PCxQR) : Qv* :: PC* : CD* 
Qv* : QT* : : PC* : PF* 

/. 2PQxQR:QT*::PC4:CD*xPF*(=CA*xCB*). 

Hence 

QT*.PC* _ CA*xCB* 
§R - 2. PC - " 

If the same construction be used for the central hyper- 
bola, the same notation and demonstration will apply 
verbatim. 

(35.) Prop. X. Cor. \. From Cor. 4, Prop. 6 it is mani- 
fest, that if the value of the force and velocity at any point 
of an orbit be known, the curvature at that point is deter- 
minable. Hence, knowing the law of force, absolute 
force, direction of projection, velocity of projection, and 
initial distance, the orbit can be determined in the present 
instance ; for the curvature, distance, and position of the 
tangent being known, the central ellipse is determined. 
If the curvature be negative, the orbit determined is a 
central hyperbola. If the chord of curvature be twice the 
distance, and the angle of projection right, the orbit wjH 
be a circle ; if the angle be not right the point of projec- 
tion will be the extremity of one of the equal conjugate 
diameters. If the angle be right, but the chord of curva- 
ture not equal to twice the distance, the point of projec- 
tion is an apse ; the more remote if the chord of curvature 
be less than twice the distance, the less remote, if greater* 

(36.) Prop. X. Cor. 2. The times are equal in ellipses 
that have the same axis major, for the times in these 



NOTES TO PART J. <307 

ellipses are as the whole areas directly, and the synchro- 
nous areas inversely ; the whole areas are as the axes 
minor es, and the synchronous areas at the common vertex 
are as two coinciding ordi nates, for the deflections from 
the tangent in the same time are equal, but coinciding 
ordinates are as the axes minores, therefore, &c. 

(37.) Prop. X. Scholium* And as in the circle or ellipse, 
4rc. — Let there be two curve lines, AD, Ay, (Fig. 84.) 
having a common vertex, A, and 9 common abscissa, AC; 
and let the nature of the curves be such, that having drawn 
ordinates CD, Cy, the ordinate CD should be to the ordi- 
nate Cy in a given ratio, and that they should be inclined 
to AC in the same or constant angles. Let two bodies, 
D and y> revolve in these figures under the influence of 
any forces, and let their periodic times be equal ; if any 
point, S, be taken in the axis of abscisses, then of the forces 
which act upon D and y y the components directed along 
SD, Sy shall be as those lines SD, Sy. For, since the 
periodic times are equal, the synchronous areas shaH 
be as the whole areas, that is, as the ordinates CD, Cy ; 
but the sectors ASD, ASy are obviously as the ordinates 
DC, yC 9 consequently these sectors are as the synchro- 
nous areas, and are therefore described in the same time ; 
hence the bodies D, y setting out together from A always 
arrive together at the extremities of corresponding ordi- 
nates DC, yC. Hence the velocities parallel to AS are 
equal, and those along DC, yC are as the lines DC, yC; 
and the bodies being supposed equal, the same is true of 
the accelerating forces. If, therefore, SD be taken to re- 
present the whole force directed towards S for the body 
D, Sy must represent the same for the body y ; hence 
these forces are as the lines SD, Sy. 
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SECTION III. 



($8.) Prop. XI. More compendiously as follows : — 

LxQR:LxPV::QR:PV::AC: PC 
LxPV: G*P::L: G* 
Gt>P:Qp*::PC*: CD* 
Q*» : QT* : : CD* : CB* 

whence by compounding these ratios, 

LXQRtQT* :: ACxLxPC B XCD«:PCxGvXCD t XCB t i 

that it, in consequence of the equality of AC X L and 
SBC*, 

» 

LxQR: QT* :: 2PC: Gv, 
but 2 PC = Gv, whence 

LxQR=QT*, .\&c. 

(39.) The exact value of the force in this orbit may be 
found by substituting this value for QT* -s- QR in the for- 
mula of Note (20). The same may be found by Cor. 3, 
Prop. 7, knowing the force about the centre. 

The focal conic sections having been so fully discussed 
in Sections IV and V, Part 2, of this work, it is is need- 
less to comment upon the remaining propositions of this 
section. 
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SECTION VII. 



(40.) Prop.XXXIL In this proposition the determina- 
tion of the space fallen through is reduced to the problem of 
drawing from the vertex of a semicircle, equilateral hyper- 
bola, or parabola, a line to cut off a given area. This is 
a particular case of Kepler's problem, and much more 
simple than the general one. In the case of the semicircle 
it may readily be effected, by describing a cycloid whose 
axis is AB. It has been shewn that the two second con- 
structions are also requisite, see Art (28.), p. 103, of this 
Treatise. Some late writers erroneously omit those cases. 

(41.) Prop. XXXIII. This proposition follows at once 
from the fact, that in the ellipse and hyperbola, vel. : vel. in 

equid. circle : : ^2a — r : ^a 9 see Art (91.), p. 135, for 
(2 a — r) is the distance from the further vertex, and a the 
principle semi-diameter. 

(42.) Prop. XXXIV. This Prop, also appears from for- 
mula (1 8), p. 124, and from this that the velocities in circles 
are inversely as the square roots of the distances. 

(43.) Prop. XXXV. In this Prop, he shews how the 
problem of Prop. 32 may be effected. The demonstration 
consists of two parts: 1st, to prove that AC : SK : : 
CD. Cc : DA S Y ; and 2d, that Cc.T>d=AC.Kk; these 
being proved, we have immediately DdxSY=SK.K£. 
He applies this theorem in the two next propositions, to 
determine the times of ascent or descent of a body falling 
or projected in a right line. 

(44.) Prop. XXXVIII. Let the ellipse Kyx and quad- 
rant ADE (Fig. 34.) have their axes coincident. Then the 
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centre of force being at S, the time of describing Ay i6 to the 
time of describing Kyx as the elliptic sector A Sy is to the 
elliptic quadrant % ASLr, that is, as the sector ASD to the 
quadrant ASE, or as the arc AD to the arc AE ; hence 
the time of describing any elliptic arc varies as the semi- 
circular arc with the same abscess. This proportion is 
true, however the breadth of the ellipse be narrowed, and 
therefore true of the limiting state, viz. the right lined 
motion. 

The velocity in the ellipse at y varies as the semi-con- 
jugate to Sy, that is, as the square root of the product of 
the focal distances. When the ellipse is narrowed inde- 
finitely the foci are at the extremities of the axis major, 
and the point 3/ comes to C; hence in this case the pro- 
duct of the focal distances becomes the square of CD, 
and consequently the velocity in the line AC varies as 
CD, the right sine of the arc AD. 

(45.) Prop. XXXIX. The method of reasoning in this 
proposition is as follows. If the velocity be measured by the 

V.I 

square root of the area, we shall have DF as Tyr. - But 

DF, the force, must be as the increment of the velocity 

applied to the increment of the time, but the incr. of the 

DE I.V 

time is as -^7-, therefore DF is as yrrr This reasoning, 

the reader will observe, is not perfectly logical. 

(46.) Prop. XL, Cor. 2. The result in this Cor. must 
have been deduced from Prop. 39, by effecting the pro- 
posed quadrature. This could only be effected by the 
integral calculus. He gives only the result, as the deduc- 
tion would not harmonize with his other investigations. 
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SECTION XL 



(47.) Prop. LVI1I. The reasoning in this Prop, is as 
follows : — if the orbits were described in the same time the 
forces would be as the distances ; but the forces are equal, 
consequently the times are not equal. Again, it is shewn 
that a longer time, and also a greater velocity, are re- 
quired for the case of one body about the other at rest, in. 
the subduplicate ratio of the distances. This Prop, is of 
great importance, as it enables us, having theoretically 
established the conditions of the motion of one body about 
another at rest, to apply the results obtained to the case 
of both, revolving about their common centre of gra- 
vity. 

(48.) Prop. LX. Let T denote the period of P about S, 
and T' that of p about s, A the given axis major, and A' 
the required, then 



T : T :: v'S : ^S+P 



T' : T :: A* : A* 



.\ A 3 : A' 3 :: S+P : S, or A : A' :: S+P : m, 

where m is the first of two means between S+P and S. 

(49.) Prop. LX'L Let r, r' denote the lines SP, PC re- 
spectively ; let S. <p (r) be the force by which P is attracted 
to S, then this force on P, expressed as a function of r 1 , is 

S. <p f — « — • r'l • If we conceive this equal to M. <j> (r'), 
M will be a third body, which, placed at the centre of 
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gravity, would produce the same action, and according to 
the same law. 

(50.) Prop. LXII. If, for instance! the force be inversely 

as the square of the distance, the force directed to C will 

S 3 1 
be /Q.pu * p» for the body P, and for S this force will 

P 3 1 

^ e (^ 4- P\* m ( r0» * ^ there be no angular motion in 

the system originally, we can determine the right lined 
motion of P and S, one towards the other, by using the 
above expressions for the force in Prop. 2, page 101 ; the 

(S+P)r^ fl- 
ume of P falling to C thus determined is -| . r^/s' 

and the time of S falling to the same point is 

- ~ • — rp. ' These times arc equal, since 

■py JL *^ Z 

S : P •• r — r* : r*. The velocities may be similarly 
found. 

(51.) Prop. LXIII. To determine the motions of the 
bodies S and P, when projected obliquely, is the object of 
this Prop. We know from Note (61) the forces acting on 
P and S, and the point to which they are directed, it re- 
mains to determine the velocities and directions of motion 
of the bodies P and S about C. Let p, s be the original 
velocities impressed, in directions making angles a, /3 re- 
spectively with the line PS; then these velocities must be 
considered as the resultants of parallel velocities, «/, v" f of 
the bodies P, S, by which they describe similar ellipses 
about C, Prop. 57, and of the velocity, c, of the centre of 
gravity. Let the velocities t/, v" make an angle <p with 
the line PS, and c an angle y with the same, then we 
have 
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j?.oos.a=c.cos. y + t/.cos. <j> S.COS.jfc$=C.COS y — t/'.cos.^ 
p. sin.a=f. sin.y+t/. sin. <j> s. sin./3=£.sin.y — t/'.sin.^ 

Multiply the two upper of these equations by P, S re- 
spectively, and add them, observing that Pt/ = Si/', we 
have 

(Pp.cos. a+ Ss. cos. /3) = (P+S). c.cos. y (b) 

In the same way the two lower equations give us 

(P/?. sin.a + Ss. sin./3) = (P+S).£. sin.y (c) 

From equations (b) and (c) 9 we have 



^Py + S*s* +2. P. S.p.s.cos. (a— j3) 

r= p +s » 

P/;. sin. a + Ss. sin. /3 

ian«y = -n re 75' 

1 Jr/J.cos.a + bs.cos.p 

These equations determine for us the velocity and direc- 
tion of the motion of the centre of gravity. 

Again, subtracting the upper of equations [a\ arid 
also the lower, we have 

P+S 

p. COS. a S.COS.p = (T/+t/ / )«COS.0 = t/. — - — • cos.<^ 

P+S 
p. sin. a — 5. sin. j3 = (i/ + */')• sin. = ?/. — ^ — • sin.0. 

Hence we can readily deduce 

S 



*/ =r p , g • ^p % + 5* — 2 p. s. cos. (a— /3) 

P , 

^ tf = p , g ' v p*+s* — 2 p. s. cos. (a — j8) 

p. sin. a — S. sin.fl 

tan. 4 = 5 75 • 

T p. cos. a — S. cos. p 

s s 
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Hence we know the velocity and direction of the motion 
of each of the bodies, P and S, about the centre of gravity, 
and we can therefore completely construct the orbit it will 
describe by Prop. 40, page 168, of this Treatise* 



NOTES 



TO 



PART II. 



(52.) Prop. XXIII. Whenever a body moves subjected 
to the action of a single centre, the locus of the points fallen 
from externally is a circle, as will readily appear from 
Prop. XL. of Newton. This locus sometimes becomes a 
right line, and sometimes is removed off to an infinite dis- 
tance; these will, however, readily appear not to be ex- 
ceptions. 

(53.) Page 142, Line 1. The locus in this case is not 

always an hyperbola, the expression for the eccentricity is 

4# 
ai^ i which is > I for all values of e between 1 and 3, 

= 1 when £=3, and < I when e is greater than 3. Hence 
the locus is an hyperbola in the first case, a parabola in 
the second, and an ellipse in the third. 

(54.) Page 159, Art. 141. The investigation of this locus 

is erroneous. The velocity of projection is 2 ^gr.sin.0, 
the equation of the parabola is # = -*-#. tan.0 — m. With 
these data the locus required is a circle with its cen- 
tre on the vertical axis, at a distance from the origin 

= — (in — V gr.t), and its radius is t ^gr* 
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(55.) Page 161. On the subject of motion in a resisting 
medium, the reader is referred to the second book of the 
Dynamics of Whewell, where it is most ably and fully 
treated. Any brief notice of this complicated matter 
would be insufficient, and a complete discussion unsuitable 
to the present Treatise, 

(56.) Page 167, Subsection II. In the inverse method of 

central forces it would be extremely easy to discover an 

equation between the radius vector and perpendicular on 

the tangent. Let the force, for instance, be the inverse 

third power of the distance, we have then from formula 

h z dp udr h % u 

(8), page 119, pf r =£p- , whence ^=£- + **. This, 

however, would be but an apparent evasion of the diffi- 
culty, as the equation between r and p is implicitly a 
differential equation. This objection holds fully against 
the investigation of caustics by reflection, given in 
Cotldington's Optics. 

(57.) Page 194, Art. 209. As an instance of this equa- 
tion having four possible roots when n — 1 is even, let 
n=:5; then the equation will have four possible roots 

( W _ljJ*./;4 

ever, give apsidal distances ; and, in fact, the other two 
are negative, and respectively equal to the two positive 
ones. 



when — y~~ — > 4-(c* — l).a 4 . Only two of these, how- 



(58.) Page 209, Art. 229. It is not correct to say, that 
the orbits can have only two apsides. Strictly speaking, 
the orbit can have only one apsidal distance in this case, 
but it may have any number of apsides, as there will 

possibly be one when w =- — - , m being any number in the 
series 0, 1, 2, 3, &c. The curve with all these apsides is 
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only mathematically possible, as, physically speaking, such 

a curve could not be described with a continuous motion. 

We may remark some other properties of this curve. 

2 2 

Since r7^ri=irri> by reverting to Art. (70.) we find 

C==±= — r, which shews that in this class of curves C is 
n — 1 

always proportional to r. Hence the radius of curvature 
can be readily found. If the quantity n — 3 be nega- 
tive, the equation of the orbit would be of the form 

*'+3 n'+3 n'+3 

i J 2 .cos. 2 =a' 2 ; if then n'+3=n — 3, we shall have 
r.r'zza.a', which points out a remarkable relation between 
these two classes of curves. 

(59.) The reader would do well to exercise himself in 
the preceding theory by working questions on it. He 
will find them in abundance in the volumes that have been 
published containing the Cambridge and Dublin Pro- 
blems. Such remarks as the following would be useful : — 

1°. If the law of the periodic times in circles about any 
centres be known, the law of force may be found in any 
orbit about the same centre ; for let two concentric circles 
be described cutting the orbit in any two points, the rela- 
tion of the forces in those circles is known, (Cor. 7, 
Prop. 4.), but these are the same as the forces in those 
points of the orbit. 

2°. If the law of force, and ratio of the velocity in the 
curve to that in the equidistant circle be known, the law 
of velocity may be found in any orbit. 

3°. The locus of the points fallen from externally to ac- 
quire the velocity in the curve, must always be a circle 
concentric with the centre of force, and consequently this 
locus must become a right line if the centre of force be 
infinitely distant. If the radius of the locus be infinite, 
and the centre of force at a finite distance, the locus of the 
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points fallen to internally is a curve of the same specie* as 
the given one. 

4°. The only curves in which the velocity is equal to 
that in the equidistant circle, are the equilateral hyperbola 
and logarithmic spiral. 

5°. If the paracentric force be cypher, the curve must 
be either the equilateral hyperbola or circle. 

6°. The paracentric velocity never admits of a max. or 
min. when the force is inversely as the third power of the 
distance. 

(60.) On the subject of Attractions the author has re- 
stricted himself to mere theory. The application to the 
figure of the earth and the tides may, with the other parts 
of Newton which regard the system of the world, afford 
materials for a second volume of the present work. 

(61.) Page 211. It is easy to establish the equable de- 
scription of areas of the earth about the sun, by observing 
the sun's apparent diameter : this is found to vary in the 
subduplicate ratio of the apparent angular motion of the 
sun about the earth, or of the real angular motion of the 
earth about the sun. Hence the product of the angular 
motions and squares of the distances is constant. The 
same mode of establishing Kepler's first law applies to the 
moon. To establish the second law, let A be the sun's 
apparent diameter when 90° from greatest or least dis- 
tance, then observation shews that his apparent diameter 
at any other point is A + 8. cos.cu, w being the angular 
distance from perihelion, where his apparent diameter is 
greatest. But the apparent diameter being inversely as 
the distance, we have 

A : A+S.cos.w : : r : £L, 
whence 
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A+8. cos.01 8 

1 + X"*COS. (t> 

but again, A + 8 : A — 8 : : I +e : 1 — e 9 whence 

8 
A='' 

therefore, the orbit is an ellipse whose latus rectum is L, 

and eccentricity -r • 

The immediate consequences of these laws are, 1°, the 
velocities in different points of the same orbit are inversely 
as the perpendiculars on the tangents; 2°, the angular 
velocities are inversely as the squares of the distances ; 
3°, if the orbits be circular, the angular velocities are in- 
versely as the cubes of the distances, &c. 



THE END. 



Printed at the University Prasi. 
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